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Changes for Seventh Edition 


In the preparation of this seventh edition, our goal has remained steadfast: to 
produce an outstanding text in mathematical statistics. In this new edition, we have 
added examples and exercises to help clarify the exposition. For the same reason, we 
have moved some material forward. For example, we moved the discussion on some 
properties of linear combinations of random variables from Chapter 4 to Chapter 
2. This helps in the discussion of statistical properties in Chapter 3 as well as in 
the new Chapter 4. 

One of the major changes was moving the chapter on “Some Elementary Sta- 
tistical Inferences,” from Chapter 5 to Chapter 4. This chapter on inference covers 
confidence intervals and statistical tests of hypotheses, two of the most important 
concepts in statistical inference. We begin Chapter 4 with a discussion of a random 
sample and point estimation. We introduce point estimation via a brief discussion 
of maximum likelihood estimation (the theory of maximum likelihood inference is 
still fullly discussed in Chapter 6). In Chapter 4, though, the discussion is illus- 
trated with examples. After discussing point estimation in Chapter 4, we proceed 
onto confidence intervals and hypotheses testing. Inference for the basic one- and 
two-sample problems (large and small samples) is presented. We illustrate this 
discussion with plenty of examples, several of which are concerned with real data. 
We have also added exercises dealing with real data. The discussion has also been 
updated; for example, exact confidence intervals for the parameters of discrete dis- 
tributions and bootstrap confidence intervals and tests of hypotheses are discussed, 
both of which are being used more and more in practice. These changes enable 
a one-semester course to cover basic statistical theory with applications. Such a 
course would cover Chapters 1—4 and, depending on time, parts of Chapter 5. For 
two-semester courses, this basic understanding of statistical inference will prove 
quite helpful to students in the later chapters (6-8) on the statistical theory of 
inference. 

Another major change is moving the discussion of robustness concepts (influ- 
ence function and breakdown) of Chapter 12 to the end of Chapter 10. To reflect 
this move, the title of Chapter 10 has been changed to “Nonparametric and Robust 
Statistics.” This additional material in the new Chapter 10 is essentially the im- 
portant robustness concepts found in the old Chapter 12. Further, the simple linear 


model is discussed in Chapters 9 and 10. Hence, with this move we have eliminated 


ix 
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Additional examples of R functions are in Appendix B to help readers who want 
to use R for statistical computation and simulation. We have also added a listing 
of discrete and continuous distributions in Appendix D. This will serve as a quick 
and helpful reference to the reader. 


Content and Course Planning 


Chapters 1 and 2 give the reader the necessary background material on probability 
and distribution theory for the remainder of the book. Chapter 3 discusses the most 
widely used discrete and continuous probability distributions. Chapter 4 contains 
topics in basic inference as described above. Chapter 5 presents large sample the- 
ory on convergence in probability and distribution and ends with the Central Limit 
Theorem. Chapter 6 provides a complete inference (estimation and testing) based 
on maximum likelihood theory. This chapter also contains a discussion of the EM 
algorithm and its application to several maximum likelihood situations. Chapters 
7-8 contain material on sufficient statistics and optimal tests of hypotheses. The fi- 
nal three chapters provide theory for three important topics in statistics. Chapter 9 
contains inference for normal theory methods for basic analysis of variance, univari- 
ate regression, and correlation models. Chapter 10 presents nonparametric methods 
(estimation and testing) for location and univariate regression models. It also in- 
cludes discussion on the robust concepts of efficiency, influence, and breakdown. 
Chapter 11 offers an introduction to Bayesian methods. This includes traditional 
Bayesian procedures as well as Markov Chain Monte Carlo techniques. 

Our text can be used in several different courses in mathematical statistics. A 
one-semester course would include most of the sections in Chapters 1—4. The second 
semester would usually consist of Chapters 5-8, although some instructors might 
prefer to use topics from Chapters 9-11. For example, a Bayesian advocate might 
want to teach Chapter 11 after Chapter 5, a nonparametrician could insert Chapter 
10 earlier, or a traditional statistician would include topics from Chapter 9. 
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Chapter 1 


Probability and Distributions 


1.1 Introduction 


Many kinds of investigations may be characterized in part by the fact that repeated 
experimentation, under essentially the same conditions, is more or less standard 
procedure. For instance, in medical research, interest may center on the effect of 
a drug that is to be administered; or an economist may be concerned with the 
prices of three specified commodities at various time intervals; or the agronomist 
may wish to study the effect that a chemical fertilizer has on the yield of a cereal 
grain. The only way in which an investigator can elicit information about any such 
phenomenon is to perform the experiment. Each experiment terminates with an 
outcome. But it is characteristic of these experiments that the outcome cannot be 
predicted with certainty prior to the performance of the experiment. 

Suppose that we have such an experiment, but the experiment is of such a nature 
that a collection of every possible outcome can be described prior to its performance. 
If this kind of experiment can be repeated under the same conditions, it is called 
a random experiment, and the collection of every possible outcome is called the 
experimental space or the sample space. 


Example 1.1.1. In the toss of a coin, let the outcome tails be denoted by T and let 
the outcome heads be denoted by H. If we assume that the coin may be repeatedly 
tossed under the same conditions, then the toss of this coin is an example of a 
random experiment in which the outcome is one of the two symbols T and H; that 
is, the sample space is the collection of these two symbols. m 


Example 1.1.2. In the cast of one red die and one white die, let the outcome be 
the ordered pair (number of spots up on the red die, number of spots up on the 
white die). If we assume that these two dice may be repeatedly cast under the same 
conditions, then the cast of this pair of dice is a random experiment. The sample 
space consists of the 36 ordered pairs: (1,1),..., (1,6), (2,1),...,(2,6),..., (6,6). m 


Let C denote a sample space, let c denote an element of C, and let C represent a 
collection of elements of C. If, upon the performance of the experiment, the outcome 
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is in C, we shall say that the event C has occurred. Now conceive of our having 
made N repeated performances of the random experiment. Then we can count the 
number f of times (the frequency) that the event C actually occurred throughout 
the N performances. The ratio f/N is called the relative frequency of the event 
C in these N experiments. A relative frequency is usually quite erratic for small 
values of NV, as you can discover by tossing a coin. But as N increases, experience 
indicates that we associate with the event C’ a number, say p, that is equal or 
approximately equal to that number about which the relative frequency seems to 
stabilize. If we do this, then the number p can be interpreted as that number which, 
in future performances of the experiment, the relative frequency of the event C will 
either equal or approximate. Thus, although we cannot predict the outcome of 
a random experiment, we can, for a large value of N, predict approximately the 
relative frequency with which the outcome will be in C. The number p associated 
with the event C is given various names. Sometimes it is called the probability that 
the outcome of the random experiment is in C’; sometimes it is called the probability 
of the event C; and sometimes it is called the probability measure of C. The context 
usually suggests an appropriate choice of terminology. 


Example 1.1.3. Let C denote the sample space of Example 1.1.2 and let C' be the 
collection of every ordered pair of C for which the sum of the pair is equal to seven. 
Thus C is the collection (1,6), (2,5), (3, 4), (4,3), (5,2), and (6,1). Suppose that the 
dice are cast N = 400 times and let f, the frequency of a sum of seven, be f = 60. 
Then the relative frequency with which the outcome was in C is f/N = ah = 0.15. 
Thus we might associate with C' a number p that is close to 0.15, and p would be 


called the probability of the event C. m 


Remark 1.1.1. The preceding interpretation of probability is sometimes referred 
to as the relative frequency approach, and it obviously depends upon the fact that an 
experiment can be repeated under essentially identical conditions. However, many 
persons extend probability to other situations by treating it as a rational measure 
of belief. For example, the statement p = 2 would mean to them that their personal 
or subjective probability of the event C' is equal to 2. Hence, if they are not opposed 
to gambling, this could be interpreted as a willingness on their part to bet on the 
outcome of C' so that the two possible payoffs are in the ratio p/(1—p) = 2/3 = 2. 
Moreover, if they truly believe that p = = is correct, they would be willing to 
accept either side of the bet: (a) win 3 units if C occurs and lose 2 if it does not 
occur, or (b) win 2 units if C does not occur and lose 3 if it does. However, since 
the mathematical properties of probability given in Section 1.3 are consistent with 
either of these interpretations, the subsequent mathematical development does not 
depend upon which approach is used. m 


The primary purpose of having a mathematical theory of statistics is to provide 
mathematical models for random experiments. Once a model for such an experi- 
ment has been provided and the theory worked out in detail, the statistician may, 
within this framework, make inferences (that is, draw conclusions) about the ran- 
dom experiment. The construction of such a model requires a theory of probability. 
One of the more logically satisfying theories of probability is that based on the 
concepts of sets and functions of sets. These concepts are introduced in Section 1.2. 
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1.2 Set Theory 


The concept of a set or a collection of objects is usually left undefined. However, 
a particular set can be described so that there is no misunderstanding as to what 
collection of objects is under consideration. For example, the set of the first 10 
positive integers is sufficiently well described to make clear that the numbers 3 and 
14 are not in the set, while the number 3 is in the set. If an object belongs to a 
set, it is said to be an element of the set. For example, if C’ denotes the set of real 
numbers x for which 0 < 2 < 1, then + is an element of the set C. The fact that 
3 is an element of the set C’ is indicated by writing 3 € C. More generally, c € C 
means that c is an element of the set C. 

The sets that concern us are frequently sets of numbers. However, the language 
of sets of points proves somewhat more convenient than that of sets of numbers. 
Accordingly, we briefly indicate how we use this terminology. In analytic geometry 
considerable emphasis is placed on the fact that to each point on a line (on which 
an origin and a unit point have been selected) there corresponds one and only one 
number, say x; and that to each number « there corresponds one and only one point 
on the line. This one-to-one correspondence between the numbers and points on a 
line enables us to speak, without misunderstanding, of the “point x” instead of the 
“number x.” Furthermore, with a plane rectangular coordinate system and with x 
and y numbers, to each symbol (x, y) there corresponds one and only one point in the 
plane; and to each point in the plane there corresponds but one such symbol. Here 
again, we may speak of the “point (a, y),” meaning the “ordered number pair x and 
y.” This convenient language can be used when we have a rectangular coordinate 
system in a space of three or more dimensions. Thus the “point (21, 22,...,2n)” 
means the numbers #1, 22,.-.., pn in the order stated. Accordingly, in describing our 
sets, we frequently speak of a set of points (a set whose elements are points), being 
careful, of course, to describe the set so as to avoid any ambiguity. The notation 
C= {x#:0< a < 1} is read “C is the one-dimensional set of points « for which 
O0<a<1.” Similarly, C = {(2,y):0<a<1,0<y < 1} can be read “C is the 
two-dimensional set of points («,y) that are interior to, or on the boundary of, a 
square with opposite vertices at (0,0) and (1, 1).” 

We say a set C' is countable if C is finite or has as many elements as there are 
positive integers. For example, the sets Cy) = {1,2,...,100} and C2 = {1,3,5,7,...} 
are countable sets. The interval of real numbers (0, 1], though, is not countable. 

We now give some definitions (together with illustrative examples) that lead to 
an elementary algebra of sets adequate for our purposes. 


Definition 1.2.1. If each element of a set Cy is also an element of set C2, the 
set Cy is called a subset of the set Cg. This is indicated by writing Cy C Co. 
If Cy C Cy and also Cz C Cy, the two sets have the same elements, and this is 
indicated by writing Cy = C2. 


Example 1.2.1. Let C) = {w:0<a< 1} and Cy = {x: -1 <a < 2}. Here the 
one-dimensional set C; is seen to be a subset of the one-dimensional set C2; that 
is, Cy C Cg. Subsequently, when the dimensionality of the set is clear, we do not 
make specific reference to it. 
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Example 1.2.2. Define the two sets Cy = {(z,y):0<a2=y< 1} and Co = 
{(z,y):0<a<1,0<y< 1}. Because the elements of C; are the points on one 
diagonal of the square, then C) C C2. m 


Definition 1.2.2. If a set C has no elements, C is called the null set. This is 
indicated by writing C = ¢. 


Definition 1.2.3. The set of all elements that belong to at least one of the sets Cy 
and C is called the union of C; and C2. The union of Cy and C2 is indicated by 
writing Cy UC. The union of several sets C),C2,C3,... is the set of all elements 
that belong to at least one of the several sets, denoted by Cj} UC2UC3U:- + - = UfE, Cj 
or by Cy UCQU++-UGk = UF_1C; if a finite number k of sets is involved. 

We refer to a union of the form Uf2,Cj as a countable union. 


Example 1.2.3. Define the sets C) = {x : « = 8,9,10,11, or 11 < x < 12} and 
Cy ={a:a2=0,1,...,10}. Then 


C,UC, = {a:a2=0,1,...,8,9,10,11, or ll <a < 12} 
{x:c=0,1,...,8,9,100rll<a2<12}. o 


l| 


Example 1.2.4. Define C; and C2 as in Example 1.2.1. Then Ci UC: = Co. @ 
Example 1.2.5. Let Cz = ¢. Then C; UC2 = C, for every set C). m 
Example 1.2.6. For every set C, CUC=C. m 


Example 1.2.7. Let 


Then UR, Cy, = {a :0< a < 1}. Note that the number zero is not in this set, since 
it is not in one of the sets C),C2,C3,.... i 


Definition 1.2.4. The set of all elements that belong to each of the sets Cy and C2 
is called the intersection of C, and C2. The intersection of Cy, and Cz is indicated 
by writing C, 1 C2. The intersection of several sets Cy, C2,C3,... is the set of all 
elements that belong to each of the sets Cy, C2,C3,.... This intersection is denoted 
by C1NC2NC3N- +» =N%2,C; or by CLNC2N---NCg = k_1C; if a finite number 
k of sets is involved. 

We refer to an intersection of the form N7-,Cj as a countable intersection. 


Example 1.2.8. Let Cy, = {(0,0),(0,1),(1,1)} and Cy. = {(1,1), (1,2), (2,1)}. 
Then Ci M Co = {(1, 1)}. fe 


Example 1.2.9. Let C) = {(z,y):0<a+y< 1} and Cy = {(a,y):1<a+y}. 
Then C, and C2 have no points in common and C, 1 C2 = ¢. & 


Example 1.2.10. For every set C, CNC =C andCn¢=¢. & 
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C, C, 


(b) 


Figure 1.2.1: (a) C,; UC) and (b) CL NC. 


Example 1.2.11. Let 
Oy= Pcie}, Ral, dic. 


Then M72,Cr = @, because there is no point that belongs to each of the sets 
C1, C2,C3,.... a 


Example 1.2.12. Let C; and C2 represent the sets of points enclosed, respectively, 
by two intersecting ellipses. Then the sets Cy U C2 and C, M C2 are represented, 
respectively, by the shaded regions in the Venn diagrams in Figure 1.2.1. @ 


Definition 1.2.5. In certain discussions or considerations, the totality of all ele- 
ments that pertain to the discussion can be described. This set of all elements under 
consideration is given a special name. It is called the space. We often denote spaces 
by letters such as C and D. 


Example 1.2.13. Let the number of heads, in tossing a coin four times, be denoted 
by x. Of necessity, the number of heads is of the numbers 0,1,2,3,4. Here, then, 
the space is the set C = {0,1,2,3,4}. m 


Example 1.2.14. Consider all nondegenerate rectangles of base x and height y. 
To be meaningful, both x and y must be positive. Then the space is given by the 
set C= {(z,y):x«>0,y> 0}. @ 


Definition 1.2.6. Let C denote a space and let C be a subset of the set C. The set 
that consists of all elements of C that are not elements of C is called the comple- 
ment of C (actually, with respect to C). The complement of C is denoted by C°. 
In particular, C° = @. 
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Example 1.2.15. Let C be defined as in Example 1.2.13, and let the set C = {0, 1}. 
The complement of C (with respect to C) is C° = {2,3,4}. m 


Example 1.2.16. Given C CC. Then CUCS = C,CN CS = ¢, CUC =C, 
CNC =C, and (C°)°=C. m 


Example 1.2.17 (DeMorgan’s Laws). A set of useful rules is known as DeMorgan’s 
Laws. Let C denote a space and let C; C C,i = 1,2. Then 


Cnr = Ciuc 
(C,UQ:)° = OfNC’. 


The reader is asked to prove these in Exercise 1.2.4 and to extend them to countable 
unions and intersections. m 


Many of the functions used in calculus and in this book are functions which map 
real numbers into real numbers. We are often, however, concerned with functions 
that map sets into real numbers. Such functions are naturally called functions of a 
set or, more simply, set functions. Next we give some examples of set functions 
and evaluate them for certain simple sets. 


Example 1.2.18. Let C be a set in one-dimensional space and let Q(C) be equal 
to the number of points in C which correspond to positive integers. Then Q(C) 
is a function of the set C. Thus, if C = {#: 0 < a < 5}, then Q(C) = 4; if 
C = {-2,-1}, then Q(C) = 0; if C = {x : -co < « < 6}, then Q(C) =5. m 


Example 1.2.19. Let C' be a set in two-dimensional space and let Q(C) be the 
area of C if C has a finite area; otherwise, let Q(C’) be undefined. Thus, if C = 
{(x,y): a7 +y? < 1}, then Q(C) =n; if C = {(0,0), (1, 1), (0, 1)}, then Q(C) = 0; 
ifC = {(x,y):0<2,0<y,a+y <1}, then Q(C) = 4. a 


Example 1.2.20. Let C be a set in three-dimensional space and let Q(C) be the 
volume of C if C has a finite volume; otherwise, let Q(C) be undefined. Thus, if 
C={(r,y,z):0<2<2,0<y<1,0<2< 3}, then Q(C) =6; if C ={(z,y,z): 
x? +y? +27 > 1}, then Q(C) is undefined. m 


At this point we introduce the following notations. The symbol 


[ f(a) dx 


means the ordinary (Riemann) integral of f(a) over a prescribed one-dimensional 


set C’; the symbol 
J / g(x, y) dady 
C 


means the Riemann integral of g(x, y) over a prescribed two-dimensional set C; and 
so on. To be sure, unless these sets C and these functions f(a) and g(x,y) are 
chosen with care, the integrals frequently fail to exist. Similarly, the symbol 


parc 
C 
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means the sum extended over all x € C; the symbol 
SS oa(z,y) 
C 


means the sum extended over all (x, y) € C; and so on. 


Example 1.2.21. Let C be aset. in one-dimensional space and let Q(C) = ic f (2), 
where 


fe)={ (A)? 2 =1,2,3,... 


0 elsewhere. 


IfC ={x:0<a2 <3}, then 


f(a) ={ p*(1—p)'"* xr=0,1 


If C = {0}, then 


ifC ={a:1<a< 2}, then Q(C) = f(1)=p. 


Example 1.2.23. Let C be a one-dimensional set and let 


Q(C) = i: oPdey, 


Thus, if C = {#:0 <a < oo}, then 


ifC ={a~:1<a< 2}, then 
2 
qc) = | e "de =e -e-?; 
1 
ifC, ={w@:0<a< 1} and Cg ={x:1<a< 3}, then 


3 
Q(C; UC) => | e “dz 
0 


1 3 
= : crac + | e “dx 
0 1 


= Q(Ci)+Q(C2). = 
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Example 1.2.24. Let C be a set in n-dimensional space and let 


Q(0)= f+ fardza--- de, 
Cc 


If C = {(a1,%2,...,%n):0< 41 <a < +++ <a, < 1}, then 


1 In x3 ©2Q 
Q(C) = | / ea i | dxydx2--+dtpj_1d&p, 
0 JO 0 0 
1 


al” 


where n! = n(n—1)---3-2-1. © 
EXERCISES 


1.2.1. Find the union C; U C2 and the intersection CM C2 of the two sets C) and 
C2, where 


GG =101,2140= 244, 

(b) Ch ={a%:0<4<2},Ch={4@:1l<a< 3}. 

(c) Ch ={(a,y):0<4<2,1<y<2},Q={(4,y):1<a«<3,1<y<3}. 
1.2.2. Find the complement C* of the set C' with respect to the space C if 
(a) Cafe <e<l, Caio se ce} 

(b) C={(z,y,z): 2%? +y? +27 <1},C={(z,y,2z):22+y%? +272 =1}. 

(c) C={(a,y) : |x| + ly <2}, C ={(w,y) 22? +9? < 2}. 


1.2.3. List all possible arrangements of the four letters m,a,r, and y. Let C, be 
the collection of the arrangements in which y is in the last position. Let C2 be the 
collection of the arrangements in which m is in the first position. Find the union 
and the intersection of Cy and C9. 


1.2.4. Referring to Example 1.2.17, verify DeMorgan’s Laws (1.2.1) and (1.2.2) by 
using Venn diagrams and then prove that the laws are true. Generalize the laws to 
countable unions and intersections. 


1.2.5. By the use of Venn diagrams, in which the space C is the set of points 
enclosed by a rectangle containing the circles C,, C2, and C3, compare the following 
sets. These laws are called the distributive laws. 


(a) Cy M (C2 U C3) and (Cy M C2) U (C1 M C3). 
(b) On U (C2 M C3) and (Ci U C2) M (Ci U C3). 


1.2.6. If a sequence of sets C1, C2,C3,... is such that Ch C Chai, k = 1,2,3,..., 
the sequence is said to be a nondecreasing sequence. Give an example of this kind 
of sequence of sets. 
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1.2.7. If a sequence of sets C1, C2,C3,... is such that Ch D Chai, k = 1,2,3,..., 
the sequence is said to be a nonincreasing sequence. Give an example of this kind 
of sequence of sets. 


1.2.8. Suppose C1, Co, C3,... is a nondecreasing sequence of sets, i.e., Ck C Cr41, 
fork = 1,2,3,.... Then limz_.., Cy is defined as the union Cy UC2UC3U---. Find 


(a) Cy ={a:1l/k<a<3-1/k},k =1,2,3,.... 
(b) Cp ={a@y)s1/k <r? 497? <4 1/k}, k= 1,2,3, 00, 


1.2.9. If Cy, C2,C3,... are sets such that Cy D Ch4i1, k = 1,2,3,..., limp—oo Ch is 
defined as the intersection Cy NC2NC3M---. Find limgz_... Cy if 


(a) Cy ={a:2-1f/k<a<2},k=1,2,3,.... 


’ 


(b) Cy = {x:2<a<24+1/k},k =1,2,3,.... 
(c) Co={@ 9) 10 < 2? ty? <1/k}, R= 1,2, 38,0255 


1.2.10. For every one-dimensional set C’, define the function Q(C) = Yo f(z), 
where f(z) = (3)($)”, © =0,1,2,..., zero elsewhere. If Cy = {x : e = 0,1,2,3} 
and Cy = {x: a =0,1,2,...}, find Q(C1) and Q(C2). 

Hint: Recall that S, = a+ar+---+ar"~! = a(1—r”)/(1—1r) and, hence, it 
follows that limn—+oo S, = a/(1— 1) provided that |r| < 1. 


1.2.11. For every one-dimensional set C' for which the integral exists, let Q(C) = 
Jo f(x) dx, where f(x) = 6a(1— 2x), 0 < # <1, zero elsewhere; otherwise, let Q(C) 
be undefined. If C = {a: 4 <a < 3}, Cp = {5}, and C3 = {x:0 <x < 10}, find 
Q(C1), Q(C2), and Q(C3). 


1.2.12. For every two-dimensional set C contained in R? for which the integral 
exists, let QO(C) = f [o(e? + y*) dedy. If Cy = {(,4): -1 <2 <1,-1<y< 1}, 
C2 = {(x,y) :-l<ar= ys Ly; and C3 = {(x,y) : x+y? < 1, find Q(C1), Q(C2), 
and Q(C%3). 


1.2.13. Let C denote the set of points that are interior to, or on the boundary of, a 
square with opposite vertices at the points (0,0) and (1,1). Let Q(C) = f Jo dyda. 


(a) If C CC is the set {(x,y):0< a4 <y <1}, compute Q(C). 
(b) If C CC is the set {(2,y):0< x2 =y< 1}, compute Q(C). 
(c) If C CC is the set {(x,y):0< 4/2 <y < 32/2 < 1}, compute Q(C). 


1.2.14. Let C be the set of points interior to or on the boundary of a cube with 
edge of length 1. Moreover, say that the cube is in the first octant with one vertex 
at the point (0,0,0) and an opposite vertex at the point (1,1,1). Let Q(C) = 
if is dxdydz. 


(a) If C CC is the set {(a,y,z):0<a<y<z< 1}, compute Q(C). 
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(b) If C is the subset {(x,y,z):0<a2=y=z< 1}, compute Q(C). 


1.2.15. Let C denote the set {(x,y,z) : x? + y? + 2? < 1}. Using spherical coordi- 


nates, evaluate 
Q(C) = II] Vu? + y? + 2? drdydz. 
C 


1.2.16. To join a certain club, a person must be either a statistician or a math- 
ematician or both. Of the 25 members in this club, 19 are statisticians and 16 
are mathematicians. How many persons in the club are both a statistician and a 
mathematician? 


1.2.17. After a hard-fought football game, it was reported that, of the 11 starting 
players, 8 hurt a hip, 6 hurt an arm, 5 hurt a knee, 3 hurt both a hip and an arm, 
2 hurt both a hip and a knee, 1 hurt both an arm and a knee, and no one hurt all 
three. Comment on the accuracy of the report. 


1.3. The Probability Set Function 


Given an experiment, let C denote the sample space of all possible outcomes. As 
discussed in Section 1.1, we are interested in assigning probabilities to events, i.e., 
subsets of C. What should be our collection of events? If C is a finite set, then we 
could take the set of all subsets as this collection. For infinite sample spaces, though, 
with assignment of probabilities in mind, this poses mathematical technicalities 
which are better left to a course in probability theory. We assume that in all 
cases, the collection of events is sufficiently rich to include all possible events of 
interest and is closed under complements and countable unions of these events. 
Using DeMorgan’s Laws, Example 1.2.17, the collection is then also closed under 
countable intersections. We denote this collection of events by B. Technically, such 
a collection of events is called a o-field of subsets. 

Now that we have a sample space, C, and our collection of events, 8, we can define 
the third component in our probability space, namely a probability set function. In 
order to motivate its definition, we consider the relative frequency approach to 
probability. 


Remark 1.3.1. The definition of probability consists of three axioms which we 
motivate by the following three intuitive properties of relative frequency. Let C be 
a sample space and let CC C. Suppose we repeat the experiment N times. Then 
the relative frequency of C is fo = #{C}/N, where #{C} denotes the number of 
times C occurred in the N repetitions. Note that fo > 0 and fe = 1. These are 
the first two properties. For the third, suppose that C, and C2 are disjoint events. 
Then fo,uc, = fo, + fc,. These three properties of relative frequencies form the 
axioms of a probability, except that the third axiom is in terms of countable unions. 
As with the axioms of probability, the readers should check that the theorems we 
prove below about probabilities agree with their intuition of relative frequency. @ 
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Definition 1.3.1 (Probability). Let C be a sample space and let B be the set of 
events. Let P be a real-valued function defined on B. Then P is a probability set 
function if P satisfies the following three conditions: 


1. P(C) > 0, for all CE B. 
2. P(C)=1. 
3. If {Cr} ts a sequence of events in B and Cm,OAC, = ¢ for allm #n, then 


(Oa) Ere 


n=1 n=1 


A collection of events whose members are pairwise disjoint, as in (3), is said to be 
a mutually exclusive collection. The collection is further said to be exhaustive 
if the union of its events is the sample space, in which case }>**_, P(C,) = 1. 
We often say that a mutually exclusive and exhaustive collection of events forms a 
partition of C. 

A probability set function tells us how the probability is distributed over the set 
of events, 6. In this sense we speak of a distribution of probability. We often drop 
the word “set” and refer to P as a probability function. 

The following theorems give us some other properties of a probability set func- 
tion. In the statement of each of these theorems, P(C) is taken, tacitly, to be a 
probability set function defined on the collection of events B of a sample space C. 


Theorem 1.3.1. For each event C € B, P(C) =1-— P(C*%). 


Proof: We have C = CUC* and CN C* = ¢. Thus, from (2) and (3) of Definition 
1.3.1, it follows that 
1=P(C)+ P(C), 


which is the desired result. 

Theorem 1.3.2. The probability of the null set is zero; that is, P(d) = 0. 

Proof: In Theorem 1.3.1, take C = ¢ so that C° = C. Accordingly, we have 
P(¢) =1—P(C)=1-1=0 


and the theorem is proved. 


Theorem 1.3.3. [fC and C2 are events such that Cy C C2, then P(C1) < P(C3). 


Proof: Now Cz = Cy, U (Cf C2) and C1 N (Cf C2) = ¢. Hence, from (3) of 
Definition 1.3.1, 
P(C2) = P(C)) + P(CT C2). 


From (1) of Definition 1.3.1, P(C{M C2) > 0. Hence, P(C2) > P(C1). = 
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Theorem 1.3.4. For each C € B,0< P(C) <1. 
Proof: Since ¢ C C CC, we have by Theorem 1.3.3 that 

P(¢) < P(C)< PC) or 0< P(C)<1, 
the desired result. m 


Part (3) of the definition of probability says that P(C, U C2) = P(C1) + P(C2) 
if C, and C) are disjoint, i.e., C; 7 Cg = @. The next theorem gives the rule for 
any two events. 


Theorem 1.3.5. Jf Ci and C2 are events in C, then 
PIC, J C2) = P(C\) + P(C2) = P(C, M C2). 


Proof: Each of the sets CU C2 and C2 can be represented, respectively, as a union 
of nonintersecting sets as follows: 


Ci U Co = Ci U (CE M C2) and Co = (Ci M C2) U (Ct M C2). 
Thus, from (3) of Definition 1.3.1, 
P(C, UC.) = P(C1) + P(CY 9 C2) 


and 
P(C2) = P(C, N C2) + P(CEN C2). 


If the second of these equations is solved for P(Cf C2) and this result substituted 
in the first equation, we obtain 


P(C, U C2) = P(C\) + P(C2) = P(C, M C2). 


This completes the proof. m 


Remark 1.3.2 (Inclusion Exclusion Formula). It is easy to show (Exercise 1.3.9) 
that 


P(C, UC, UC3) = pi — po + ps, 


where 
py = P(C,)+ P(C2)+ P(C3) 
pg = P(CLNC2) + P(CLNC 3) + P(C2N C3) 
ps = P(CLNC2NCs). (3.4) 


This can be generalized to the inclusion exclusion formula: 


P(CLUC2U-++-UCk) = pi — po + ps3 — +++ + ( 1)**1 pp, (1.3.2) 
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where p; equals the sum of the probabilities of all possible intersections involving 7 
sets. It is clear in the case k = 3 that p, > pz > p3, but more generally p; > pz > 
+++ > pp. As shown in Theorem 1.3.7, 


Pi = P(C1) + P(Co) +--+» + P(Ch) > P(C1 UC2U-++ UC). 
This is known as Boole’s inequality. For k = 2, we have 
1> P(C, UC) = P(C1) + P(C2) — P(C1 N C4), 


which gives Bonferroni’s inequality, 


P(C, NC) = P(C,) + P(C2) — I, (1.3.3) 


that is only useful when P(C) and P(C2) are large. The inclusion exclusion formula 
provides other inequalities that are useful, such as 


pi > P(C, UC2U-+-UCk) > pi — po 


and 
pi — po t+ p3 > P(Ci UC2U---UCk) > pi—pe+p3— ps. @ 


Example 1.3.1. Let C denote the sample space of Example 1.1.2. Let the proba- 
bility set function assign a probability of = to each of the 36 points in C; that is, the 
dice are fair. If Cy = {(1, 1), (2,1), (3,1), (4,1), (5, 1)} and C2 = {(1, 2), (2, 2), (3, 2)}, 


then P(C,) = a, P(C3) P(Cy U C2) = =, and P(Cy fal C2) =0. m 


= 

36° 
Example 1.3.2. Two coins are to be tossed and the outcome is the ordered pair 
(face on the first coin, face on the second coin). Thus the sample space may be 
represented as C = {(H, H), (H,T),(T, H),(T,T)}. Let the probability set function 
assign a probability of + to each element of C. Let C; = {(H,H),(H,T)} and 
C2 = {(H,H),(T,H)}. Then P(Ci) = P(C2) = $, P(C1 NC.) = §, and, in 
accordance with Theorem 1.3.5, P(C; UC2) =4+4-4=%.9 


Example 1.3.3 (Equilikely Case). Let C be partitioned into k mutually disjoint 
subsets C1, C2,..., Cy in such a way that the union of these k mutually disjoint sub- 
sets is the sample space C. Thus the events C), C2,..., Cx are mutually exclusive 
and exhaustive. Suppose that the random experiment is of such a character that 
it is reasonable to asswme that each of the mutually exclusive and exhaustive events 
C;,i =1,2,...,k, has the same probability. It is necessary then that P(C;) = 1/k, 
i= 1,2,...,k; and we often say that the events C1, C2,...,C, are equally likely. 
Let the event FE be the union of r of these mutually exclusive events, say 


E=C,UC2U-:-UC,, r<k. 


Then 
- 


P(E) = P(C,) + P(C2) + +--+ P(C;) = ie 


Frequently, the integer k is called the total number of ways (for this particular 
partition of C) in which the random experiment can terminate and the integer r is 
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called the number of ways that are favorable to the event FE’. So, in this terminology, 
P(E) is equal to the number of ways favorable to the event E divided by the total 
number of ways in which the experiment can terminate. It should be emphasized 
that in order to assign, in this manner, the probability r/k to the event E, we must 
assume that each of the mutually exclusive and exhaustive events C1, C2,...,C, has 
the same probability 1/k. This assumption of equally likely events then becomes a 
part of our probability model. Obviously, if this assumption is not realistic in an 
application, the probability of the event E cannot be computed in this way. m 


In order to illustrate the equilikely case, it is helpful to use some elementary 
counting rules. These are usually discussed in an elementary algebra course. In the 
next remark, we offer a brief review of these rules. 


Remark 1.3.3 (Counting Rules). Suppose we have two experiments. The first 
experiment results in m outcomes, while the second experiment results in n out- 
comes. The composite experiment, first experiment followed by second experiment, 
has mn outcomes, which can be represented as mn ordered pairs. This is called the 
multiplication rule or the mn-rule. This is easily extended to more than two 
experiments. 

Let A be a set with n elements. Suppose we are interested in k-tuples whose 
components are elements of A. Then by the extended multiplication rule, there 
are n-n---n = n* such a k-tuples whose components are elements of A. Next, 
suppose &; < n and we are interested in k-tuples whose components are distinct (no 
repeats) elements of A. There are n elements from which to choose for the first 
component, n — 1 for the second component, ..., m — (k — 1) for the kth. Hence, 
by the multiplication rule, there are n(n — 1)---(n — (k — 1)) such k-tuples with 
distinct elements. We call each such k-tuple a permutation and use the symbol 
Py’ to denote the number of k permutations taken from a set of n elements. Hence, 
we have the formula 


n! 


Fe De = tar 


(1.3.4) 
Next, suppose order is not important, so instead of counting the number of permu- 
tations we want to count the number of subsets of k elements taken from A. We 
use the symbol ) to denote the total number of these subsets. Consider a subset 
of k elements from A. By the permutation rule it generates P* = k(k —1)---1 
permutations. Furthermore, all these permutations are distinct from permutations 
generated by other subsets of & elements from A. Finally, each permutation of k 
distinct elements drawn from A must be generated by one of these subsets. Hence, 
we have just shown that P? = ()k!; that is, 


(;,) ~ ot (035) 


We often use the terminology combinations instead of subsets. So we say that there 
are (2) combinations of k things taken from a set of n things. Another common 
symbol for (7) is C7. 
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It is interesting to note that if we expand the binomial, 
(a +b)" = (a+b)(a+b)---(a+b), 


we get 


(a+b)" = 2 (7) akpn—* (1.3.6) 


k=0 


because we can select the & factors from which to take a in (7) ways. So es is also 
referred to as a binomial coefficient. m 


Example 1.3.4 (Poker Hands). Let a card be drawn at random from an ordinary 
deck of 52 playing cards which has been well shuffled. The sample space C is 
the union of k = 52 outcomes, and it is reasonable to assume that each of these 
outcomes has the same probability =: Accordingly, if FE, is the set of outcomes 
that are spades, P(E£1) = #3 = } because there are r; = 13 spades in the deck; that 
is, + is the probability of drawing a card that is a spade. If E» is the set of outcomes 
that are kings, P(E2) = — = 75 because there are r2 = 4 kings in the deck; that 
is, = is the probability of drawing a card that is a king. These computations are 
very easy because there are no difficulties in the determination of the appropriate 
values of r and k. 

However, instead of drawing only one card, suppose that five cards are taken, 
at random and without replacement, from this deck; i.e, a five card poker hand. In 
this instance, order is not important. So a hand is a subset of five elements drawn 
from a set of 52 elements. Hence, by (1.3.5) there are (*7) poker hands. If the 
deck is well shuffled, each hand should be equilikely; i.e., each hand has probability 


1/ Ce). We can now compute the probabilities of some interesting poker hands. Let 
t) = 4 suits 
to choose for the flush and in each suit there are es ) possible hands; hence, using 


the multiplication rule, the probability of getting a flush is 


FE be the event of a flush, all five cards of the same suit. There are ( 


() C3) _ 4- 1287 


ea (2) 2598960 


= 0.00198. 


Real poker players note that this includes the probability of obtaining a straight 
flush. 

Next, consider the probability of the event F2 of getting exactly three of a kind, 
(the other two cards are distinct and are of different kinds). Choose the kind for 
the three, in (?) ways; choose the three, in (3) ways; choose the other two kinds, 
in (| ways; and choose one card from each of these last two kinds, in (3) (7) ways. 
Hence the probability of exactly three of a kind is 


13) (4) (12) (4)? 
P(E») = G)@G)O) = 0.0211. 
(5) 
Now suppose that Es is the set of outcomes in which exactly three cards are 
kings and exactly two cards are queens. Select the kings, in i) ways, and select 
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4 


3) ways. Hence, the probability of E3 is 


PE = (3) (3) / (*) = 0.0000093. 


The event E3 is an example of a full house: three of one kind and two of another 
kind. Exercise 1.3.18 asks for the determination of the probability of a full house. 
a 


the queens, in ( 


Example 1.3.4 and the previous discussion allow us to see one way in which 
we can define a probability set function, that is, a set function that satisfies the 
requirements of Definition 1.3.1. Suppose that our space C consists of k distinct 
points, which, for this discussion, we take to be in a one-dimensional space. If the 
random experiment that ends in one of those & points is such that it is reasonable 
to assume that these points are equally likely, we could assign 1/k to each point 
and let, for C CC, 


number of points in C 
k 


= > fF), where fla)=s, BEC. 


zEC 


P(e) = 


For illustration, in the cast of a die, we could take C = {1,2,3,4,5,6} and 
f(x) = z x € C, if we believe the die to be unbiased. Clearly, such a set function 
satisfies Definition 1.3.1. 

The word unbiased in this illustration suggests the possibility that all six points 
might not, in all such cases, be equally likely. As a matter of fact, loaded dice do 
exist. In the case of a loaded die, some numbers occur more frequently than others 
in a sequence of casts of that die. For example, suppose that a die has been loaded 
so that the relative frequencies of the numbers in C seem to stabilize proportional 
to the number of spots that are on the up side. Thus we might assign f(x) = «/21, 
x € C, and the corresponding 


P(C)= 55 f(z) 
rEC 


would satisfy Definition 1.3.1. For illustration, this means that if C = {1, 2,3}, then 


Whether this probability set function is realistic can only be checked by performing 
the random experiment a large number of times. 


We end this section with an additional property of probability which proves 
useful in the sequel. Recall in Exercise 1.2.8 we said that a sequence of events 
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{C;,} is a nondecreasing sequence if C,, C Cn+1, for all n, in which case we wrote 


limp—oo Ch = USL, Cn. Consider limp... P(C,). The question is: can we inter- 


change the limit and P? As the following theorem shows, the answer is yes. The 
result also holds for a decreasing sequence of events. Because of this interchange, 
this theorem is sometimes referred to as the continuity theorem of probability. 


Theorem 1.3.6. Let {C;,} be a nondecreasing sequence of events. Then 


lim P(C,) = P( lim C,) =P (U c,) (1.3.7) 


noo noo 


Let {C,,} be a decreasing sequence of events. Then 
lim P(C,) = P( lim C,) =P (n °,| (1.3.8) 
n=1 


Proof. We prove the result (1.3.7) and leave the second result as Exercise 1.3.19. 
Define the sets, called rings, as Ry = C) and forn > 1, Rn = Cy» NCr_y. It 
follows that U7, Ch = URL, Rn and that Rm OR, = ¢, form # n. Also, 
P(Rn) = P(C,) — P(Cn-1). Applying the third axiom of probability yields the 
following string of equalities: 


P [ lim, Cr] = -P (U °,| =P (U r.) = > P(Rn) = sim, So P(R,) 
= lim P(Cy) + 1P(C)) ~ P(Ch-a) = lim P(C,).(1.3.9) 


This is the desired result. m 
Another useful result for arbitrary unions is given by 
Theorem 1.3.7 (Boole’s Inequality). Let {C,,} be an arbitrary sequence of events. 
Then 
ves (U °,) < >> P(Ch). (1.3.10) 
n=1 n=1 


Proof: Let Dp = aa C;. Then {D,,} is an increasing sequence of events which go 
up to Ur, Ch. Also, for all 7, Dj; = Dj-1 UC;. Hence, by Theorem 1.3.5, 


P(D;) < P(Dj-1) + P(C5), 


that is, 
P(D;) — P(Dj-1) < P(C5). 
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In this case, the Cis are replaced by the Djs in expression (1.3.9). Hence, using the 
above inequality in this expression and the fact that P(C,) = P(D1), we have 


P (U c,| 2% (U D,) = tim 9 P(D1) + 21P(D;) ~ P(D)-1)) 


n=1 j=2 
< lim $>P(C;)= 5 > P(Ch). © 
j=1 n=1 


EXERCISES 


1.3.1. A positive integer from one to six is to be chosen by casting a die. Thus the 
elements c of the sample space C are 1,2,3,4,5,6. Suppose C; = {1,2,3,4} and 
C2 = {3,4,5,6}. If the probability set function P assigns a probability of A to each 
of the elements of C, compute P(C;), P(C2), P(C1 NM C2), and P(C; U C2). 


1.3.2. A random experiment consists of drawing a card from an ordinary deck of 
52 playing cards. Let the probability set function P assign a probability of = to 
each of the 52 possible outcomes. Let C; denote the collection of the 13 hearts and 
let Cy denote the collection of the 4 kings. Compute P(C)), P(C2), P(C1N C2), 
and P(C, U C2). 


1.3.3. A coin is to be tossed as many times as necessary to turn up one head. 
Thus the elements c of the sample space C are H, TH, TTH, TTTH, and so 
forth. Let the probability set function P assign to these elements the respec- 
tive probabilities 4, i, 3, 7 and so forth. Show that P(C) = 1. Let Cy = {c: 
cis H,TH,TTH,TTTH, or TTTTH}. Compute P(C)). Next, suppose that Cz = 
{c:cis TTTTH or TTTTTH}. Compute P(C2), P(C1 NM C2), and P(Cy U C2). 


1.3.4. If the sample space is C = Cy UC and if P(C;) = 0.8 and P(C2) = 0.5, find 
P(C) NC). 


1.3.5. Let the sample space be C = {c: 0 <c¢ < co}. Let C CC be defined by 
C ={c:4<c< oo} and take P(C) = f,e-* dz. Show that P(C) = 1. Evaluate 
P(C), P(C°), and P(CUC*). 


1.3.6. If the sample space is C = {c: —co < c < oo} and if C CC isa set for which 
the integral [ C e—!*| dx exists, show that this set function is not a probability set 
function. What constant do we multiply the integrand by to make it a probability 
set function? 


1.3.7. If Cy and C2 are subsets of the sample space C, show that 
P(Cy a C2) < P(C;) < P(Cy U C2) < P(C\) + P(C4). 


1.3.8. Let Ci, Co, and C3 be three mutually disjoint subsets of the sample space 
C. Find P[(Cy U C2) 9 C3] and P(Cf U C$). 
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1.3.9. Consider Remark 1.3.2. 
(a) If Cy, C2, and C3 are subsets of C, show that 


P(Cy UC, UC) = P(C)) } P(C2) t P(C3) P(Ci N C2) 
— P(CLN C3) — P(C2N C3) + P(CLN C29 C3). 


(b) Now prove the general inclusion exclusion formula given by the expression 
(1.3.2). 


Remark 1.3.4. In order to solve Exercises (1.3.10)-(1.3.18), certain reasonable 
assumptions must be made. m 


1.3.10. A bowl contains 16 chips, of which 6 are red, 7 are white, and 3 are blue. If 
four chips are taken at random and without replacement, find the probability that: 
(a) each of the four chips is red; (b) none of the four chips is red; (c) there is at 
least one chip of each color. 


1.3.11. A person has purchased 10 of 1000 tickets sold in a certain raffle. To 
determine the five prize winners, five tickets are to be drawn at random and without 
replacement. Compute the probability that this person wins at least one prize. 
Hint: First compute the probability that the person does not win a prize. 


1.3.12. Compute the probability of being dealt at random and without replacement 
a 13-card bridge hand consisting of: (a) 6 spades, 4 hearts, 2 diamonds, and 1 club; 
(b) 13 cards of the same suit. 


1.3.13. Three distinct integers are chosen at random from the first 20 positive 
integers. Compute the probability that: (a) their sum is even; (b) their product is 
even. 


1.3.14. There are five red chips and three blue chips in a bowl. The red chips 
are numbered 1, 2, 3, 4, 5, respectively, and the blue chips are numbered 1, 2, 3, 
respectively. If two chips are to be drawn at random and without replacement, find 
the probability that these chips have either the same number or the same color. 


1.3.15. In a lot of 50 light bulbs, there are 2 bad bulbs. An inspector examines 
five bulbs, which are selected at random and without replacement. 


(a) Find the probability of at least one defective bulb among the five. 


(b) How many bulbs should be examined so that the probability of finding at least 
one bad bulb exceeds $? 


1.3.16. If C),...,C, are k events in the sample space C, show that the probability 
that at least one of the events occurs is one minus the probability that none of them 
occur; i.e., 


P(C) Us+-UC,) =1 = PIC? N= C8). (1.3.11) 
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1.3.17. A secretary types three letters and the three corresponding envelopes. In 
a hurry, he places at random one letter in each envelope. What is the probability 
that at least one letter is in the correct envelope? Hint: Let C; be the event that 
the ith letter is in the correct envelope. Expand P(C; U C2 U C3) to determine the 
probability. 


1.3.18. Consider poker hands drawn from a well-shuffled deck as described in Ex- 
ample 1.3.4. Determine the probability of a full house, i.e, three of one kind and 
two of another. 


1.3.19. Prove expression (1.3.8). 


1.3.20. Suppose the experiment is to choose a real number at random in the in- 
terval (0,1). For any subinterval (a,b) C (0,1), it seems reasonable to assign the 
probability P[(a, b)] = b—a; i.e., the probability of selecting the point from a subin- 
terval is directly proportional to the length of the subinterval. If this is the case, 
choose an appropriate sequence of subintervals and use expression (1.3.8) to show 
that P[{{a}] = 0, for all a € (0,1). 


1.3.21. Consider the events C1, C2, C3. 


(a) Suppose C1, C2, C3 are mutually exclusive events. If P(C;) = pi, 1 = 1, 2,3, 
what is the restriction on the sum p; + p2 + p3? 


(b) In the notation of part (a), if py = 4/10, po = 3/10, and p3 = 5/10, are 
C1, C2, C3 mutually exclusive? 


For the last two exercises it is assumed that the reader is familar with o-fields. 


1.3.22. Suppose D is a nonempty collection of subsets of C. Consider the collection 
of events 


B=n{E: Dc Eand E is a o-field}. 


Note that ¢ € B because it is in each o-field, and, hence, in particular, it is in each 
o-field € > D. Continue in this way to show that B is a o-field. 


1.3.23. Let C = R, where R is the set of all real numbers. Let Z be the set of all 
open intervals in R. The Borel o-field on the real line is given by 


Bo =N{E : Tc Eand E is a o-field}. 


By definition, By) contains the open intervals. Because [a,oo) = (—oo,a)° and Bo 
is closed under complements, it contains all intervals of the form [a,0o), for a € R. 
Continue in this way and show that Bo contains all the closed and half-open intervals 
of real numbers. 
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1.4 Conditional Probability and Independence 


In some random experiments, we are interested only in those outcomes that are 
elements of a subset C; of the sample space C. This means, for our purposes, that 
the sample space is effectively the subset C;. We are now confronted with the 
problem of defining a probability set function with C, as the “new” sample space. 

Let the probability set function P(C’) be defined on the sample space C and let 
C; be a subset of C such that P(C1) > 0. We agree to consider only those outcomes 
of the random experiment that are elements of C;; in essence, then, we take C; to 
be a sample space. Let C2 be another subset of C. How, relative to the new sample 
space C, do we want to define the probability of the event C2? Once defined, 
this probability is called the conditional probability of the event C2, relative to the 
hypothesis of the event C, or, more briefly, the conditional probability of C2, given 
C,. Such a conditional probability is denoted by the symbol P(C2|C). We now 
return to the question that was raised about the definition of this symbol. Since C1 
is now the sample space, the only elements of C2 that concern us are those, if any, 
that are also elements of C), that is, the elements of C; 1 C2. It seems desirable, 
then, to define the symbol P(C2|C) in such a way that 


P(C,|C1) =1 and P(C|C1) = P(Cy M C2|C1). 


Moreover, from a relative frequency point of view, it would seem logically inconsis- 
tent if we did not require that the ratio of the probabilities of the events C, N C2 
and C;, relative to the space C,, be the same as the ratio of the probabilities of 
these events relative to the space C; that is, we should have 


P(CANC2IC1) — P(CLNC2) 


PCG) —— =P(GA) 
These three desirable conditions imply that the relation 
P(CLN C2) 
P(C2|C,) = —————. 
(C2|C1) PCr) 


is a suitable definition of the conditional probability of the event C2, given the 
event Ci, provided that P(C,) > 0. Moreover, we have 


iL Pee = 0 


2. P (U%29C5|C1) = eee P(C;|C1), provided that C2,C3,... are mutually ex- 
clusive events. 


3. P(C\|C,) =1. 


Properties (1) and (3) are evident and the proof of property (2) is left as Exercise 
1.4.1. But these are precisely the conditions that a probability set function must 
satisfy. Accordingly, P(C2|C1) is a probability set function, defined for subsets 
of C,. It may be called the conditional probability set function, relative to the 
hypothesis C, or the conditional probability set function, given C,. It should be 
noted that this conditional probability set function, given C/, is defined at this time 
only when P(C;) > 0. 
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Example 1.4.1. A hand of five cards is to be dealt at random without replacement 
from an ordinary deck of 52 playing cards. The conditional probability of an all- 
spade hand (C2), relative to the hypothesis that there are at least four spades in 
the hand (C1), is, since Cy N C2 = Co, 
P(C2) 13 / 52 
P(C2|Ci) = = 13 As) G) 52 


Pa) [((DC)+O1/&) 


(5) 
(2) @) + (3) 


= 0.0441. 


Note that this is not the same as drawing for a spade to complete a flush in draw 
poker; see Exercise 1.4.3. m 


From the definition of the conditional probability set function, we observe that 
P(C, A C2) = P(C1) P(C2|C1). 


This relation is frequently called the multiplication rule for probabilities. Some- 
times, after considering the nature of the random experiment, it is possible to make 
reasonable assumptions so that both P(C;) and P(C2|C;) can be assigned. Then 
P(C, 9 C2) can be computed under these assumptions. This is illustrated in Ex- 
amples 1.4.2 and 1.4.3. 


Example 1.4.2. A bowl contains eight chips. Three of the chips are red and 
the remaining five are blue. Two chips are to be drawn successively, at random 
and without replacement. We want to compute the probability that the first draw 
results in a red chip (C)) and that the second draw results in a blue chip (C2). It 
is reasonable to assign the following probabilities: 


P(C,) = - and P(C4|C1) =2 


3. 
Thus, under these assignments, we have P(C1 MN C2) = (#)(2) = # = 0.2679. m 


Example 1.4.3. From an ordinary deck of playing cards, cards are to be drawn 
successively, at random and without replacement. The probability that the third 
spade appears on the sixth draw is computed as follows. Let C; be the event of two 
spades in the first five draws and let C2 be the event of a spade on the sixth draw. 
Thus the probability that we wish to compute is P(C, 7 C2). It is reasonable to 
take 


(!3) (2) al 

2/3! 0.2743 and P(C2|C,) = — = 0.2340. 

(5) oi 
The desired probability P(C1 C2) is then the product of these two numbers, which 
to four places is 0.0642. m 


P(C1) = 


The multiplication rule can be extended to three or more events. In the case of 
three events, we have, by using the multiplication rule for two events, 


P(ANG,NC3) = Pi(Ci.nc.,)NCs] 
P(C, Cy) P(C3|C1 M1 C2). 
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But P(C, NM C2) = P(C1) P(C2|C1). Hence, provided P(C, M C2) > 0, 
P(Ci NC2N C3) = P(C1)P(C2|C1) P(C3|C1 N C2). 


This procedure can be used to extend the multiplication rule to four or more 
events. The general formula for k events can be proved by mathematical induction. 


Example 1.4.4. Four cards are to be dealt successively, at random and without 
replacement, from an ordinary deck of playing cards. The probability of receiving a 


spade, a heart, a diamond, and a club, in that order, is ()(#)(#3)(#) = 0.0044. 


This follows from the extension of the multiplication rule. m 


Consider & mutually exclusive and exhaustive events C),C2,...,Cz such that 
P(C;) > 0,4 =1,2,...,k;ie., Ci,Co,...,C, form a partition of C. Here the events 
C1, C2,...,Cz do not need to be equally likely. Let C’ be another event such that 
P(C) > 0. Thus C occurs with one and only one of the events C1, C2,..., Cx; that 
is, 


C = COMUGW 6) 
(CNC) U(CNC) U+--U(CNC)- 


Since CN C;, i =1,2,...,k, are mutually exclusive, we have 
P(C) = P(C NC) + P(CN C2) +--+» + P(CNC,). 
However, P(CNC;) = P(Ci) P(C|C;), ¢ = 1,2,...,k; so 


P(C) = P(C1)P(C|C1) + P(C2)P(C|C2) + ++ + P(Ck)P(C|Cr) 


k 
> P(Ci)P(CIC). 


This result is sometimes called the law of total probability. 
From the definition of conditional probability, we have, using the law of total 
probability, that 
P(CNC; P(C;)P(C|C; 
P(Q,|c) = ENG) i) a (PCG) (1.4.1) 
PC) Yee P(Ci) P(CICi) 


which is the well-known Bayes’ Theorem. This permits us to calculate the con- 
ditional probability of C;, given C’, from the probabilities of C1, C2,...,C and the 
conditional probabilities of C, given Ci, i= 1,2,...,k. 


Example 1.4.5. Say it is known that bowl C; contains three red and seven blue 
chips and bowl C2 contains eight red and two blue chips. All chips are identical in 
size and shape. A die is cast and bowl C; is selected if five or six spots show on the 


side that is up; otherwise, bowl C2 is selected. In a notation that is fairly obvious, 


it seems reasonable to assign P(C,) = 2 and P(C) = 4. The selected bowl is 


handed to another person and one chip is taken at random. Say that this chip is 
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red, an event which we denote by C’. By considering the contents of the bowls, it is 
reasonable to assign the conditional probabilities P(C|C1) = a and P(C|C2) = +. 
Thus the conditional probability of bowl C1, given that a red chip is drawn, is 


= P(Gi)P(C|C1) 
PIC) = BGP(CICi) + P(Ca)P(CIOa) 
___ @@ 3 
(§)(io) + (3)(qo) 19 
In a similar manner, we have P(C2|C) = 73. m 


In Example 1.4.5, the probabilities P(C,) = 2 and P(C2) = # are called prior 
probabilities of C) and C2, respectively, because they are known to be due to the 
random mechanism used to select the bowls. After vas chip is taken and observed 
to be red, the conditional probabilities P(C|C) = #4 and P(C2|C) = 7 are called 
posterior probabilities. Since C2 has a larger Bronottion of red ahins than does 
Cj, it appeals to one’s intuition that P(C2|C) should be larger than P(C2) and, 
of course, P(C,|C) should be smaller than P(C;). That is, intuitively the chances 
of having bowl C2 are better once that a red chip is observed than before a chip 
is taken. Bayes’ theorem provides a method of determining exactly what those 
probabilities are. 


Example 1.4.6. Three plants, C;, Co, and C3, produce respectively, 10%, 50%, 
and 40% of a company’s output. Although plant C; is a small plant, its manager 
believes in high quality and only 1% of its products are defective. The other two, C2 
and C3, are worse and produce items that are 3% and 4% defective, respectively. 
All products are sent to a central warehouse. One item is selected at random 
and observed to be defective, say event C. The conditional probability that it 
comes from plant C) is found as follows. It is natural to assign the respective prior 
probabilities of getting an item from the plants as P(C,) = 0.1, P(C2) = 0.5, and 
P(C3) = 0.4, while the conditional probabilities of defective items are P(C|C1) = 
0.01, P(C|C2) = 0.03, and P(C|C3) = 0.04. Thus the posterior probability of C4, 
given a defective, is 


_ PIANC) _ (0.10)(0.01) 
PIC) =~ Bley = ]ay(OOL) + (0.5)(0.03) + (0.4)(0.04)’ 


which equals oor this is much smaller than the prior probability P(C,) = an: This 
is as it should be because the fact that the item is defective decreases the chances 


that it comes from the high-quality plant C,. 


Example 1.4.7. Suppose we want to investigate the percentage of abused children 
in a certain population. The events of interest are: a child is abused (A) and its 
complement a child is not abused (N = A‘). For the purposes of this example, we 
assume that P(A) = 0.01 and, hence, P(N) = 0.99. The classification as to whether 
a child is abused or not is based upon a doctor’s examination. Because doctors are 
not perfect, they sometimes classify an abused child (A) as one that is not abused 
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(Np, where Np means classified as not abused by a doctor). On the other hand, 
doctors sometimes classify a nonabused child (NV) as abused (Ap). Suppose these 
error rates of misclassification are P(Np|A) = 0.04 and P(Ap|N) = 0.05; thus 
the probabilities of correct decisions are P(Ap | A) = 0.96 and P(Np|N) = 0.95. 
Let us compute the probability that a child taken at random is classified as abused 
by a doctor. Because this can happen in two ways, AN Ap or NN Ap, we have 


P(Ap) = P(Ap|A)P(A) + P(Ap | N)P(N) = (0.96) (0.01) + (0.05)(0.99) = 0.0591, 


which is quite high relative to the probability of an abused child, 0.01. Further, the 
probability that a child is abused when the doctor classified the child as abused is 
P(ANAp) — (0.96)(0.01) 

P(A| Ap) = ———— = ————_ = 0.1624, 

(A) AD} P(Ap) 0.0591 
which is quite low. In the same way, the probability that a child is not abused 
when the doctor classified the child as abused is 0.8376, which is quite high. The 
reason that these probabilities are so poor at recording the true situation is that the 
doctors’ error rates are so high relative to the fraction 0.01 of the population that 
is abused. An investigation such as this would, hopefully, lead to better training of 

doctors for classifying abused children. See also Exercise 1.4.17. m 


Sometimes it happens that the occurrence of event C, does not change the 
probability of event C2; that is, when P(C)) > 0, 


P(C2|C1) = P(C2). 


In this case, we say that the events C; and C2 are independent. Moreover, the 
multiplication rule becomes 


P(C, A C2) = P(C1)P(C2|C1) = P(C1) P(C2). (1.4.2) 
This, in turn, implies, when P(C2) > 0, that 


P(CLN C2) ~=P(C,)P(C2) 
P(C,|\C2) = ———. = —— = P(C)). 
( 1 2) PC) P(C3) ( 1) 
Note that if P(C,) > 0 and P(C2) > 0, then by the above discussion, indepen- 
dence is equivalent to 
P(CLN C2) = P(C1)P(C2). (1.4.3) 


What if either P(C;) = 0 or P(C2) = 0? In either case, the right side of (1.4.3) is 
0. However, the left side is 0 also because Cy M Cg C Cy and CyM C2 C Co. Hence, 
we take Equation (1.4.3) as our formal definition of independence; that is, 


Definition 1.4.1. Let C, and C2 be two events. We say that C, and C2 are 
independent if Equation (1.4.3) holds. 


Suppose C; and C2 are independent events. Then the following three pairs of 
events are independent: C and C$, Cf and C2, and Cf and C5 (see Exercise 1.4.11). 
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Remark 1.4.1. Events that are independent are sometimes called statistically in- 
dependent, stochastically independent, or independent in a probability sense. In 
most instances, we use independent without a modifier if there is no possibility of 
misunderstanding. 


Example 1.4.8. A red die and a white die are cast in such a way that the numbers 
of spots on the two sides that are up are independent events. If C, represents a 
four on the red die and C2 represents a three on the white die, vei an equally 
likely assumption for each side, we assign P(C1) = ¢ and P(C2) = 2. Thus, from 
independence, the probability of the ordered pair (red = 4, white = 3) is 


P((4,3)] = (§)(§) = 36- 
The probability that the sum of the up spots of the two dice equals seven is 


P[(1,6), (2,5), (3,4), (4,3), (5, 2), (6, 1)] 
= (3) (g) + (&) (a) + Ge) () + (a) (8) + (&) (@) + (8) (8) = 3: 
In a similar manner, it is easy to show that the probabilities of the sums of 
2,3,4,5,6,7,8,9, 10,11, 12 are, respectively, 
36? 36’ 36? 36’ 36? 36° 36” 36? 36” 30? 36" 


Suppose now that we have three events, C,, Cz, and C3. We say that they are 
mutually independent if and only if they are pairwise independent: 


P(CLN C3) = P(C1)P(C3), P(C1 9 C2) = P(C1)P(C2), 
P(C2M C3) = P(C2)P(C3), 


nd 
: P(C, AN C29 C3) = P(C1) P(C2)P(C3). 


More generally, the n events C),C2,...,C, are mutually independent if and 
only if for every collection of k of these events, 2 << k < n, the following is true: 
Say that d,,d2,...,d, are k distinct integers from 1,2,...,n; then 


P(Ca, NCa AA Ca, ) = P(Ca,)P(Ca,) “ -P(Ca,)- 
In particular, if C,,C2,...,C, are mutually independent, then 
P(CLNC2N---AC,) = P(C1)P(C2)--+ P(C,). 


Also, as with two sets, many combinations of these events and their complements 
are independent, such as 


1. The events Cf and C2 U CS U C4 are independent, 
2. The events Cy UCS , C$ and C4 Cs are mutually independent. 


If there is no possibility of misunderstanding, independent is often used without the 
modifier mutually when considering more than two events. 
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Example 1.4.9. Pairwise independence does not imply mutual independence. As 
an example, suppose we twice spin a fair spinner with the numbers 1, 2, 3, and 4. 
Let C be the event that the sum of the numbers spun is 5, let Cz be the event that 
the first number spun is a 1, and let C3 be the event that the second number spun 
isa 4. Then P(C;) = 1/4, 2 = 1,2,3, and for i 4 7, P(C; NC;) = 1/16. So the 
three events are pairwise independent. But C, M C2 C3 is the event that (1,4) is 
spun, which has probability 1/16 4 1/64 = P(C,)P(C2)P(C3). Hence the events 
C1, Co, and C3 are not mutually independent. m 


We often perform a sequence of random experiments in such a way that the 
events associated with one of them are independent of the events associated with 
the others. For convenience, we refer to these events as as outcomes of independent 
experiments, meaning that the respective events are independent. Thus we often 
refer to independent flips of a coin or independent casts of a die or, more generally, 
independent trials of some given random experiment. 


Example 1.4.10. A coin is flipped independently several times. Let the event C; 
represent a head (H) on the ith toss; thus C¢ represents a tail (T). Assume that C; 
and Cf are equally likely; that is, P(C;) = P(C¢) = 4. Thus the probability of an 
ordered sequence like HHTH is, from independence, 


P(CLN C2 N C$ N C4) = P(C1)P(C2)P(C$)P(Ca) = (§)4 = F- 
Similarly, the probability of observing the first head on the third flip is 
P(CZN C§N C3) = P(Cf)P(C§)P(C3) = (3)° = §- 
Also, the probability of getting at least one head on four flips is 


POQUGUGUG) = 1 PGQuauaucay 
= 1—P(CENCEncency) 
= 1-()'=2, 


See Exercise 1.4.13 to justify this last probability. m 


Example 1.4.11. A computer system is built so that if component Ky fails, it is 
bypassed and K is used. If K fails, then K3 is used. Suppose that the probability 
that Ky, fails is 0.01, that Ko fails is 0.03, and that K3 fails is 0.08. Moreover, we 
can assume that the failures are mutually independent events. Then the probability 
of failure of the system is 


(0.01)(0.03)(0.08) = 0.000024, 


as all three components would have to fail. Hence, the probability that the system 
does not fail is 1 — 0.000024 = 0.999976. 


EXERCISES 
1.4.1. If P(C,) > 0 and if C2, C3,C4,... are mutually disjoint sets, show that 


P(C2U C3 U-+-|C,) = P(C2|C1) + P(C3|C1) +--+: 
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1.4.2. Assume that P(C, NM C2M C3) > 0. Prove that 
P(CLN C20 C3N Cy) = P(C))P(C2|C1) P(C3|C1 N C2) P(C4|C1 N C2 N C3). 


1.4.3. Suppose we are playing draw poker. We are dealt (from a well-shuffled deck) 
five cards, which contain four spades and another card of a different suit. We decide 
to discard the card of a different suit and draw one card from the remaining cards 
to complete a flush in spades (all five cards spades). Determine the probability of 
completing the flush. 


1.4.4. From a well-shuffled deck of ordinary playing cards, four cards are turned 
over one at a time without replacement. What is the probability that the spades 
and red cards alternate? 


1.4.5. A hand of 13 cards is to be dealt at random and without replacement from 
an ordinary deck of playing cards. Find the conditional probability that there are 
at least three kings in the hand given that the hand contains at least two kings. 


1.4.6. A drawer contains eight different pairs of socks. If six socks are taken at 
random and without replacement, compute the probability that there is at least one 
matching pair among these six socks. Hint: Compute the probability that there is 
not a matching pair. 


1.4.7. A pair of dice is cast until either the sum of seven or eight appears. 
(a) Show that the probability of a seven before an eight is 6/11. 


(b) Next, this pair of dice is cast until a seven appears twice or until each of a 
six and eight has appeared at least once. Show that the probability of the six 
and eight occurring before two sevens is 0.546. 


1.4.8. In a certain factory, machines I, II, and III are all producing springs of the 
same length. Machines I, II, and HI produce 1%, 4%, and 2% defective springs, 
respectively. Of the total production of springs in the factory, Machine I produces 
30%, Machine II produces 25%, and Machine III produces 45%. 


(a) If one spring is selected at random from the total springs produced in a given 
day, determine the probability that it is defective. 


(b) Given that the selected spring is defective, find the conditional probability 
that it was produced by Machine II. 


1.4.9. Bowl I contains six red chips and four blue chips. Five of these 10 chips 
are selected at random and without replacement and put in bowl II, which was 
originally empty. One chip is then drawn at random from bowl II. Given that this 
chip is blue, find the conditional probability that two red chips and three blue chips 
are transferred from bowl I to bowl II. 


1.4.10. In an office there are two boxes of computer disks: Box C; contains seven 
Verbatim disks and three Control Data disks, and box C2 contains two Verbatim 
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disks and eight Control Data disks. A person is handed a box at random with 
prior probabilities P(C1) = 3 and P(C2) = 3, possibly due to the boxes’ respective 
locations. A disk is then selected at random and the event C' occurs if it is from 
Control Data. Using an equally likely assumption for each disk in the selected box, 


compute P(C,|C) and P(C2|C). 


1.4.11. If C) and C2 are independent events, show that the following pairs of events 
are also independent: (a) Cy and C$, (b) Cf and C2, and (c) Cf and CS. Hint: 
In (a), write P(C, N CS) = P(C\)P(CS|C1) = P(C\)[1 — P(C2|Ci)]. From the 
independence of C; and C2, P(C2|C,) = P(C2). 


1.4.12. Let C; and C2 be independent events with P(C)) = 0.6 and P(C2) = 0.3. 
Compute (a) P(CQy M C2), (b) P(C, U C2), and (c) P(CQy U CS). 


1.4.13. Generalize Exercise 1.2.5 to obtain 
(Cy UCgU+++UCK)® = CEN CSN-+- NCE. 


Say that C ,C2,...,C, are independent events that have respective probabilities 
P1,P2,---,pr. Argue that the probability of at least one of C1, C2,...,C is equal 
to 

1—(1—pi)(1 — p2)-+- (1 — pe). 


1.4.14. Each of four persons fires one shot at a target. Let C;, denote the event that 
the target is hit by person k, k = 1,2,3,4. If Cy,C2,C3,C, are independent and 
if P(C,) = P(C2) = 0.7, P(C3) = 0.9, and P(C4) = 0.4, compute the probability 
that (a) all of them hit the target; (b) exactly one hits the target; (c) no one hits 
the target; (d) at least one hits the target. 


1.4.15. A bowl contains three red (R) balls and seven white (W) balls of exactly 
the same size and shape. Select balls successively at random and with replacement 
so that the events of white on the first trial, white on the second, and so on, can be 
assumed to be independent. In four trials, make certain assumptions and compute 
the probabilities of the following ordered sequences: (a) WWRW; (b) RWWW;; (c) 
WWWR; and (d) WRWW. Compute the probability of exactly one red ball in the 
four trials. 


1.4.16. A coin is tossed two independent times, each resulting in a tail (T) or a head 
(H). The sample space consists of four ordered pairs: TT, TH, HT, HH. Making 
certain assumptions, compute the probability of each of these ordered pairs. What 
is the probability of at least one head? 


1.4.17. For Example 1.4.7, obtain the following probabilities. Explain what they 
mean in terms of the problem. 


(a) P(Np). 
(b) P(N | Ap). 
(c) P(A| Np). 
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(d) P(N | Np). 


1.4.18. A die is cast independently until the first 6 appears. If the casting stops 
on an odd number of times, Bob wins; otherwise, Joe wins. 


(a) Assuming the die is fair, what is the probability that Bob wins? 


(b) Let p denote the probability of a 6. Show that the game favors Bob, for all p, 
O<p<l. 


1.4.19. Cards are drawn at random and with replacement from an ordinary deck 
of 52 cards until a spade appears. 


(a) What is the probability that at least four draws are necessary? 
(b) Same as part (a), except the cards are drawn without replacement. 


1.4.20. A person answers each of two multiple choice questions at random. If there 
are four possible choices on each question, what is the conditional probability that 
both answers are correct given that at least one is correct? 


1.4.21. Suppose a fair 6-sided die is rolled six independent times. A match occurs 
if side 7 is observed on the 7th trial, i =1,...,6. 


(a) What is the probability of at least one match on the six rolls? Hint: Let C; 
be the event of a match on the 7th trial and use Exercise 1.4.13 to determine 
the desired probability. 


(b) Extend part (a) to a fair n-sided die with n independent rolls. Then determine 
the limit of the probability as n — oo. 


1.4.22. Players A and B play a sequence of independent games. Player A throws 
a die first and wins on a “six.” If he fails, B throws and wins on a “five” or “six.” 
If he fails, A throws and wins on a “four,” “five,” or “six.” And so on. Find the 
probability of each player winning the sequence. 


1.4.23. Let Cy, C2, C3 be independent events with probabilities 4, 5; i, respec- 


tively. Compute P(C, U C2 U C3). 


1.4.24. From a bowl containing five red, three white, and seven blue chips, select 
four at random and without replacement. Compute the conditional probability of 
one red, zero white, and three blue chips, given that there are at least three blue 
chips in this sample of four chips. 


1.4.25. Let the three mutually independent events C), C2, and C3 be such that 
P(C,) = P(C2) = P(C3) = i. Find P|(C{ NCS) U Cs]. 


1.4.26. Person A tosses a coin and then person B rolls a die. This is repeated 
independently until a head or one of the numbers 1, 2,3,4 appears, at which time 
the game is stopped. Person A wins with the head and B wins with one of the 
numbers 1,2,3,4. Compute the probability that A wins the game. 
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1.4.27. Each bag in a large box contains 25 tulip bulbs. It is known that 60% of 
the bags contain bulbs for 5 red and 20 yellow tulips, while the remaining 40% of 
the bags contain bulbs for 15 red and 10 yellow tulips. A bag is selected at random 
and a bulb taken at random from this bag is planted. 


(a) What is the probability that it will be a yellow tulip? 


(b) Given that it is yellow, what is the conditional probability it comes from a 
bag that contained 5 red and 20 yellow bulbs? 


1.4.28. A bowl contains 10 chips numbered 1, 2,...,10, respectively. Five chips are 
drawn at random, one at a time, and without replacement. What is the probability 
that two even-numbered chips are drawn and they occur on even-numbered draws? 


1.4.29. A person bets 1 dollar to 6 dollars that he can draw two cards from an 
ordinary deck of cards without replacement and that they will be of the same suit. 
Find 6 so that the bet is fair. 


1.4.30 (Monte Hall Problem). Suppose there are three curtains. Behind one curtain 
there is a nice prize, while behind the other two there are worthless prizes. A 
contestant selects one curtain at random, and then Monte Hall opens one of the 
other two curtains to reveal a worthless prize. Hall then expresses the willingness 
to trade the curtain that the contestant has chosen for the other curtain that has 
not been opened. Should the contestant switch curtains or stick with the one that 
she has? To answer the question, determine the probability that she wins the prize 
if she switches. 


1.4.31. A French nobleman, Chevalier de Méré, had asked a famous mathematician, 
Pascal, to explain why the following two probabilities were different (the difference 
had been noted from playing the game many times): (1) at least one six in four 
independent casts of a six-sided die; (2) at least a pair of sixes in 24 independent 
casts of a pair of dice. From proportions it seemed to de Méré that the probabilities 
should be the same. Compute the probabilities of (1) and (2). 


1.4.32. Hunters A and B shoot at a target; the probabilities of hitting the target 
are p; and pe, respectively. Assuming independence, can p; and pz be selected so 
that 

P(zero hits) = P(one hit) = P(two hits)? 


1.4.33. At the beginning of a study of individuals, 15% were classified as heavy 
smokers, 30% were classified as light smokers, and 55% were classified as nonsmok- 
ers. In the five-year study, it was determined that the death rates of the heavy and 
light smokers were five and three times that of the nonsmokers, respectively. A ran- 
domly selected participant died over the five-year period: calculate the probability 
that the participant was a nonsmoker. 


1.4.34. A chemist wishes to detect an impurity in a certain compound that she is 
making. There is a test that detects an impurity with probability 0.90; however, 
this test indicates that an impurity is there when it is not about 5% of the time. 


32 Probability and Distributions 


The chemist produces compounds with the impurity about 20% of the time. A 
compound is selected at random from the chemist’s output. The test indicates that 
an impurity is present. What is the conditional probability that the compound 
actually has the impurity? 


1.5 Random Variables 


The reader perceives that a sample space C may be tedious to describe if the elements 
of C are not numbers. We now discuss how we may formulate a rule, or a set of 
rules, by which the elements c of C may be represented by numbers. We begin the 
discussion with a very simple example. Let the random experiment be the toss of 
a coin and let the sample space associated with the experiment be C = {H,T}, 
where H and T represent heads and tails, respectively. Let X be a function such 
that X(T) = 0 and X(H) = 1. Thus X is a real-valued function defined on the 
sample space C which takes us from the sample space C to a space of real numbers 
D = {0,1}. We now formulate the definition of a random variable and its space. 


Definition 1.5.1. Consider a random experiment with a sample space C. A func- 
tion X, which assigns to each element c € C one and only one number X(c) = x, is 
called a random variable. The space or range of X is the set of real numbers 
D={e:2=X(c),cEC}. 


In this text, D generally is a countable set or an interval of real numbers. We 
call random variables of the first type discrete random variables, while we call 
those of the second type continuous random variables. In this section, we present 
examples of discrete and continuous random variables and then in the next two 
sections we discuss them separately. 

Given a random variable X, its range D becomes the sample space of interest. 
Besides inducing the sample space D, X also induces a probability which we call 
the distribution of X. 

Consider first the case where X is a discrete random variable with a finite space 
D = {di,...,dm}. The only events of interest in the new sample space D are subsets 
of D. The induced probability distribution of X is also clear. Define the function 
px (d;) on D by 


px(d;) = Pi{c: X(c) =d;}], fori=1,...,m. (1.5.1) 


In the next section, we formally define px (d;) as the probability mass function 
(pmf) of X. Then the induced probability distribution, Px(-), of X is 


Px(D) = > px(di), DCD. 
d;€D 


As Exercise 1.5.11 shows, Px (D) is a probability on D. An example is helpful here. 


Example 1.5.1 (First Roll in the Game of Craps). Let X be the sum of the 
upfaces on a roll of a pair of fair 6-sided dice, each with the numbers 1 through 6 
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on it. The sample space is C = {(i,j7) : 1 < i,7 < 6}. Because the dice are fair, 
P{{(i, j)}] = 1/36. The random variable X is X(i,j) =71+ 7. The space of X is 
D = {2,...,12}. By enumeration, the pmf of X is given by 


Praveen =]? ]*]*[s]o]7[* [9] m]a]a] 


ili vx) | 2} 2A);27/4/2)/2)/2/4/2/2/24 
Probability px (x) 


To illustrate the computation of probabilities concerning X, suppose By = {x: «= 
7,11} and By = {x : x = 2,3,12}. Then, using the values of px() given in the 
table, 


6 2 8 
Px(Bi) = >. Px(®) = a5 + 35 = 36 
reEB, 
1 2 1 4 
P. B => alien nila _ = _—. 
x (Ba) 2, Px(@) 36°36 36 36 % 


The second case is when X is a continuous random variable. In this case, D 
is an interval of real numbers. In practice, continuous random variables are often 
measurements. For example, the weight of an adult is modeled by a continuous 
random variable. Here we would not be interested in the probability that a person 
weighs exactly 200 pounds, but we may be interested in the probability that a 
person weighs over 200 pounds. Generally, for the continuous random variables, 
the simple events of interest are intervals. We can usually determine a nonnegative 
function fx(x) such that for any interval of real numbers (a,b) € D, the induced 
probability distribution of X, Px(-), is defined as 


b 
Px |(a,b)] = P[{c EC :a< X(c) < d}] = fx (a) da; (1.5.2) 


that is, the probability that X falls between a and b is the area under the curve 
y = fx(a) between a and b. Besides fx(x) > 0, we also require that Px(D) = 
Jp £x(x) dx = 1 (total area under the curve over the sample space of X is 1). There 
are some technical issues in defining events in general for the space D; however, it 
can be shown that Px(D) is a probability on D; see Exercise 1.5.11. The function 
fx is formally defined as the probability density function (pdf) of X in Section 
1.7. An example is in order. 


Example 1.5.2. For an example of a continuous random variable, consider the 
following simple experiment: choose a real number at random from the interval 
(0,1). Let X be the number chosen. In this case the space of X is D = (0,1). It is 
not obvious as it was in the last example what the induced probability Px is. But 
there are some intuitive probabilities. For instance, because the number is chosen 
at random, it is reasonable to assign 


Px [(a,b)] = b—a, forO<a<b<1. (1.5.3) 
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It follows that the pdf of X is 


1 O0<a<il 


fx(v) = { 0 elsewhere. (84) 


For example, the probability that X is less than an eighth or greater than seven 


eighths is 
1 ‘4 5 1 
PlxsX<=?7pUSX>= =i act [ dx = —-. u 
8 8 0 s 4 


Remark 1.5.1. In equations (1.5.1) and (1.5.2), the subscript X on px and fx 
identifies the pmf and pdf, respectively, with the random variable. We often use 
this notation, especially when there are several random variables in the discussion. 
On the other hand, if the identity of the random variable is clear, then we often 
suppress the subscripts. 


The pmf of a discrete random variable and the pdf of a continuous random 
variable are quite different entities. The distribution function, though, uniquely 
determines the probability distribution of a random variable. It is defined by: 


Definition 1.5.2 (Cumulative Distribution Function). Let X be a random variable. 
Then its cumulative distribution function (cdf) is defined by Fx (x), where 


Fx (a) = Px((—0o0, 2]) = P({c EC: X(c) < z}). (1.5.5) 


As above, we shorten P({c € C : X(c) < x}) to P(X < 2). Also, F(x) is 
often called simply the distribution function (df). However, in this text, we use the 
modifier cumulative as Fx (a) accumulates the probabilities less than or equal to «. 

The next example discusses a cdf for a discrete random variable. 


Example 1.5.3. Suppose we roll a fair die with the numbers 1 through 6 on it. 
Let X be the upface of the roll. Then the space of X is {1,2,...,6} and its pmf 
is px(t) = 1/6, for i = 1,2,...,6. If a < 1, then Fy(a) = 0. If 1 < & < 2, then 
Fx (x) = 1/6. Continuing this way, we see that the cdf of X is an increasing step 
function which steps up by px(i) at each i in the space of X. The graph of Fx is 
given by Figure 1.5.1. Note that if we are given the cdf, then we can determine the 
pmf of X. 


The following example discusses the cdf for the continuous random variable 
discussed in Example 1.5.2. 


Example 1.5.4 (Continuation of Example 1.5.2). Recall that X denotes a real 
number chosen at random between 0 and 1. We now obtain the cdf of X. First, if 
x <0, then P(X < x) =0. Next, if 7 > 1, then P(X < x) =1. Finally, if0<a< 
1, it follows from expression (1.5.3) that P(X <2) = P(0< X <2) =ax2-O0=2a@. 
Hence the cdf of X is 
0 ifa<0 
Fx(t)=4 « if0<a<1 (1.5.6) 
1 if@>l. 
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F(x) 
A 
1.0 + — 
> 
—_——o 
05+ ——_—. 


(0, 0) 1 2 3 4 =] 6 


Figure 1.5.1: Distribution function for Example 1.5.3. 


A sketch of the cdf of X is given in Figure 1.5.2. Note, however, the connection 
between Fx (az) and the pdf for this experiment fx (x), given in Example 1.5.2, is 


Fx (x) = / fx(t) dt, for alla € R, 


and 4 Fx (x) = fx(z2), for all x € R, except for =0 andz=1. = 


Let X and Y be two random variables. We say that X and Y are equal in 


distribution and write X 2 Y if and only if Fx (x) = Fy(a), for all x € R. It 
is important to note while X and Y may be equal in distribution, they may be 
quite different. For instance, in the last example define the random variable Y as 
Y =1-—X. Then Y £ X. But the space of Y is the interval (0,1), the same as X. 
Further, the cdf of Y is 0 for y < 0; 1 for y > 1; and for 0 < y < 1, it is 


Fy(y)=P(Y <y)=P0-X <y)=P(X >1-y)=1-(1-y) =y. 


Hence, Y has the same cdf as X, i.e., Y 2 X,but YAX. 

The cdfs displayed in Figures 1.5.1 and 1.5.2 show increasing functions with lower 
limits 0 and upper limits 1. In both figures, the cdfs are at least right continuous. 
As the next theorem proves, these properties are true in general for cdfs. 


Theorem 1.5.1. Let X be a random variable with cumulative distribution function 
F(a). Then 

(a) For alla and b, ifa <b, then F(a) < F(b) (F is nondecreasing). 

(b) limg.—oo F(x) = 0 (the lower limit of F is 0). 

(c) limy.0 F(x) = 1 (the upper limit of F is 1). 


(d) lim,,. i aol (2) = F (a0) (F is right continuous). 
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F(x) 


(0, 0) 1 


Figure 1.5.2: Distribution function for Example 1.5.4. 


Proof: We prove parts (a) and (d) and leave parts (b) and (c) for Exercise 1.5.10. 
Part (a): Because a < b, we have {X < a} Cc {X < bd}. The result then follows 
from the monotonicity of P; see Theorem 1.3.3. 

Part (d): Let {x,,} be any sequence of real numbers such that 2, | x. Let C, = 
{X <«,}. Then the sequence of sets {C;,} is decreasing and N°,C, = {X < ao}. 
Hence, by Theorem 1.3.6, 


Jim F (tp) =P (n °,) = F(x0), 


— Co 


which is the desired result. m 
The next theorem is helpful in evaluating probabilities using cdfs. 


Theorem 1.5.2. Let X be a random variable with the cdf Fx. Then for a < b, 
Pla< X <b] = Fx(b) — Fx (a). 


Proof: Note that 
{-30 < X <b} = {-w< X <asU{a< X < Dd}. 
The proof of the result follows immediately because the union on the right side of 


this equation is a disjoint union. & 


Example 1.5.5. Let X be the lifetime in years of a mechanical part. Assume that 
X has the cdf 

0 x<0 
Fe(e)={ l-—-e* O<z. 
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The pdf of X, +F x(x), is 


> dx 


fia e” 0<242<@ 
ee an elsewhere. 


Actually the derivative does not exist at x = 0, but in the continuous case the next 
theorem (1.5.3) shows that P(X = 0) = 0 and we can assign fx (0) = 0 without 
changing the probabilities concerning X. The probability that a part has a lifetime 
between one and three years is given by 


3 
P(1 < X <3) = Fx(3) — Fx(1) = / ee dx. 
1 
That is, the probability can be found by Fx (3) — Fx (1) or evaluating the integral. 


In either case, it equals e~ | — e~? = 0.318. m 


Theorem 1.5.1 shows that cdfs are right continuous and monotone. Such func- 
tions can be shown to have only a countable number of discontinuities. As the next 
theorem shows, the discontinuities of a cdf have mass; that is, if x is a point of 
discontinuity of Fy, then we have P(X = x) > 0. 


Theorem 1.5.3. For any random variable, 
P(X =a] = Fx (x) — Fx(a-), (1.5.7) 
for allx € R, where Fx (a#—) = limzy, Fx(z). 
Proof: For any « € R, we have 
{a} = q (2-2 a]: 
n=1 ~ 
that is, {x} is the limit of a decreasing sequence of sets. Hence, by Theorem 1.3.6, 


A{e-2<x<e}] 


n=1 


P[X =a] P 


I 


jim P fr -7 <x <2] 
lim [F'x (a) = Fx(z = (1/n))] 


Fy (x) —Fx(x-), 


which is the desired result. m 


Example 1.5.6. Let X have the discontinuous cdf 


0 xz <0 
Pye) =< 2/2 Dox i 
i <2: 
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Then ‘ 
P(-1< X <1/2) = Fx(1/2)— Fx(-1)=7-0=5 
and i i 
P(X = 1) = Fx(1)— Fx(I-) = 1-5 = 5. 
The value 1/2 equals the value of the step of Fx atx =1. m 


Since the total probability associated with a random variable X of the discrete 
type with pmf px(a) or of the continuous type with pdf fx(x) is 1, then it must 
be true that 


rep Px (2) =1 and = fx (a) dx — 1; 
where D is the space of X. As the next two examples show, we can use this 


property to determine the pmf or pdf if we know the pmf or pdf down to a constant 
of proportionality. 


Example 1.5.7. Suppose X has the pmf 


tam Ce S152 ;6245,10 
Pa 0 elsewhere, 
for an appropriate constant c. Then 


10 10 
1= So px(e) =>) ce =c(1+24+---+10) = 55c, 
e=1 


2=1 
and, hence, c= 1/55. m 
Example 1.5.8. Suppose X has the pdf 


ae cv? 0< a <2 
ae) iG elsewhere, 


2 472 
i= f ca de = |= = Ac, 
0 4 J 


and, hence, c = 1/4. For illustration of the computation of a probability involving 
X, we have 


for a constant c. Then 


1 1 3 255 
Pl-2x21\2)) “apse = 008986. a 
( = ) l, a “” ~ 7096 


EXERCISES 


1.5.1. Let a card be selected from an ordinary deck of playing cards. The outcome 
c is one of these 52 cards. Let X(c) = 4 if c is an ace, let X(c) = 3 if c is a king, 
let X(c) = 2 if c is a queen, let X(c) = 1 if cis a jack, and let X(c) = 0 otherwise. 
Suppose that P assigns a probability of a to each outcome c. Describe the induced 
probability Px (D) on the space D = {0,1,2,3,4} of the random variable X. 
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1.5.2. For each of the following, find the constant c so that p(a) satisfies the con- 
dition of being a pmf of one random variable X. 


(a) p(x) = c(4)", « =1,2,3,..., zero elsewhere. 
(b) p(x) = ca, « = 1,2,3,4,5,6, zero elsewhere. 


1.5.3. Let px(a) = a/15, « = 1,2,3,4,5, zero elsewhere, be the pmf of X. Find 
P(X =1or 2), P(k < X < 8), and P(1< X <2). 


1.5.4. Let px(a) be the pmf of a random variable X. Find the cdf F(x) of X and 
sketch its graph along with that of px (x) if: 


(a) px(x) =1, x = 0, zero elsewhere. 
(b) px(x) = 4, x =~—1,0,1, zero elsewhere. 
(c) px(#) = 2/15, « = 1,2,3,4,5, zero elsewhere. 


1.5.5. Let us select five cards at random and without replacement from an ordinary 
deck of playing cards. 


(a) Find the pmf of X, the number of hearts in the five cards. 
(b) Determine P(X < 1). 


1.5.6. Let the probability set function of the random variable X be Px(D) = 
Jp f(x) dx, where f(x) = 22/9, for x € D = {x : 0 < x < 3}. Define the events 
D, ={«:0<a< 1} and Dp ={x:2<a< 3}. Compute Px(D1), Px(D2), and 
Px (D1 U Do). 


1.5.7. Let the space of the random variable X be D = {x : 0 < a < 1}. If 
D, ={x:0<2<$}and D2 ={u:$ <a <1}, find Px(Dg) if Px(D1) = 3. 


1.5.8. Given the cdf 
0 r<-—l 
F(a)=¢ = -1<a<l 
1 1l<a, 


sketch the graph of F(z) and then compute: (a) P(—3 < X < 4); (b) P(X = 0); 
(c) P(X =1); (d) PQ < X <3). 


1.5.9. Consider an urn which contains slips of paper each with one of the num- 
bers 1,2,...,100 on it. Suppose there are 7 slips with the number 7 on it for 
i = 1,2,...,100. For example, there are 25 slips of paper with the number 25. 
Assume that the slips are identical except for the numbers. Suppose one slip is 
drawn at random. Let X be the number on the slip. 


(a) Show that X has the pmf p(a) = 2/5050, « = 1,2,3,...,100, zero elsewhere. 


(b) Compute P(X < 50). 
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(c) Show that the cdf of X is F(x) = [a]([z] + 1)/10100, for 1 < « < 100, where 
[x] is the greatest integer in x. 


1.5.10. Prove parts (b) and (c) of Theorem 1.5.1. 


1.5.11. Let X be a random variable with space D. For D C D, recall that the 
probability induced by X is Px(D) = P[{c: X(c) € D}]. Show that Px(D) is a 
probability by showing the following: 


(a) Px(D)=1. 
(b) Px(D) 2 0. 
(c) For a sequence of sets {D,,} in D, show that 


{c: X(c) € UnDn} = Un{e: X(c) € Dn}. 


(d) Use part (c) to show that if {D,,} is sequence of mutually exclusive events, 
then 


Remark 1.5.2. In a probability theory course, we would show that the o-field (col- 
lection of events) for D is the smallest o-field which contains all the open intervals 
of real numbers; see Exercise 1.3.23. Such a collection of events is sufficiently rich 
for discrete and continuous random variables. & 


1.6 Discrete Random Variables 


The first example of a random variable encountered in the last section was an 
example of a discrete random variable, which is defined next. 


Definition 1.6.1 (Discrete Random Variable). We say a random variable is a 
discrete random variable if its space is either finite or countable. 


Example 1.6.1. Consider a sequence of independent flips of a coin, each resulting 
in a head (H) or a tail (T). Moreover, on each flip, we assume that H and T are 
equally likely; that is, P(H) = P(T) = 5. The sample space C consists of sequences 
like TTHTHHT:--. Let the random variable X equal the number of flips needed 
to obtain the first head. Hence, X(TTHTHHT: --) = 3. Clearly, the space of X is 
D = {1,2,3,4,...}. We see that X = 1 when the sequence begins with an H and 
thus P(X = 1) = 4. Likewise, X = 2 when the sequence begins with TH, which 
has probability P(X = 2) = (4)(4) = ; from the independence. More generally, 
if X = 2, where x = 1,2,3,4,..., there must be a string of 2 — 1 tails followed 
by a head; that is, TT---TH, where there are x — 1 tails in TT---T. Thus, from 


independence, we have a geometric sequence of probabilities, namely, 


P(X =2)= G) (5) = (5) . v =1,2,3,..., (1.6.1) 
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the space of which is countable. An interesting event is that the first head appears 
on an odd number of flips; ie., X € {1,3,5,...}. The probability of this event is 


PIX € {1,3,5,..H= > (5) - = Sart > 


As the last example suggests, probabilities concerning a discrete random vari- 
able can be obtained in terms of the probabilities P(X = x), for « € D. These 
probabilities determine an important function, which we define as 


Definition 1.6.2 (Probability Mass Function (pmf)). Let X be a discrete random 
variable with space D. The probability mass function (pmf) of X is given by 


px(x4)=P[X =a], forxeD. (1.6.2) 
Note that pmfs satisfy the following two properties: 
(i) O<px(x) <1,2€D, and (ii) Dep px (a) = 1. (1.6.3) 


In a more advanced class it can be shown that if a function satisfies properties (i) 
and (ii) for a discrete set D, then this function uniquely determines the distribution 
of a random variable. 

Let X be a discrete random variable with space D. As Theorem 1.5.3 shows, 
discontinuities of F'y (a) define a mass; that is, if 2 is a point of discontinuity of Fy, 
then P(X = x) > 0. We now make a distinction between the space of a discrete 
random variable and these points of positive probability. We define the support of 
a discrete random variable X to be the points in the space of X which have positive 
probability. We often use S to denote the support of X. Note that S C D, but it 
may be that S = D. 

Also, we can use Theorem 1.5.3 to obtain a relationship between the pmf and 
cdf of a discrete random variable. If « € S, then px(x) is equal to the size of the 
discontinuity of Fx at x. Ifa ¢S then P[X = z] = 0 and, hence, Fx is continuous 
at this x. 


Example 1.6.2. A lot, consisting of 100 fuses, is inspected by the following proce- 
dure. Five of these fuses are chosen at random and tested; if all five “blow” at the 
correct amperage, the lot is accepted. If, in fact, there are 20 defective fuses in the 
lot, the probability of accepting the lot is, under appropriate assumptions, 


80 
(5) 
T00 
(s) 
More generally, let the random variable X be the number of defective fuses among 
the five that are inspected. The pmf of X is given by 


= 0.31931. 


20 80 
a for « = 0,1,2,3,4,5 


0 elsewhere. 


(1.6.4) 
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Clearly, the space of X is D = {0,1,2,3,4,5}, which is also its support. Thus this 
is an example of a random variable of the discrete type whose distribution is an 
illustration of a hypergeometric distribution. Based on the above discussion, it 
is easy to graph the cdf of X; see Exercise 1.6.5. m 


1.6.1 Transformations 


A problem often encountered in statistics is the following. We have a random 
variable X and we know its distribution. We are interested, though, in a random 
variable Y which is some transformation of X, say, Y = g(X). In particular, 
we want to determine the distribution of Y. Assume X is discrete with space Dx. 
Then the space of Y is Dy = {g(x) : « € Dx}. We consider two cases. 

In the first case, g is one-to-one. Then, clearly, the pmf of Y is obtained as 


py(y) = PY = y] = Plo(X) =y] = PIX =9 *(y)] =px(g ‘(y)). (1.6.5) 


Example 1.6.3. Consider the random variable X of Example 1.6.1. Recall that X 
was the flip number on which the first head appeared. Let Y be the number of flips 
before the first head. Then Y = X — 1. In this case, the function g is g(x) = x—1, 
whose inverse is given by g-!(y) = y+1. The space of Y is Dy = {0,1,2,...}. The 
pmf of X is given by (1.6.1); hence, based on expression (1.6.5), the pmf of Y is 


ytl 
vy) =pxtu+ 1) = (5) , fory=0,1,2,.... m 


Example 1.6.4. Let X have the pmf 


! x 3-—2z 
px(o)= | arc (3)° (4) © = 0,1,2,8 


0 elsewhere. 


We seek the pmf py(y) of the random variable Y = X?. The transformation 
Y= 9/2) = 2" maps Dy = {2 > & = 0,1,2,3} onto Dy = fy: y = 0,1,4,9}. In 
general, y = x? does not define a one-to-one transformation; here, however, it does, 
for there are no negative values of x in Dx = {x: « = 0,1,2,3}. That is, we have 
the single-valued inverse function x = g~'(y) = \/y (not —\/y), and so 


3! ae a ale 
rr) =PxVO= aT (§) (CG) > veo. 


The second case is where the transformation, g(x), is not one-to-one. Instead of 
developing an overall rule, for most applications involving discrete random variables 
the pmf of Y can be obtained in a straightforward manner. We offer two examples 
as illustrations. 

Consider the geometric random variable in Example 1.6.3. Suppose we are 
playing a game against the “house” (say, a gambling casino). If the first head 
appears on an odd number of flips, we pay the house one dollar, while if it appears 
on an even number of flips, we win one dollar from the house. Let Y denote our 
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net gain. Then the space of Y is {—1,1}. In Example 1.6.1, we showed that the 
probability that X is odd is 2. Hence, the distribution of Y is given by py (—1) = 2/3 
and py (1) = 1/3. 

As a second illustration, let Z = (X — 2)?, where X is the geometric random 
variable of Example 1.6.1. Then the space of Z is Dz = {0,1,4,9,16,...}. Note 
that Z = 0 if and only if X = 2; Z = 1 if and only if X = 1 or X = 3; while for the 
other values of the space there is a one-to-one correspondence given by x = \/z+ 2, 
for z € {4,9,16,...}. Hence, the pmf of Z is 


px(2) = 4 for z= 0 
pz(z) = px(1)+px(3) = 3 for z=1 (1.6.6) 
px(Vz+2)=4(4)”* for z=4,9,16,.... 


For verification, the reader is asked to show in Exercise 1.6.11 that the pmf of Z 
sums to 1 over its space. 


EXERCISES 


1.6.1. Let X equal the number of heads in four independent flips of a coin. Using 
certain assumptions, determine the pmf of X and compute the probability that X 
is equal to an odd number. 


1.6.2. Let a bowl contain 10 chips of the same size and shape. One and only one 
of these chips is red. Continue to draw chips from the bowl, one at a time and at 
random and without replacement, until the red chip is drawn. 


(a) Find the pmf of X, the number of trials needed to draw the red chip. 
(b) Compute P(X < 4). 


1.6.3. Cast a die a number of independent times until a six appears on the up side 
of the die. 


(a) Find the pmf p(a) of X, the number of casts needed to obtain that first six. 
(b) Show that °°, p(x) =1. 

(c) Determine P(X = 1,3,5,7,...). 

(d) Find the cdf F(x) = P(X < 2). 


1.6.4. Cast a die two independent times and let X equal the absolute value of the 
difference of the two resulting values (the numbers on the up sides). Find the pmf 
of X. Hint: It is not necessary to find a formula for the pmf. 


1.6.5. For the random variable X defined in Example 1.6.2, graph the cdf of X. 
1.6.6. For the random variable X defined in Example 1.6.1, graph the cdf of X. 


1.6.7. Let X have a pmf p(x) = 3, x = 1,2,3, zero elsewhere. Find the pmf of 
Y=2X +1. 
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1.6.8. Let X have the pmf p(a) = (3)", xz = 1,2,3,..., zero elsewhere. Find the 
pmf of Y = X°. 


1.6.9. Let X have the pmf p(x) = 1/3, 2 = —1,0,1. Find the pmf of Y = X?. 


1.6.10. Let X have the pmf 


Find the pmf of Y = X4. 


1.6.11. Show that the function given in expression (1.6.6) is a pmf. 


1.7 Continuous Random Variables 


In the last section, we discussed discrete random variables. Another class of random 
variables important in statistical applications is the class of continuous random 
variables, which we define next. 


Definition 1.7.1 (Continuous Random Variables). We say a random variable is a 
continuous random variable if its cumulative distribution function Fx (ax) is a 
continuous function for alla € R. 


Recall from Theorem 1.5.3 that P(X = 2) = Fx (x) — Fx (a#—), for any random 
variable X. Hence, for a continuous random variable X, there are no points of 
discrete mass; i.e., if X is continuous, then P(X = x) = 0 for all x € R. Most 
continuous random variables are absolutely continuous; that is, 


Fx (x) = [ fx(t) dt, (1.7.1) 


for some function fx (t). The function fx (t) is called a probability density func- 
tion (pdf) of X. If fx(x) is also continuous, then the Fundamental Theorem of 
Calculus implies that 


F(x) = fx(0) (1.7.2) 


The support of a continuous random variable X consists of all points x such 
that fx(x) > 0. As in the discrete case, we often denote the support of X by S. 

If X is a continuous random variable, then probabilities can be obtained by 
integration; i.e., 


b 
Pla<X <0) = Fx(b)— Fx(a)= | fx(t) dt. 


Also, for continuous random variables, 


Pia<X<b)=P(a<X <b)=P(a<X <b)=P(a<X <b). 
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From the definition (1.7.2), note that pdfs satisfy the two properties 
(i) fx(v) > 0 and (ii) f°) fx(t) dt =1. (1.7.3) 


The second property, of course, follows from F'x (oo) = 1. In an advanced course in 
probability, it is shown that if a function satisfies the above two properties, then it 
is a pdf for a continuous random variable; see, for example, Tucker (1967). 

Recall in Example 1.5.2 the simple experiment where a number was chosen 
at random from the interval (0,1). The number chosen, X, is an example of a 
continuous random variable. Recall that the cdf of X is Fx (x) =a, for0O<a <1. 
Hence, the pdf of X is given by 


1 0<a<1 
Fx(z) = { 0 elsewhere. (1.7.4) 


Any continuous or discrete random variable X whose pdf or pmf is constant on the 
support of X is said to have a uniform distribution. 


Example 1.7.1 (Point Chosen at Random Within the Unit Circle). Suppose we 
select a point at random in the interior of a circle of radius 1. Let X be the 
distance of the selected point from the origin. The sample space for the experiment 
is C = {(w,y) : w? +y? < 1}. Because the point is chosen at random, it seems 
that subsets of C which have equal area are equilikely. Hence, the probability of the 
selected point lying in a set C' C C is proportional to the area of C; ie., 
P(C) = area of C 
T 

For 0 < a < 1, the event {X < z} is equivalent to the point lying in a circle of 
radius x. By this probability rule, P(X < x) = ra?/m = x?; hence, the cdf of X is 


0 «<0 
Pigj=< 2 0<eS1 (1.7.5) 
1 ie 


The pdf X is given by 


fx(x) = 


= 
{ 22 O<a<1 (1.7.6) 


0 elsewhere. 
For illustration, the probability that the selected point falls in the ring with radii 
1/4 and 1/2 is given by 


1 


il 1 2 Bs 
P(Z<x<5) = [dw =[u4}} = 5. a 
4 2 1 a 


Example 1.7.2. Let the random variable be the time in seconds between incoming 
telephone calls at a busy switchboard. Suppose that a reasonable probability model 
for X is given by the pdf 


+ 0<2%<0co 
0 elsewhere. 
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Note that fx satisfies the two properties of a pdf, namely, (i) f(a) > 0 and (ii) 


| 1 -a/4 dx = [-e*"4] =1. 
9 4 0 


For illustration, the probability that the time between successive phone calls exceeds 
4 seconds is given by 


ical 

P(X >4)= : an dx = e~' = 0.3679. 
4 

The pdf and the probability of interest are depicted in Figure 1.7.1. m 


f(x) 
A 


025) 


0.1 5 


(0, 0) 


Figure 1.7.1: In Example 1.7.2, the area under the pdf to the right of 4 is P(X > 
4). 


1.7.1 Transformations 


Let X be a continuous random variable with a known pdf fx. As in the discrete 
case, we are often interested in the distribution of a random variable Y which is 
some transformation of X, say, Y = g(X). Often we can obtain the pdf of Y by 
first obtaining its cdf. We illustrate this with two examples. 


Example 1.7.3. Let X be the random variable in Example 1.7.1. Recall that X 
was the distance from the origin to the random point selected in the unit circle. 
Suppose instead that we are interested in the square of the distance; that is, let 
Y = X?. The support of Y is the same as that of X, namely, Sy = (0,1). What is 
the cdf of Y? By expression (1.7.5), the cdf of X is 


0 «<0 
Fy(x)=< 2 O<a2<1 (1.7.7) 
Hl l<za. 
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Let y be in the support of Y; ie., 0 < y < 1. Then, using expression (1.7.7) and 
the fact that the support of X contains only positive numbers, the cdf of Y is 


Fy(y) =P <y) = P(X? <y) = P(X < V9) =Fxl(Va) = =. 
It follows that the pdf of Y is 


1 O0<y<l 
0 elsewhere. 


fy(y) ={ 


Example 1.7.4. Let fx(x) = 4, -1 < x < 1, zero elsewhere, be the pdf of a 
random variable X. Define the random variable Y by Y = X?. We wish to find 
the pdf of Y. If y > 0, the probability P(Y < y) is equivalent to 


P(X? <y) = P(-V9< X< Vp). 
Accordingly, the cdf of Y, Fy(y) = P(Y < y), is given by 


0 y <0 
Fyy)=4 fYjgde=vo O<y<l 
1 1l<y. 
Hence, the pdf of Y is given by 
1 
sm («O<y<i 
fr(y) { 0 elsewhere. 


These examples illustrate the cumulative distribution function technique. 
The transformation in the first example is one-to-one, and in such cases we can 
obtain a simple formula for the pdf of Y in terms of the pdf of X, which we record 
in the next theorem. 


Theorem 1.7.1. Let X be a continuous random variable with pdf fx (a) and support 
Sx. Let Y = g(X), where g(x) is a one-to-one differentiable function, on the sup- 
port of X, Sx. Denote the inverse of g byx = g~*(y) and let dx/dy = dig~*(y)|/dy. 
Then the pdf of Y is given by 


, foryEedsy, (1.7.8) 


fru) = ftw) |S 


where the support of Y is the set Sy = {y= g(x): ve Sx}. 


Proof: Since g(a) is one-to-one and continuous, it is either strictly monotonically 
increasing or decreasing. Assume that it is strictly monotonically increasing, for 
now. The cdf of Y is given by 


Fy(y) = PY sy] = Plo(X) sy] = PIX sg (= Fx(g""(y)). (1.7.9) 
Hence, the pdf of Y is 


fy(y) = at) = fx(o "WG (1.7.10) 
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where dx/dy is the derivative of the function = g~'(y). In this case, because g is 
increasing, dx/dy > 0. Hence, we can write dx/dy = |dx/dy]. 

Suppose g(z) is strictly monotonically decreasing. Then (1.7.9) becomes Fy (y) = 
1— Fx(g~*(y)). Hence, the pdf of Y is fy(y) = fx(g~*(y))(—dx/dy). But since g 
is decreasing, dx/dy < 0 and, hence, —da/dy = |dx/dy|. Thus Equation (1.7.8) is 
true in both cases. & 


Henceforth, we refer to dx/dy = (d/dy)g~+(y) as the Jacobian (denoted by J) 
of the transformation. In most mathematical areas, J = dx/dy is referred to as the 
Jacobian of the inverse transformation z = g~!(y), but in this book it is called the 
Jacobian of the transformation, simply for convenience. 


Example 1.7.5. Let X have the pdf 


1 O0<a<l 
0 elsewhere. 


f(z) = 


Consider the random variable Y = —2 log X. The support sets of X and Y are given 
by (0,1) and (0, co), respectively. The transformation g(a) = —2 log is one-to-one 
between these sets. The inverse of the transformation is = g~(y) = e~¥/?. The 
Jacobian of the transformation is 

de~¥/? 1 


J= = —i¢e ¥/2, 


dy 
Accordingly, the pdf of Y = —2log X is 


_f fx(e¥?)|J| = fe"? 0<y<oo 
fru)= { 0 elsewhere. 


We close this section by two examples of distributions that are neither of the 
discrete nor the continuous type. 


Example 1.7.6. Let a distribution function be given by 


0 x<0 
F(z)=( 4 O0<a<1 
1 l<a@ 


and 


The graph of F(a) is shown in Figure 1.7.2. We see that F(x) is not always 
continuous, nor is it a step function. Accordingly, the corresponding distribution is 
neither of the continuous type nor of the discrete type. It may be described as a 
mixture of those types. ™ 
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F(x) 
A 


T+ 


0.5 


es t => X 


(0, 0) 1 


Figure 1.7.2: Graph of the cdf of Example 1.7.6. 


Distributions that are mixtures of the continuous and discrete type do, in fact, 
occur frequently in practice. For illustration, in life testing, suppose we know that 
the length of life, say X , exceeds the number 6, but the exact value of X is unknown. 
This is called censoring. For instance, this can happen when a subject in a cancer 
study simply disappears; the investigator knows that the subject has lived a certain 
number of months, but the exact length of life is unknown. Or it might happen 
when an investigator does not have enough time in an investigation to observe the 
moments of deaths of all the animals, say rats, in some study. Censoring can also 
occur in the insurance industry; in particular, consider a loss with a limited-pay 
policy in which the top amount is exceeded but it is not known by how much. 


Example 1.7.7. Reinsurance companies are concerned with large losses because 
they might agree, for illustration, to cover losses due to wind damages that are 
between $2,000,000 and $10,000,000. Say that X equals the size of a wind loss in 
millions of dollars, and suppose it has the cdf 


i -—o<2<0 


3 
10 


If losses beyond $10,000,000 are reported only as 10, then the cdf of this censored 
distribution is 


0 —o<y<0 
3 
Fy(y)=) 1-(a%) 0<y<10, 
1 l0<y<o, 


which has a jump of [10/(10 + 10)]* = 3 at y= 10. m 
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EXERCISES 


1.7.1. Let a point be selected from the sample space C = {c: 0 < c < 10}. Let 
C CC and let the probability set function be P(C) = J, 75 dz. Define the random 
variable X to be X(c) =c?. Find the cdf and the pdf of X. 


1.7.2. Let the space of the random variable X be C = {x : 0 < x < 10} and 


< 
let Px (Ci) = 3, where C) = {a : 1 < & < 5}. Show that Px(C2) < 3, where 


Cy ={a:5<a < 10}. 


1.7.3. Let the subsets C; = {4 < x < $} and Cp = {5 < a < 1} of the space 
C = {x : 0 < x < 1} of the random variable X be such that Px(C,) = % and 
Px (Co) = d. Find Px(Cy UC), Px(C®), and Px(C#N CS). 


1.7.4. Given f,[1/m(1 + 2?)] da, where C C C = {x : —co < & < co}. Show that 
the integral could serve as a probability set function of a random variable X whose 
space is C. 


1.7.5. Let the probability set function of the random variable X be 
Px(C) = / e “dx, whereC={x:0<2<o}. 
C 

Let Cy, = {w:2-—1/k <a < 3}, k =1,2,3,.... Find the limits limp. Cy and 
Px (limp—oo Ck). Find Px (Cx) and show that limp Px (Cr) = Px (limp—oo Ck). 
1.7.6. For each of the following pdfs of X, find P(|X| < 1) and P(X? < 9). 

(a) f(x) = 27/18, -3 < x < 3, zero elsewhere. 

(b) f(a) = (a + 2)/18, —2 < x < 4, zero elsewhere. 


1.7.7. Let f(x) =1/2?, 1 < x < &, zero elsewhere, be the pdf of X. If C, = {x: 
Ll<a<2} and Cy ={4:4<a <5}, find Px(Ci UC2) and Px (C1 N C2). 


1.7.8. A mode of the distribution of a random variable X is a value of x that 
maximizes the pdf or pmf. If there is only one such z, it is called the mode of the 
distribution. Find the mode of each of the following distributions: 


(a) p(x) = ($)", e =1,2,3,..., zero elsewhere. 


(b) f(x) = 12x%7(1— 2), 0 < a <1, zero elsewhere. 
(c) f(x) = ($)ae~*, 0 < x < ow, zero elsewhere. 


1.7.9. A median of a distribution of one random variable X of the discrete or 
continuous type is a value of x such that P(X < x) < $ and P(X < x) > 4. If 
there is only one such 2, it is called the median of the distribution. Find the median 
of each of the following distributions: 


(a) p(x) = qatar a) x =0,1,2,3,4, zero elsewhere. 
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(b) f(x) = 327, 0 <x <1, zero elsewhere. 
(c) f(®) = =a —00 <2 <0. 


Hint: In parts (b) and (c), P(X < «) = P(X < x) and thus that common value 
must equal 4 if x is to be the median of the distribution. 


1.7.10. Let 0 < p < 1. A (100p)th percentile (quantile of order p) of the 
distribution of a random variable X is a value € such that P(X < &,) < p and 
P(X < &) > p. Find the 20th percentile of the distribution that has pdf f(«) = 
4x?, 0 < x <1, zero elsewhere. 

Hint: With a continuous-type random variable X, P(X < &)) = P(X < &,) and 
hence that common value must equal p. 


1.7.11. For each of the following cdfs F(x), find the pdf f(x) [pmf in part (d)], the 
25th percentile, and the 60th percentile. Also, sketch the graphs of f(x) and F(x). 


(a) F(x) = (1+e77)-!,-00 < &@ <0. 
(b) F(x) = exp{-—e-*} ,-c0 <4 < om. 


(c) F(x) =$+4tan1(x),-co< 4< oo. 


(d) F(x) =y%_, (4)’. 


1.7.12. Find the cdf F(a) associated with each of the following probability density 
functions. Sketch the graphs of f(x) and F(z). 


(a) f(x) =3(1—2)*, 0< 2 <1, zero elsewhere. 
(b) f(x) =1/x?, 1 < x < ov, zero elsewhere. 
(c) f(c) =%, 0<a<lor2<2 <A, zero elsewhere. 
Also, find the median and the 25th percentile of each of these distributions. 


1.7.13. Consider the cdf F(x”) = 1—e~*—ae~*, 0 < x < ~, zero elsewhere. Find 
the pdf, the mode, and the median (by numerical methods) of this distribution. 


1.7.14. Let X have the pdf f(x) = 2”, 0 < a < 1, zero elsewhere. Compute the 
probability that X is at least 3 given that X is at least 4. 


1.7.15. The random variable X is said to be stochastically larger than the 
random variable Y if 


P(X >2z)>P(Y >2z) (1.7.11) 


d 


for all real z, with strict inequality holding for at least one z value. Show that this 
requires that the cdfs enjoy the following property: 


Fx(z) < Fy(z), 


for all real z, with strict inequality holding for at least one z value. 
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1.7.16. Let X be a continuous random variable with support (—oo, oo). Consider 
the random variable Y = X + A, where A > 0. Using the definition in Exercise 
1.7.15, show that Y is stochastically larger than X. 


1.7.17. Divide a line segment into two parts by selecting a point at random. Find 
the probability that the larger segment is at least three times the shorter. Assume 
a uniform distribution. 


1.7.18. Let X be the number of gallons of ice cream that is requested at a certain 
store on a hot summer day. Assume that f(a) = 122(1000—2)?/10!", 0 < x < 1000, 
zero elsewhere, is the pdf of X. How many gallons of ice cream should the store 
have on hand each of these days, so that the probability of exhausting its supply 
on a particular day is 0.05? 


1.7.19. Find the 25th percentile of the distribution having pdf f(x) = |x|/4, where 
—2 <a < 2 and zero elsewhere. 


1.7.20. Let X have the pdf f(x) = x?/9, 0 < x < 3, zero elsewhere. Find the pdf 
of ¥Y = X?. 


1.7.21. If the pdf of X is f(x) = 2xe~*”, 0 < x < 0, zero elsewhere, determine 
the pdf of Y = X?. 


1.7.22. Let X have the uniform pdf fx (a) = 4, for —5 <a < 4. Find the pdf of 
Y =tan X. This is the pdf of a Cauchy distribution. 


1.7.23. Let X have the pdf f(r) = 42°, 0 < x < 1, zero elsewhere. Find the cdf 
and the pdf of Y = —In X‘. 


1.7.24. Let f(x) = 3; —1 <a < 2, zero elsewhere, be the pdf of X. Find the cdf 
and the pdf of Y = X?. 


Hint: Consider P(X? < y) for two cases: 0< y<landl<y<4. 


1.8 Expectation of a Random Variable 


In this section we introduce the expectation operator, which we use throughout the 
remainder of the text. 


Definition 1.8.1 (Expectation). Let X be a random variable. If X is a continuous 
random variable with pdf f(x) and 


[liar <0, 


then the expectation of X is 
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If X is a discrete random variable with pmf p(x) and 
>= lel P(z) < ©, 
then the expectation of X is 


E(X) = 5-2 p(z). 


Sometimes the expectation E(X) is called the mathematical expectation of 
X, the expected value of X, or the mean of X. When the mean designation is 
used, we often denote the E(X) by p; ie, w= E(X). 


Example 1.8.1 (Expectation of a Constant). Consider a constant random variable, 
that is, arandom variable with all its mass at a constant k. This is a discrete random 
variable with pmf p(k) = 1. Because |k| is finite, we have by definition that 


E(k) =kp(k) =k. (1.8.1) 


Remark 1.8.1. The terminology of expectation or expected value has its origin 
in games of chance. This can be illustrated as follows: Four small similar chips, 
numbered 1, 1, 1, and 2, respectively, are placed in a bowl and are mixed. A player 
is blindfolded and is to draw a chip from the bowl. If she draws one of the three 
chips numbered 1, she will receive one dollar. If she draws the chip numbered 2, 
she will receive two dollars. It seems reasonable to assume that the player has a “3 
claim” on the $1 and a “4 claim” on the $2. Her “total claim” is (1)(#)+2(4) = 3, 
that is, $1.25. Thus the expectation of X is precisely the player’s claim in this 
game. Wf 


Example 1.8.2. Let the random variable X of the discrete type have the pmf given 
by the table 


Here p(x) = 0 if x is not equal to one of the first four positive integers. This 
illustrates the fact that there is no need to have a formula to describe a pmf. We 


have 
F(X) = (1) (=) + (2) (=) + (3) (=) + (4) (=) = . ~ 23, 


Example 1.8.3. Let X have the pdf 


fa) = { de? O<a<l 


0 elsewhere. 


Then , ; 
Ag® 4 

B(x) = [ x(4z°) de = f Ax* dx = = _- g 
0 0 5 0 5 
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Let us consider a function of a random variable X. Call this function Y = g(X). 
Because Y is a random variable, we could obtain its expectation by first finding 
the distribution of Y. However, as the following theorem states, we can use the 
distribution of X to determine the expectation of Y. 

Theorem 1.8.1. Let X be a random variable and let Y = g(X) for some function 

g. 

(a) Suppose X is continuous with pdf fx (x at Lf , x)|fx (x) dx < co, then the 
expectation of Y exists and it is given - 


[oe} 


E(Y)= i: g(x) fx (x) da. (1.8.2) 


—co 


(b) Suppose X is discrete with pmf px(a). Suppose the support of X is denoted 
by Sx. If Voves, \9(@)|px (x) < 00, then the expectation of Y exists and it is 
given by 


E(Y) = >> o(a)px(2). (1.8.3) 


rESx 


Proof: We give the proof in the discrete case. The proof for the continuous case 
requires some advanced results in analysis; see, also, Exercise 1.8.1. The assumption 


of absolute convergence, 
S— |9(a)|px(x) < ov, (1.8.4) 


rTeSx 
implies that the following results are true: 
(c) The series }) <5, 9(Z)px (x) converges. 


d) Any rearrangement of either series (1.8.4) or (c) converges to the same value 
y g g 
as the original series. 


The rearrangement we need is through the support set Sy of Y. Result (d) implies 


Y= l9(@)Ipx(z) = SS Y> Ig(z)|px(«) (1.8.5) 


LeSx yeSy {rE Sx:g(x)=y} 


Soil SS x(a) (1.8.6) 


yeSy {xESx:g(x)=y} 
> lylpy(y)- oe) 
yeSy 


By (1.8.4), the left side of (1.8.5) is finite; hence, the last term (1.8.7) is also finite. 
Thus E(Y) exists. Using % ) we can then obtain another set of equations, which 
are the same as (1.8.5)—(1.8.7) but without the absolute values. Hence, 


S> g9(a)px(2) = S> ypy(y) = EY), 


TESx yeSy 


I 


which is the desired result. 


Theorem 1.8.2 shows that the expectation operator F is a linear operator. 
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Theorem 1.8.2. Let gi(X) and g2(X) be functions of a random variable X. Sup- 
pose the expectations of gi(X) and g2(X) exist. Then for any constants ky and ko, 
the expectation of kigi(X) + k2go(X) exists and it is given by 


Elkigi(X) + k2go(X)] = ki Elgi(X)] + keE[g2(X)]. (1.8.8) 


Proof: For the continuous case, existence follows from the hypothesis, the triangle 
inequality, and the linearity of the integral; i.e., 


| Usailo) + hagelalfx(a) de < [tal fo lone hix(e) dr 


+ [hol f | \go(x)| fx (a) dx < oo. 


The result (1.8.8) follows similarly using the linearity of the integral. The proof for 
the discrete case follows likewise using the linearity of sums. m 


The following examples illustrate these theorems. 


Example 1.8.4. Let X have the pdf 
21-2) O<a<l 
ig=|,°” 


0 elsewhere. 


Then 


and, of course, 
il 
E(6X + 3X?) =6( = Shee, 
(6X + 3X%*) 6 (5) +3(z) 5 | 
Example 1.8.5. Let X have the pmf 


es = 1233 
= 6 x bee) 
p(s) = { 0 elsewhere. 


Then 


E(x?) = (2) = D7 as 
| 


3 

1 

— 14164 81 _ 98 
etetre= i 


Example 1.8.6. Let us divide, at random, a horizontal line segment of length 5 
into two parts. If X is the length of the left-hand part, it is reasonable to assume 


that X has the pdf 
it 
= O<2<5 
_ 5 
f(a) = { elsewhere. 
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The expected value of the length of X is E(X) = 3 and the expected value of the 
length 5 — x is E(5 — x) = 3. But the expected value of the product of the two 


2 
lengths is equal to 
5 
E[X(5— X)] = fo a(5 — 2)($) de = B # (3). 


That is, in general, the expected value of a product is not equal to the product of 
the expected values. m 


Example 1.8.7. A bowl contains five chips, which cannot be distinguished by a 
sense of touch alone. Three of the chips are marked $1 each and the remaining two 
are marked $4 each. A player is blindfolded and draws, at random and without 
replacement, two chips from the bowl. The player is paid an amount equal to the 
sum of the values of the two chips that he draws and the game is over. If it costs 
$4.75 to play the game, would we care to participate for any protracted period of 
time? Because we are unable to distinguish the chips by sense of touch, we assume 
that each of the 10 pairs that can be drawn has the same probability of being drawn. 
Let the random variable X be the number of chips, of the two to be chosen, that 
are marked $1. Then, under our assumptions, X has the hypergeometric pmf 


Oe) .- 
wo ={ ee 


0 elsewhere. 
If X = x, the player receives u(%) = x + 4(2 — x) = 8 — 3a dollars. Hence, his 
mathematical expectation is equal to 


2 


E[8 — 3X] = ) (8 - 32)p(2) = 


x=0 


44 
10’ 


or $4.40. Because $4.40 < $4.75, we probably should not play at all and certainly 
not for a long period of time as, on the average, we would lose 35 cents per play. m 


EXERCISES 


1.8.1. Our proof of Theorem 1.8.1 was for the discrete case. The proof for the con- 
tinuous case requires some advanced results in in analysis. If, in addition, though, 
the function g(a) is one-to-one, show that the result is true for the continuous case. 
Hint: First assume that y = g(a) is strictly increasing. Then use the change-of- 
variable technique with Jacobian dx/dy on the integral fae g(x) fx (x) da. 


1.8.2. Let X have the pdf f(x) = (a + 2)/18, —2 < a < 4, zero elsewhere. Find 
E(X), E[(X +2)3], and E[6X — 2(X + 2)3). 


1.8.3. Suppose that p(x) = z, x = 1,2,3,4,5, zero elsewhere, is the pmf of the 
discrete-type random variable X. Compute E(X) and E(X7). Use these two results 
to find E[(X + 2)?] by writing (X + 2)? = X?+4X +4. 
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1.8.4. Let X bea number selected at random from a set of numbers {51,52,..., 100}. 
Approximate £(1/X). 
Hint: Find reasonable upper and lower bounds by finding integrals bounding E'(1/X). 


1.8.5. Let the pmf p(x) be positive at « = —1,0,1 and zero elsewhere. 
(a) If p(0) = i, find E(X?). 
(b) If p(0) = § and if E(X) = 4, determine p(—1) and p(1). 


1.8.6. Let X have the pdf f(x) = 327, 0 < x < 1, zero elsewhere. Consider a 
random rectangle whose sides are X and (1— X). Determine the expected value of 
the area of the rectangle. 


1.8.7. A bowl contains 10 chips, of which 8 are marked $2 each and 2 are marked 
$5 each. Let a person choose, at random and without replacement, three chips from 
this bowl. If the person is to receive the sum of the resulting amounts, find his 
expectation. 


1.8.8. Let f(x) = 22, 0 <a <1, zero elsewhere, be the pdf of X. 
(a) Compute E(1/X). 
(b) Find the cdf and the pdf of Y = 1/X. 
(c) Compute E(Y) and compare this result with the answer obtained in part (a). 


1.8.9. Two distinct integers are chosen at random and without replacement from 
the first six positive integers. Compute the expected value of the absolute value of 
the difference of these two numbers. 


1.8.10. Let X have a Cauchy distribution which has the pdf 


1 iL 
nw ge2+4+1’ 


f(x) = 


—00 <L< OO. 
Then X is symmetrically distributed about 0 (why?). Why isn’t E(X) = 0? 
1.8.11. Let X have the pdf f(x) = 3x7, 0 < x < 1, zero elsewhere. 

(a) Compute E(X°). 

(b) Show that Y = X° has a uniform(0, 1) distribution. 


(c) Compute E(Y) and compare this result with the answer obtained in part (a). 


1.9 Some Special Expectations 


Certain expectations, if they exist, have special names and symbols to represent 
them. First, let X be a random variable of the discrete type with pmf p(x). Then 


E(X) = a xp(x). 
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If the support of X is {a1, a2, a3,...}, it follows that 
E(X) = ayp(ai) + agp(a2) + agp(az) +++ 


This sum of products is seen to be a “weighted average” of the values of a1, a2, a3,..., 
the “weight” associated with each a; being p(a;). This suggests that we call E(X) 
the arithmetic mean of the values of X, or, more simply, the mean value of X (or 
the mean value of the distribution). 


Definition 1.9.1 (Mean). Let X be a random variable whose expectation exists. 
The mean value yt of X is defined to be p= E(X). 


The mean is the first moment (about 0) of a random variable. Another special 
expectation involves the second moment. Let X be a discrete random variable with 
support {a1,d@2,...} and with pmf p(«), then 


E(X—p)] = So @-1)?p(a) 


= (a1 — p)?p(ar) + (a2 — ps)? 


Pla) tes 

This sum of products may be interpreted as a “weighted average” of the squares of 
the deviations of the numbers a;,qa2,... from the mean value ys of those numbers 
where the “weight” associated with each (a; — 1)? is p(a;). It can also be thought 
of as the second moment of X about yw. This is an important expectation for all 
types of random variables, and we usually refer to it as the variance. 


Definition 1.9.2 (Variance). Let X be a random variable with finite mean js and 
such that E|(X —1)?| is finite. Then the variance of X is defined to be E[(X —)”]. 
It is usually denoted by o? or by Var(X). 


It is worthwhile to observe that Var(X) equals 
o? = E[(X — p)"] = E(X? — 2X + p’); 


and since E is a linear operator, 


o? = E(X?)—2wE(X)+ 
= E(X*)— 2? +p? 
= B(X*)—p'. 


This frequently affords an easier way of computing the variance of X. 

It is customary to call o (the positive square root of the variance) the standard 
deviation of X (or the standard deviation of the distribution). The number o 
is sometimes interpreted as a measure of the dispersion of the points of the space 
relative to the mean value yw. If the space contains only one point k for which 
p(k) > 0, then p(k) = 1, w=k, anda =0. 


Remark 1.9.1. Let the random variable X of the continuous type have the pdf 
fx (x) = 1/(2a), —a < x < a, zero elsewhere, so that ox = a/V3 is the standard 
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deviation of the distribution of X. Next, let the random variable Y of the continuous 
type have the pdf fy (y) = 1/4a, —2a < y < 2a, zero elsewhere, so that oy = 2a/V/3 
is the standard deviation of the distribution of Y. Here the standard deviation of 
Y is twice that of X; this reflects the fact that the probability for Y is spread out 
twice as much (relative to the mean zero) as is the probability for X. ™ 


Example 1.9.1. Let X have the pdf 


1 
f(z) = { 0 elsewhere. 


Then the mean value of X is 
[oe] 1 
1 1 
p= | aftajav= f oA Dae= 5 


while the variance of X is 


ee : 1 i 2 
a= [fede =f oa (5) =5> 5 


Example 1.9.2. If X has the pdf 


+ 1l<24<o 
Le)= { elsewhere, 


then the mean value of X does not exist, because 


a yl ae 
/ |z|— dx = lim — dx 
1 x 


boo Jy Xx 


I 


jim (log b — log 1) 


does not exist. 
We next define a third special expectation. 


Definition 1.9.3 (Moment Generating Function). Let X be a random variable 
such that for some h > 0, the expectation of e'* exists for —h <t < h. The 
moment generating function of X is defined to be the function M(t) = E(e*), 
for -h<t<h. We use the abbreviation mgf to denote the moment generating 
function of a random variable. 


Actually, all that is needed is that the mgf exists in an open neighborhood of 0. 
Such an interval, of course, includes an interval of the form (—h,h) for some h > 0. 
Further, it is evident that if we set t = 0, we have M(0) = 1. But note that for an 
megf to exist, it must exist in an open interval about 0. 


Example 1.9.3. Suppose we have a fair spinner with the numbers 1,2, and 3 on 
it. Let X be the number of spins until the first 3 occurs. Assuming that the spins 
are independent, the pmf of X is 


1 2 «w—1 
r)==(< x =1,2,3,.... 
p(x) AG ? x ’ »3, 
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Then, using the geometric series, the mgf of X is 


M(t) = E(e’*) = Srey en 


provided that e'(2/3) < 1; ie., t < log(3/2). This last interval is an open interval 
of 0; hence, the mgf of X exists and is given in the final line of the above derivation. 
Oo 


If we are discussing several random variables, it is often useful to subscript MZ 
as Mx to denote that this is the mgf of X. 

Let X and Y be two random variables with mgfs. If X and Y have the same 
distribution, i.e, Fx(z) = Fy(z) for all z, then certainly Mx(t) = My(t) ina 
neighborhood of 0. But one of the most important properties of mgfs is that the 
converse of this statement is true too. That is, mgfs uniquely identify distributions. 
We state this as a theorem. The proof of this converse, though, is beyond the scope 
of this text; see Chung (1974). We verify it for a discrete situation. 


Theorem 1.9.1. Let X and Y be random variables with moment generating func- 
tions Mx and My, respectively, existing in open intervals about 0. Then Fx (z) = 
Fy(z) for all z € R if and only if Mx(t) = My(t) for allt € (—h,h) for some 
h>0. 


Because of the importance of this theorem, it does seem desirable to try to make 
the assertion plausible. This can be done if the random variable is of the discrete 
type. For example, let it be given that 


M(t) = ype + He + Fe* + He” 


is, for all real values of t, the mgf of a random variable X of the discrete type. If 
we let p(x) be the pmf of X with support {a1, a2, a3,...}, then because 


M(t) = Yo e*p(a), 


we have 
1 DO 2 42t 3. 3t 4 4t _ ait agt 
Tae + 778 + ie + ane = p(aj)e 1 + p(az)e 2 biges 


Because this is an identity for all real values of t, it seems that the right-hand 
member should consist of but four terms and that each of the four should be equal, 
respectively, to one of those in the left-hand member; hence we may take a; = 1, 
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p(a1) = qq; 42 = 2, p(az) = 7; a3 = 3, plas) = 33; a4 = 4, p(as) = 7. Or, more 
simply, the pmf of X is 


ip ©=1,2,3,4 
0 elsewhere. 


On the other hand, suppose X is a random variable of the continuous type. Let 
it be given that 


is the mgf of X. That is, we are given 


1 lee} 
—-/ e* F(a)\de, ¢< 1, 


—Co 


It is not at all obvious how f(a) is found. However, it is easy to see that a distri- 


bution with pdf 
e* 0<2<c@ 
f(z) = { 0 elsewhere 


has the mgf M(t) = (1—t)~!, t < 1. Thus the random variable X has a distribution 
with this pdf in accordance with the assertion of the uniqueness of the mef. 

Since a distribution that has an mgf M(t) is completely determined by M(t), 
it would not be surprising if we could obtain some properties of the distribution 
directly from M(t). For example, the existence of M(t) for —h < t < h implies that 
derivatives of M(t) of all orders exist at t = 0. Also, a theorem in analysis allows 
us to interchange the order of differentiation and integration (or summation in the 
discrete case). That is, if X is continuous, 


M'(t) = “a = ah e f(a) dx = i, et f(2) dx = / xe" f (x) dz. 


dt dt 66 —0o 


Likewise, if X is a discrete random variable, 


aut 
M'(t) = = re p(a 


Upon setting t = 0, we have in either case 


The second derivative of M(t) is 


M(t) = fe 2 et F(x ee ta 


so that M"(0) = E(X*). Accordingly, Var(X) equals 


o? = E(X?) — p? = M"(0) — [M'(0)P. 
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For example, if M(t) = (1—t)~1, t < 1, as in the illustration above, then 
M'(t)=(1-t)-? and M(t) =2(1-t)~?. 


Hence 


and 
a? = M"(0)-— pp? =2-—1=1. 


Of course, we could have computed jz and o? from the pdf by 
w= | xuf(a)dx and a= | x? f(x) dx — p?, 


respectively. Sometimes one way is easier than the other. 
In general, if m is a positive integer and if M(’)(t) means the mth derivative of 
M(t), we have, by repeated differentiation with respect to t, 


M‘)(0) = E(X™). 


E(x") a xa” f(x)dx or Sas), 


and the integrals (or sums) of this sort are, in mechanics, called moments. Since 
M(t) generates the values of E(X™), m = 1,2,3,..., it is called the moment- 
generating function (mgf). In fact, we sometimes call E(X™) the mth moment 
of the distribution, or the mth moment of X. 
The next two examples concern random variables whose distributions do not 

have mefs. 
Example 1.9.4. It is known that the series 

1 1 1 

Co eee 


converges to 77/6. Then 


pte) = { aa 


is the pmf of a discrete type of random variable X. The mef of this distribution, if 
it exists, is given by 


Feel Bee 
elsewhere 


M(t) = E(e'*)=5°e™p(2) 


xz 


SS bet 
= x 22” 
TAL 

x=1 


The ratio test may be used to show that this series diverges if t > 0. Thus there does 
not exist a positive number h such that M(t) exists for —h <t < h. Accordingly, 
the distribution has the pmf p(a) of this example and does not have an mef. 
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Example 1.9.5. Let X be a continuous random variable with pdf 


1 1 
we2+1’ 


f(z) = -0 <£<0. (1.9.1) 
This is of course the Cauchy pdf which was introduced in Exercise 1.7.22. Let t > 0 


be given. If x > 0, then by the mean value theorem, for some 0 < £9 < ta, 


eft — J 


= e&0 >i. 
tx 


Hence, e* > 1+tax > tx. This leads to the second inequality in the following 
derivation: 
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Because t was arbitrary, the integral does not exist in an open interval of 0. Hence, 
the mgf of the Cauchy distribution does not exist. 


Example 1.9.6. Let X have the mgf M(t) = et /2, -9 < t < oo. We can 
differentiate M(t) any number of times to find the moments of X. However, it is 
instructive to consider this alternative method. The function M(t) is represented 
by the following Maclaurin’s series: 


pa 4,1 f®\ 1/2 — ee Ga - 
© = la) Tals kl \ 2 


yt, MMe. CR=D-- BW pr 


2! Al (2k)! oes 


In general, the Maclaurin’s series for M(t) is 


M'(0), | M"(0) 5 ME ae 
MAY ne NCO) et ee a 
E(X), E(x? E(x™ 
= jp». ( rae (A) ym 
1! 2! m! 


Thus the coefficient of (¢’"/m!) in the Maclaurin’s series representation of M(t) is 
E(X™). So, for our particular M(t), we have 


E(X?*) = (2k—1)(2k—3)---(3)(1) = k= 1,2, 3520. (V9.2) 
BO!) = 0, RH 1,93 y 0s (1.9.3) 


We make use of this result in Section 3.4. @ 
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Remark 1.9.2. As Example 1.9.5 shows, distributions may not have moment- 
generating functions. In a more advanced course, we would let 7 denote the imagi- 
nary unit, ¢t an arbitrary real, and we would define y(t) = E(e”*). This expectation 
exists for every distribution and it is called the characteristic function of the dis- 
tribution. To see why y(t) exists for all real t, we note, in the continuous case, that 
its absolute value 


< fle s(o)lae. 


—oco 


jell =| fet F(a) ae 
However, |f(#)| = f(x) since f(x) is nonnegative and 


|e*”| = | costa + isintz| = V cos? ta + sin? ta = 1. 


Thus ” 
ly(t)| <f f(a) da =1. 


Accordingly, the integral for y(t) exists for all real values of t. In the discrete 
case, a summation would replace the integral. In reference to Example 1.9.5, it can 
be shown that the characteristic function of the Cauchy distribution is given by 
p(t) = exp{—|t|}, -oo <t < ow. 

Every distribution has a unique characteristic function; and to each charac- 
teristic function there corresponds a unique distribution of probability. If X has 
a distribution with characteristic function y(t), then, for instance, if E(X) and 
E(X7) exist, they are given, respectively, by iE(X) = ¢’(0) and i?E(X?) = y’(0). 
Readers who are familiar with complex-valued functions may write y(t) = M(it) 
and, throughout this book, may prove certain theorems in complete generality. 

Those who have studied Laplace and Fourier transforms note a similarity be- 
tween these transforms and M(t) and y(t); it is the uniqueness of these transforms 
that allows us to assert the uniqueness of each of the moment-generating and char- 
acteristic functions. ™ 


EXERCISES 


1.9.1. Find the mean and variance, if they exist, of each of the following distribu- 
tions. 


(a) p(x) = aay (2)? x =0,1,2,3, zero elsewhere. 
(b) f(a) = 6x(1— 2), 0< a <1, zero elsewhere. 


(c) f(x) =2/x3, 1 < x < ©, zero elsewhere. 


1.9.2. Let p(x) = (3)", x = 1,2,3,..., zero elsewhere, be the pmf of the random 


variable X. Find the mgf, the mean, and the variance of X. 


1.9.3. For each of the following distributions, compute P(j— 20 < X < w+ 2c). 
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1.9.4. If the variance of the random variable X exists, show that 
E(X*) > [E(X)). 


1.9.5. Let a random variable X of the continuous type have a pdf f(x) whose 
graph is symmetric with respect to « = c. If the mean value of X exists, show that 
E(X)=c. 

Hint: Show that E(X — c) equals zero by writing E(X — c) as the sum of two 
integrals: one from —oco to c and the other from c to oo. In the first, let y = c — 2; 
and, in the second, z = x—c. Finally, use the symmetry condition f(c—y) = f(c+y) 
in the first. 


1.9.6. Let the random variable X have mean p, standard deviation o, and mgf 
M(t), -h<t<h. Show that 
aa 
eae 
a 


2 (=) =0, E 
B {exp f (=—)}} =e H/o Vy (<). —ho <t<ho. 
a a 


a 
1.9.7. Show that the moment generating function of the random variable X having 
the pdf f(a) = z, —1 <2 < 2, zero elsewhere, is 


2t —t 
Ce t x 0 
4 = 3t 
MEN) { 1 t=0. 


1.9.8. Let X be a random variable such that E[(X — b)?] exists for all real b. Show 
that E[(X — b)?] is a minimum when b = E(X). 


1.9.9. Let X be a random variable of the continuous type that has pdf f(x). If m 
is the unique median of the distribution of X and 6 is a real constant, show that 


b 
E(|X —b|) = E(|X — ml) +2 / (b— 2)f(o) de, 


m 
provided that the expectations exist. For what value of b is E(|X — |) a minimum? 


1.9.10. Let X denote a random variable for which E[(X — a)?] exists. Give an 
example of a distribution of a discrete type such that this expectation is zero. Such 
a distribution is called a degenerate distribution. 


1.9.11. Let X denote a random variable such that K(t) = E(t*) exists for all 
real values of ¢ in a certain open interval that includes the point t = 1. Show that 
K™ (1) is equal to the mth factorial moment E[X(X —1)---(X —m+1)]. 
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1.9.12. Let X be a random variable. If m is a positive integer, the expectation 
E\|(X — 6)™], if it exists, is called the mth moment of the distribution about the 
point b. Let the first, second, and third moments of the distribution about the point 
7 be 3, 11, and 15, respectively. Determine the mean pz of X, and then find the 
first, second, and third moments of the distribution about the point p. 


1.9.13. Let X be a random variable such that R(t) = E(e’*—)) exists for t such 
that —h <t <h. If mis a positive integer, show that R”)(0) is equal to the mth 
moment of the distribution about the point b. 


1.9.14. Let X be a random variable with mean pz and variance o? such that the 
third moment E/(X — 1)3] about the vertical line through jp exists. The value of 
the ratio E[(X — p)?|/o° is often used as a measure of skewness. Graph each of 
the following probability density functions and show that this measure is negative, 
zero, and positive for these respective distributions (which are said to be skewed to 
the left, not skewed, and skewed to the right, respectively). 


(a) f(a) = (a@+1)/2, -1 <a <1, zero elsewhere. 
(b) f(x) = 4, —1 <2 <1, zero elsewhere. 
(c) f(a) = (1—2)/2, -1 <a <1, zero elsewhere. 


1.9.15. Let X be a random variable with mean pz and variance o? such that the 
fourth moment E[(X — y)*] exists. The value of the ratio E[(X — )*]/o+ is often 
used as a measure of kurtosis. Graph each of the following probability density 
functions and show that this measure is smaller for the first distribution. 


(a) f(x) = 4, -1 <2 <1, zero elsewhere. 
(b) f(x) = 3(1 — x?)/4, —1 <x <1, zero elsewhere. 
1.9.16. Let the random variable X have pmf 


p x=-1,1 
p(z)= 4 1-2p x=0 
0 elsewhere, 


where 0 < p< z Find the measure of kurtosis as a function of p. Determine its 
value when p= 3, p= z, p= a and p= <i Note that the kurtosis increases as 
p decreases. 


1.9.17. Let w(t) = log M(t), where M(t) is the megf of a distribution. Prove that 
w'(0) = p and w"(0) = o?. The function w(t) is called the cumulant generating 
function. 


1.9.18. Find the mean and the variance of the distribution that has the cdf 


0 «<0 
i¢ 2 Sea 
1 4<q. 
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1.9.19. Find the moments of the distribution that has mgf M(t) = (1—t)~°, t < 1. 
Hint: Find the Maclaurin series for M(t). 


1.9.20. Let X be a random variable of the continuous type with pdf f(x), which 
is positive provided 0 < « < b < ~, and is equal to zero elsewhere. Show that 


b 
B(X) = f [L- F(@)lae 


where F'(x) is the cdf of X. 


1.9.21. Let X be a random variable of the discrete type with pmf p(a) that is 
positive on the nonnegative integers and is equal to zero elsewhere. Show that 


[oe} 


B(X) = ) [1 - F(a) 


«x=0 
where F'(x) is the cdf of X. 
1.9.22. Let X have the pmf p(x) = 1/k, x = 1,2,3,...,k, zero elsewhere. Show 
that the mef is 


ef (1~e**) t£0 
M(t) = ee Ae 


1.9.23. Let X have the cdf F(x) that is a mixture of the continuous and discrete 
types, namely 


0 r<0 
F(a)=4 # 0<2<1 
il l<a2 


Determine reasonable definitions of 4 = E(X) and o? = var(X) and compute each. 
Hint: Determine the parts of the pmf and the pdf associated with each of the 
discrete and continuous parts, and then sum for the discrete part and integrate for 
the continuous part. 


1.9.24. Consider k continuous-type distributions with the following characteristics: 
pdf f;(z), mean p,;, and variance o7, 7 = 1,2,...,k. If; > 0, i= 1,2,...,h, and 
Cy +co+-+:+cx, = 1, show that the mean and the variance of the distribution having 
pdf cifi(z) +--+ + cen fe(z) are uw = ae cp; and o? = oy cilo? + (ui — )?], 
respectively. 


1.9.25. Let X be a random variable with a pdf f(x) and mgf M(t). Suppose f is 
symmetric about 0; i.e., f(—x) = f(x). Show that M(-t) = M(t). 


1.9.26. Let X have the exponential pdf, f(x) = G~-! exp{—2a/}, 0 < x < ov, zero 
elsewhere. Find the mgf, the mean, and the variance of X. 
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1.10 Important Inequalities 


In this section, we discuss some famous inequalities involving expectations. We 
make use of these inequalities in the remainder of the text. We begin with a useful 
result. 


Theorem 1.10.1. Let X be a random variable and let m be a positive integer. 
Suppose E[X™| exists. If k is a positive integer and k < m, then E[X*] ezists. 


Proof: We prove it for the continuous case; but the proof is similar for the discrete 
case if we replace integrals by sums. Let f(x) be the pdf of X. Then 


~ a|* +9 Zo => a|* Hb a|* 
fi I* F(a) a [...! iF dart f | I" Fe) de 


< [tease fiat se) ae 
< / f(a) de + / le f() de 
< 1+E||X|"] <0, (1.10.1) 


which is the the desired result. @ 


Theorem 1.10.2 (Markov’s Inequality). Let u(X) be a nonnegative function of the 
random variable X. If E[u(X)] exists, then for every positive constant c, 


Elu(X)] 


Plu(X) >< 


Proof. The proof is given when the random variable X is of the continuous type; 
but the proof can be adapted to the discrete case if we replace integrals by sums. 
Let A= {x: u(x) > c} and let f(a) denote the pdf of X. Then 


Blu(X)] = / * ei ide= i 


—oo A 


u(a)f(a)de + | u(x) f (a) da. 


c 


Since each of the integrals in the extreme right-hand member of the preceding 
equation is nonnegative, the left-hand member is greater than or equal to either of 
them. In particular, 


However, if « € A, then u(x) > c; accordingly, the right-hand member of the 
preceding inequality is not increased if we replace u(x) by c. Thus 


Elu(Xx)] > ef re) dz. 


Since 
I f(a) de = P(X € A) = Plu(X) > d, 


1.10. Important Inequalities 69 


it follows that 
Elu(X)] > cP[u(X) > d, 


which is the desired result. m 


The preceding theorem is a generalization of an inequality that is often called 
Chebyshev’s Inequality. This inequality we now establish. 


Theorem 1.10.3 (Chebyshev’s Inequality). Let the random variable X have a 
distribution of probability about which we assume only that there is a finite variance 
a” [by Theorem 1.10.1, this implies the mean = E(X) exists]. Then for every 
k>0, 


1 
P(X ~ pl > ko) < a, (1.10.2) 
or, equivalently, 
1 
P(\|X — pl <ko) 21-7. 
Proof. In Theorem 1.10.2 take u(X) = (X — yp)? and c = k?o0?. Then we have 
EU(X = n)*] 
Pkan 2h oleae 


Since the numerator of the right-hand member of the preceding inequality is o7, 
the inequality may be written 
1 
P(X = pl > ko) < Gy, 
which is the desired result. Naturally, we would take the positive number k to be 
greater than 1 to have an inequality of interest. m 


Hence, the number 1/k? is an upper bound for the probability P(|X — pu] > ko). 
In the following example this upper bound and the exact value of the probability 
are compared in special instances. 


Example 1.10.1. Let X have the pdf 


faa {we Wess 


0 elsewhere. 


Here . = 0 and o? = 1. If k = 3, we have the exact probability 


3/2 4 
P(X nl 2 ko) = P([x|> 3) =1- f oe ge ge 
2 -3/2 2V3 2 


By Chebyshev’s inequality, this probability has the upper bound 1/k? = 4. Since 
1 — 3/2 = 0.134, approximately, the exact probability in this case is considerably 
less than the upper bound 4. If we take k = 2, we have the exact probability 
P(|X — p| > 20) = P(|X| > 2) = 0. This again is considerably less than the upper 
bound 1/k? = + provided by Chebyshev’s inequality. m 
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In each of the instances in Example 1.10.1, the probability P(|X —u| > ko) and 
its upper bound 1/k? differ considerably. This suggests that this inequality might 
be made sharper. However, if we want an inequality that holds for every k > 0 
and holds for all random variables having a finite variance, such an improvement is 
impossible, as is shown by the following example. 


Example 1.10.2. Let the random variable X of the discrete type have probabilities 


=,%,% at the points = —1,0,1, respectively. Here = 0 and o? = 4. If k = 2, 
then 1/k? = 4 and P(|X — p| > ko) = P(|X| > 1) = §. That is, the probability 
P(|X — y| > ko) here attains the upper bound 1/k? = 4. Hence the inequality 


cannot be improved without further assumptions about the distribution of X. m 


A convenient form of Chebyshev’s Inequality is found by taking ko = ¢€ for e > 0. 
Then Equation (1.10.2) becomes 


o2 


P(X -pl>eo< @? for alle >0. (1.10.3) 


The second inequality of this section involves convex functions. 


Definition 1.10.1. A function ¢ defined on an interval (a,b), -co << a< b< om, 
is said to be a convex function if for all x,y in (a,b) and for all0<y <1, 


olyz + (1— y)y] < yo(x) + (1 — ) Py). (1.10.4) 


We say ¢ is strictly convex if the above inequality is strict. 


Depending on the existence of first or second derivatives of ¢, the following 
theorem can be proved. 


Theorem 1.10.4. If ¢ is differentiable on (a,b), then 


i=) 


@ is convex if and only if d(x) < ¢'(y), for alla<au<y<ob, 
b) & is strictly convex if and only if ¢'(x) < é'(y), for alla<a<y<ob. 
If & is twice differentiable on (a,b), then 


a) @ is convex if and only if é'(x) > 0, for alla<a <6, 


b) o is strictly convex if d(x) > 0, for alla<a <b. 


Of course, the second part of this theorem follows immediately from the first 
part. While the first part appeals to one’s intuition, the proof of it can be found in 
most analysis books; see, for instance, Hewitt and Stromberg (1965). A very useful 
probability inequality follows from convexity. 


Theorem 1.10.5 (Jensen’s Inequality). If ¢ is convex on an open interval I and 
X is a random variable whose support is contained in I and has finite expectation, 
then 

o[E(X)] < E[d(X)]. (1.10.5) 


If @ is strictly convex, then the inequality is strict unless X is a constant random 
variable. 
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Proof: For our proof we assume that @ has a second derivative, but in general only 
convexity is required. Expand ¢() into a Taylor series about 4. = E[X] of order 2: 


(2) = on) +o! le —p) + FOE 


where ¢ is between x and yw. Because the last term on the right side of the above 
equation is nonnegative, we have 


b(x) > o(u) + 6 (u)(a — p). 


Taking expectations of both sides leads to the result. The inequality is strict if 
o" (x) > 0, for all x € (a,b), provided X is not a constant. m 


Example 1.10.3. Let X be a nondegenerate random variable with mean p and a 
finite second moment. Then p? < E(X?). This is obtained by Jensen’s inequality 
using the strictly convex function ¢(t) = ¢?. m 


The last inequality concerns different means of finite sets of positive numbers. 


Example 1.10.4 (Harmonic and Geometric Means). Let {a1,...,a@,} be a set of 
positive numbers. Create a distribution for a random variable X by placing weight 
1/n on each of the numbers aj,...,@,. Then the mean of X is the arithmetic mean, 
(AM), E(X) = n7!5>"_, a;. Then, since —logz is a convex function, we have by 
Jensen’s inequality that 


1 n 1 n 
—log | — ,) < E(-log X) =—— YS “log a; = —1 eo ke 
og (254) < E(—log X) as og a og(a1a2 +++ Gn) 


i=l 


1 n 
l _ ; | > log vagy” 
og (2 > y > log(ajag+++ Gn)", 
and, hence, 


(aya2°-: es a (1.10.6) 


The quantity on the left side of this inequality is called the geometric mean (GM). 
So (1.10.6) is equivalent to saying that GM < AM for any finite set of positive 
numbers. 

Now in (1.10.6) replace a; by 1/a; (which is also positive). We then obtain 


or, equivalently, 
(aioe, (1.10.7) 
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The left member of this inequality is called the harmonic mean (HM). Putting 
(1.10.6) and (1.10.7) together, we have shown the relationship 


HM < GM < AM, (1.10.8) 


for any finite set of positive numbers. 


EXERCISES 


1.10.1. Let X be a random variable with mean yw and let E[(X — y)?*] exist. 
Show, with d > 0, that P(|X — y| > d) < E[(X — p)?*]/d?*. This is essentially 
Chebyshev’s inequality when k = 1. The fact that this holds for all k = 1,2,3,..., 
when those (2k)th moments exist, usually provides a much smaller upper bound for 
P(|X — | > d) than does Chebyshev’s result. 


1.10.2. Let X be a random variable such that P(X < 0) = 0 and let p = E(X) 
exist. Show that P(X > 2) < 4. 


1.10.3. If X is a random variable such that E(X) = 3 and E(X?) = 13, use 
Chebyshev’s inequality to determine a lower bound for the probability P(—2 < 
X <8). 


1.10.4. Let X be a random variable with mgf M(t), —h <t < h. Prove that 
P(X >a)<e“M(t), 0<t<h, 

and that 
P(X <a)<e“M(t), -h<t<0. 


Hint: Let u(x) = e and c = e“ in Theorem 1.10.2. Note: These results imply 
that P(X > a) and P(X < a) are less than or equal to their respective least upper 
bounds for e~“’ M(t) when 0 <t < h and when —h <t < 0. 


1.10.5. The mgf of X exists for all real values of t and is given by 


t_,-t 
M(t) == = , t£#0, M(0)=1. 


Use the results of the preceding exercise to show that P(X > 1) =0 and P(X < 
—1) =0. Note that here h is infinite. 


1.10.6. Let X be a positive random variable; ie., P(X < 0) = 0. Argue that 
(a) B(1/X) > 1/B(X) 
(b) E[—log X] > —log[E(X)] 
(c) Eflog(1/X)] > log[1/E(X)] 
(d) E[X*] > [E(X)]°. 


Chapter 2 


Multivariate Distributions 


2.1 Distributions of Two Random Variables 


We begin the discussion of a pair of random variables with the following example. A 
coin is tossed three times and our interest is in the ordered number pair (number of 
H’s on first two tosses, number of H’s on all three tosses), where H and T represent, 
respectively, heads and tails. Let C = {TTT,TTH,THT, HTT,THH, HTH, HHT, 
HHH} denote the sample space. Let X, denote the number of H’s on the first 
two tosses and X2 denote the number of H’s on all three flips. Then our inter- 
est can be represented by the pair of random variables (X1, X2). For example, 
(Xi (HTH), X2(HTH)) represents the outcome (1,2). Continuing in this way, Xy 
and X2 are real-valued functions defined on the sample space C, which take us from 
the sample space to the space of ordered number pairs. 


D = {(0,0), (0, 1), (1,1), (1, 2), (2, 2), (2,3)}. 


Thus X; and X2 are two random variables defined on the space C, and, in this 
example, the space of these random variables is the two-dimensional set D, which 
is a subset of two-dimensional Euclidean space R?. Hence (X1,X2) is a vector 
function from C to D. We now formulate the definition of a random vector. 


Definition 2.1.1 (Random Vector). Given a random experiment with a sample 
space C, consider two random variables X, and X2, which assign to each element 
c of C one and only one ordered pair of numbers X1(c) = 21, Xo(c) = vg. Then 
we say that (X1,X2) is a random vector. The space of (X1,X2) is the set of 
ordered pairs D = {(#1,%2) : @ = Xi(c), x2 = Xo(c),c EC}. 


We often denote random vectors using vector notation X = (X1, X2)’, where 
the ' denotes the transpose of the row vector (X,, X92). 

Let D be the space associated with the random vector (X1,X2). Let A bea 
subset of D. As in the case of one random variable, we speak of the event A. We 
wish to define the probability of the event A, which we denote by Px,,x,[A]. As 
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with random variables in Section 1.5 we can uniquely define Px,,x, in terms of the 
cumulative distribution function (cdf), which is given by 


FX, ,X2 (x1, £2) = PX < ri} a {X2 < x2}, (2.1.1) 


for all (1,22) € R?. Because X, and X2 are random variables, each of the events 
in the above intersection and the intersection of the events are events in the original 
sample space C. Thus the expression is well defined. As with random variables, we 
write P[{X1 < a1} {Xo < xo}] as P[Xy < x1, Xo < x]. As Exercise 2.1.3 shows, 


Play < Xy <bi,a2 < X_< be] = Fx,,x,(bi,b2) — Fx,,x, (a1, b2) 
—F'x, x. (bi, a2) + Fx, x. (G1, a2). (2.1.2) 


Hence, all induced probabilities of sets of the form (a1, bi] x (a2, b2] can be formulated 
in terms of the cdf. We often call this cdf the joint cumulative distribution 
function of (Xi, X2). 

As with random variables, we are mainly concerned with two types of random 
vectors, namely discrete and continuous. We first discuss the discrete type. 

A random vector (X1, X2) is a discrete random vector if its space D is finite 
or countable. Hence, X; and X2 are both discrete also. The joint probability 
mass function (pmf) of (X1, X2) is defined by 


DPX1,Xo(L1, £2) = PIX, = r1,X2 = xa], (2.1.3) 


for all (a1,72) € D. As with random variables, the pmf uniquely defines the cdf. It 
also is characterized by the two properties 


(i) 0 < px, ,x,(@1, 22) < 1 and (ii) 35 Spx, x, (v1, 22) = 1. (2.1.4) 
D 
For an event B € D, we have 


Pl(X1, X2) € B] = SoS opxs,x2(#1, 22). 
B 


Example 2.1.1. Consider the discrete random vector (X1, X2) defined in the ex- 
ample at the beginning of this section. We can conveniently table its pmf as 


Support of X2 


Support of X, 


At times it is convenient to speak of the support of a discrete random vec- 
tor (X,,X2). These are all the points (x1,x72) in the space of (X1, X2) such 
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that p(a1,22) > 0. In the last example the support consists of the six points 
{(0,0), (0,1); (1, 1); (1,2); (2,2), (2.3) } 

We say a random vector (X1, X2) with space D is of the continuous type if 
its cdf Fx,,x,(%1,%2) is continuous. For the most part, the continuous random 
vectors in this book have cdfs which can be represented as integrals of nonnegative 
functions. That is, Fx, .,(#1,2%2) can be expressed as 


1 x2 
Fx, x5 (®1, £2) =| / fxy,x2(W1, W2) dwidwe, (2.1.5) 


for all (#1, x2) € R?. We call the integrand the joint probability density func- 
tion (pdf) of (X,, X2). Then 


OPF x, x2 (x1, ©) 
Ox Ox 


except possibly on events which have probability zero. A pdf is essentially charac- 
terized by the two properties 


(i) fxi,x2 (v1, 22) 2 0 and (ii) f fp fxi,x2 (#1, 02) dridx2 = 1. (2.1.6) 


For an event A € D, we have 


= fx,,x2(21, 22), 


P((X4, X2) € Al = ie fxy.Xo(1,%2) dri dap. 
A 
Note that the P[(X1, X2) € A] is just the volume under the surface z = fx, x, (@1, £2) 
over the set A. 


Remark 2.1.1. As with univariate random variables, we often drop the subscript 
(X1, X2) from joint cdfs, pdfs, and pmfs, when it is clear from the context. We also 
use notation such as fz instead of fx,,x,. Besides (X1, X2), we often use (X,Y) 
to express random vectors. mf 


Example 2.1.2. Let 


fl = 62222 O<a, <1, O<a2<1 
ae — ho) elsewhere 


be the pdf of two random variables X, and X2 of the continuous type. We have, 
for instance, 


2 3/4 
P(0< X11 < 3,3 <X2.<2) = / i f (x1, 22) dxidx2 
1/3 JO 


1 3/4 2 73/4 
| | 6x72 drydrq + / | 0 dxydx2 
1/3 JO 1 Jo 


—_ 3 3 
= $4+0=3. 


Note that this probability is the volume under the surface f (21,22) = 62722 above 
the rectangular set {(71,72):0< a1 < 33 <2%2<1}¢ R?. 8 
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For a continuous random vector (X1, X2), the support of (X1, X2) contains all 
points (21,22) for which f(x1,x2) > 0. We denote the support of a random vector 
by S. As in the univariate case, S C D. 

We may extend the definition of a pdf fx,.x,(#1,%2) over R? by using zero 
elsewhere. We do this consistently so that tedious, repetitious references to the 
space D can be avoided. Once this is done, we replace 


I / fxy,X5(1,%2)dx,dx2 by / / f (a1, @2) dx, dxg. 
D —oo J—oo 


Likewise we may extend the pmf px,_x, (#1, #2) over a convenient set by using zero 
elsewhere. Hence, we replace 


SoS opxy,x2(#1,22) by SS  p(ai, a2). 
D 


TQ L1 


Finally, if a pmf or a pdf in one or more variables is explicitly defined, we can 
see by inspection whether the random variables are of the continuous or discrete 
type. For example, it seems obvious that 


GH 12,3) 0.05 YS 12385... 


9 
= qery 
p(s.) = { 0 elsewhere 


is a pmf of two discrete-type random variables X and Y, whereas 


_ Anyes® —¥ 0<4r<w, 0<y<aw 
Fay) = { 0 elsewhere 


is clearly a pdf of two continuous-type random variables X and Y. In such cases it 
seems unnecessary to specify which of the two simpler types of random variables is 
under consideration. 

Let (X1, X2) be a random vector. Then both X; and X»2 are random variables. 
We can obtain their distributions in terms of the joint distribution of (X,, X2) as 
follows. Recall that the event which defined the cdf of X; at x, is {X, < aj}. 
However, 


{Xi <a}={X <a1}N{-co < Xo <of ={X < %1,—00 < Xo < oo}. 
Taking probabilities, we have 
Fx, (a1) = P[Xy <21,-—00 < Xo < oo], (2.1.7) 


for all x} € R. By Theorem 1.3.6 we can write this equation as Fy,(#1) = 
limz,too F (x1, 22). Thus we have a relationship between the cdfs, which we can 
extend to either the pmf or pdf depending on whether (Xj, X2) is discrete or con- 
tinuous. 

First consider the discrete case. Let Dx, be the support of X1. For 71 € Dx,, 
Equation (2.1.7) is equivalent to 


Fy(my= SOS) pxixe(wi,r2)= >- {3 realinan)h 


W1<%1,-~< 42 <00 wi<a1 \&@2<0co 
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By the uniqueness of cdfs, the quantity in braces must be the pmf of X; evaluated 
at wy; that is, 
px, (21) = PX,,X_ (1,22), (2.1.8) 


L2<00 


for all 71 € Dx,. 

Note what this says. To find the probability that X, is 71, keep x, fixed and 
sum px,,x, over all of v2. In terms of a tabled joint pmf with rows comprised of 
Xj, support values and columns comprised of X2 support values, this says that the 
distribution of X, can be obtained by the marginal sums of the rows. Likewise, the 
pmf of X2 can be obtained by marginal sums of the columns. For example, consider 
the joint distribution discussed in Example 2.1.1. We have added these marginal 
sums to the table: 


Support of X2 


2 
8 
4 
8 
2 
8 


Hence, the final row of this table is the pmf of X2, while the final column is the 
pmf of X,. In general, because these distributions are recorded in the margins of 
the table, we often refer to them as marginal pmfs. 


Example 2.1.3. Consider a random experiment that consists of drawing at random 
one chip from a bowl containing 10 chips of the same shape and size. Each chip has 
an ordered pair of numbers on it: one with (1,1), one with (2,1), two with (3,1), 
one with (1,2), two with (2,2), and three with (3,2). Let the random variables 
X, and X2 be defined as the respective first and second values of the ordered pair. 
Thus the joint pmf p(a1, 72) of X; and X2 can be given by the following table, with 
p(#1, £2) equal to zero elsewhere. 


XY pi(@1) 
1 . oa © (oe) 
10 10 10 
1 2 3 
2 jo to To 
2 3 5 
3 jo to | %0 
4 6 
po(te) | i a 


The joint probabilities have been summed in each row and each column and these 
sums recorded in the margins to give the marginal probability mass functions of X1 
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and X2, respectively. Note that it is not necessary to have a formula for p(x, x2) 
to do this. m 


We next consider the continuous case. Let Dx, be the support of X1. For 
x1 € Dx,, Equation (2.1.7) is equivalent to 


vy oe) zy oe) 
Fr (n) = f / fax xa (tista) dead, = [ {{ Pra (usta) dea} dy, 


By the uniqueness of cdfs, the quantity in braces must be the pdf of X1, evaluated 
at wy ; that is, 


fails) =f fr.xeor,02) de (2.1.9) 
for all x; € Dx,. Hence, in the continuous case the marginal pdf of X, is found by 
integrating out x2. Similarly, the marginal pdf of X2 is found by integrating out 
Ly. 


Example 2.1.4. Let X; and X2 have the joint pdf 


Fr = +a. O<a,<1, 0<a<1 
Pe Ng elsewhere. 


The marginal pdf of X, is 
1 
film) = f (a1 + x) day = 21+ 5, O0<a, <1, 
ty) 
zero elsewhere, and the marginal pdf of X2 is 
1 
fo(x2) =} (a1 + x2) dx, a 4 +242, 0<% <1, 
) 


zero elsewhere. A probability like P(X, < 4) can be computed from either 1 (21) 
or f(x1,%2) because 


1/2 1 1/2 
| | f(@1, £2) dxodx1 = fi(ai) day = 3. 
0 0 0 


However, to find a probability like P(X; + X2 < 1), we must use the joint pdf 
f (x1, £2) as follows: 


1 pl—2y 1 1—2,)2 
/ i (a, + %2)dagdx, = 7 [ava —a1)+ on dx, 
0 Jo 0 2 


1 
i a i 
= -- d. =. 
| (5 5) a 


This latter probability is the volume under the surface f(x1, 22) = v1 + a above 
the set {(a1,2%2):0< a1, a1 +a2< 1}. 0 
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2.1.1 Expectation 


The concept of expectation extends in a straightforward manner. Let (X1, X2) 
be a random vector and let Y = g(X,,X2) for some real-valued function; i.e., 
g: R? = R. Then Y is a random variable and we could determine its expectation 
by obtaining the distribution of Y. But Theorem 1.8.1 is true for random vectors 
also. Note the proof we gave for this theorem involved the discrete case, and Exercise 
2.1.11 shows its extension to the random vector case. 


Suppose (X,, X2) is of the continuous type. Then E(Y) exists if 


/ / BGG ae Se 


Then 


E(Y) = ‘| / 9(X1, ©2) fx, .x5(L1, 22) dx, dx. (2.1.10) 
Likewise if (X,, X2) is discrete, then E(Y) exists if 


SOS lo(@1, 22) |Px1 x2 (x1, £2) < O. 


t1 2X2 


Then 
E(Y) = SSS 9(21, 22) Px, .X2 (x1, £2). (2.1.11) 


Zi ®2 
We can now show that EF is a linear operator. 
Theorem 2.1.1. Let (X1,X2) be a random vector. Let Yi; = gi(X1,X2) and 
Yo = go(X1, X2) be random variables whose expectations exist. Then for all real 
numbers ky and ko, 


E(k,Y; + keY2) = ki E(¥1) + ko E(Y2). (2.1.12) 


Proof: We prove it for the continuous case. The existence of the expected value of 
ki Y, + keY2 follows directly from the triangle inequality and linearity of integrals; 
i.e., 


/ / |k1g1(@1, ©2) + kogi (a1, ©2)| fx, ,x2 (#1, £2) dai darg 
< lhl ff \olerca)lfxy xa (e112) dead 


+ [hol f / loa (122) /xc, xs (1s 22) derdity < 00. 


80 Multivariate Distributions 


By once again using linearity of the integral, we have 
E(kiY, + keY2) = 7 | [k1g1 (a1, ©2) + kogo(x1, 22)) fx. ,x2(%1, 22) dxidx2 
= | / gi(@1, £2) fx, ,X (£1, £2) da dx2 


+ kp / / g2(%1, 2) fx, ,x_ (#1, L2) dx, dry 
= k, E(Y,)+keE(Y2), 
i.e., the desired result. m 


We also note that the expected value of any function g(X2) of X2 can be found 


in two ways: 
=| i g(x2) f (x1, v2) dxidx2 =| 9(x2) fx, (#2) dre, 


the latter single integral being obtained from the double integral by integrating on 
x, first. The following example illustrates these ideas. 


Example 2.1.5. Let X; and X2 have the pdf 


fla 5 as 824% O< 4, < 42 <1 
beet elsewhere. 


Then 


E(X,X3) = [. io x25 f (x1, %2) dx, dre 


— ek 82703 dxidx2 
= 8 Og7, = 2 
- f Ptened 

0 


1 x2 
E(X2) =| | £(8a122) dx,dx2 = = 
0 Jo 


Since X2 has the pdf f2(a2) = 423, 0 < x2 < 1, zero elsewhere, the latter expecta- 
tion can be found by 


In addition, 


1 
0 
Thus 


E(7X,X2+5Xe) = TE(X,X?)+5E(X2) 
2 
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Example 2.1.6. Continuing with Example 2.1.5, suppose the random variable Y 
is defined by Y = X,/X 2. We determine E(Y) in two ways. The first way is by 
definition; i.e., find the distribution of Y and then determine its expectation. The 
cdf of Y, for0< y <1, is 


1 yxr2 
Fy(y) = PY <y)= P(X < yXo) -| | 82122 dx 1dr 
1 
= i Ay?23 dr = y. 
) 


Hence, the pdf of Y is 


ayy f 24y V<y<il 
fy(y) = Fy(y) = { 0 elsewhere, 


which leads to 


wl rh 


E(Y) = [ y(2y) dy = 


For the second way, we make use of expression (2.1.10) and find E(Y) directly by 


E(Y) = EFE(—)= — | 82,29 dx, > dx 
(Y) (=) ; ‘ rs 1%2 dX 2 
1 

8 2 
= 7 32 dea = 5. || 


We next define the moment generating function of a random vector. 


Definition 2.1.2 (Moment Generating Function of a Random Vector). Let X = 
(X1,X2)' be a random vector. If E(et*1+2*2) exists for |ti| < hi and |te| < 
ho, where hy and hz are positive, it is denoted by Mx,,x,(ti,t2) and is called the 
moment generating function (mgf) of X. 


As in the one-variable case, if it exists, the mgf of a random vector uniquely 
determines the distribution of the random vector. 
Let t = (t1,t2)’. Then we can write the mgf of X as 


Mx,,x,(t) =E jet’ ; (2.1.13) 


so it is quite similar to the mgf of a random variable. Also, the mgfs of X; and X2 
are immediately seen to be Mx, x, (t1,0) and Mx, _x,(0,t2), respectively. If there 
is no confusion, we often drop the subscripts on M. 


Example 2.1.7. Let the continuous-type random variables X and Y have the joint 
pdf 


Je’ 0<a%<y<o 
f(z,y) = { 0 elsewhere. 
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The mef of this joint distribution is 


M (ti, tz) i / exp(tia + toy — y) dydx 
0 x 
1 


l| 


(1 —t; —tz)(1— te)’ 
provided that t; + tg < 1 and tg < 1. Furthermore, the moment-generating func- 


tions of the marginal distributions of X and Y are, respectively, 


1 
M(t1,0) = T-@’ ty <1 
— 1 


M(0, t) ty <1. 


(1 — te)?’ 
These moment-generating functions are, of course, respectively, those of the 
marginal probability density functions, 


fila) = f e Ydy=e*, 0<24<om, 


zero elsewhere, and 


y 
fay) =e" | dx=ye %, 0<y<o, 
0 


zero elsewhere. 


We also need to define the expected value of the random vector itself, but this 
is not a new concept because it is defined in terms of componentwise expectation: 


Definition 2.1.3 (Expected Value of a Random Vector). Let X = (X41, X2)! be a 
random vector. Then the expected value of X exists if the expectations of X, and 
X2 exist. If it exists, then the expected value is given by 


E[X] = | ae | ; (2.1.14) 


EXERCISES 


2.1.1. Let f(a1, 22) = 40122, 0< a1 <1, 0 < x < 1, zero elsewhere, be the pdf 
of X; and X32. Find P(0 < X1 < $, ¢ < X2 <1), P(X1 = X2), P(X < X2), and 
PUG < Mo): 

Hint: Recall that P(X, = X2) would be the volume under the surface f(x1, 22) = 
4x x2 and above the line segment 0 < x1; = x2 < 1 in the 7; 72-plane. 


2.1.2. Let Ay = {(z,y) : a < 2, y < 4}, Ao = {(@,y) 2 2 < 2, y < 1}, Az = 
{(z,y): « < 0, y < 4}, and Ay = {(x,y) : « < Oy < 1} be subsets of the 
space A of two random variables X and Y, which is the entire two-dimensional 
plane. If P(A;) = z. P(A2) = 4, P(A3) = 2, and P(A4) = 2, find P(As), where 
As = {(2,y) :0<@<2, 1<y< 4}. 
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2.1.3. Let F (x,y) be the distribution function of X and Y. For all real constants 
a <b, c<d, show that P(a < X <b, c< Y < d) = F(b,d) — F(b,c) — F(a,d) + 
F(a,c). 


2.1.4. Show that the function F(x, y) that is equal to 1 provided that x + 2y > 1, 
and that is equal to zero provided that x+2y < 1, cannot be a distribution function 
of two random variables. 

Hint: Find four numbers a < b, c < d, so that 


F(b,d) — F(a,d) — F'(b,c) + F(a,c) 
is less than zero. 


2.1.5. Given that the nonnegative function g(a) has the property that 


[ sayaz =f, 


29(/ rj + £3) 
T/ a + ee 
zero elsewhere, satisfies the conditions for a pdf of two continuous-type random 


variables X, and Xo. 
Hint: Use polar coordinates. 


show that 
f (a1, 22) = 


,0< 2%, <w0<1242< aH, 


2.1.6. Let f(a,y) =e"* 4, 0< a4 < ww, 0< y < o, zero elsewhere, be the pdf of 
X and Y. Then if Z = X +Y, compute P(Z < 0), P(Z <6), and, more generally, 
P(Z < z), for 0 < z < co. What is the pdf of 7? 


2.1.7. Let X and Y have the pdf f(x,y) =1, 0<a<1,0<y <1, zero elsewhere. 
Find the cdf and pdf of the product Z = XY. 


2.1.8. Let 13 cards be taken, at random and without replacement, from an ordinary 
deck of playing cards. If X is the number of spades in these 13 cards, find the pmf of 
X. If, in addition, Y is the number of hearts in these 13 cards, find the probability 
P(X = 2, Y =5). What is the joint pmf of X and Y? 


2.1.9. Let the random variables X; and X2 have the joint pmf described as follows: 


(21,22) (0,0) (0,1) (0, 2) (1,0) (1,1) (1, 2) 


bly 
ble 
bly 
bly 
bly 
bl 


P(x1, r2) 
and p(21, 22) is equal to zero elsewhere. 


(a) Write these probabilities in a rectangular array as in Example 2.1.3, recording 
each marginal pdf in the “margins.” 


(b) What is P(X, +X, =1)? 
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2.1.10. Let X, and Xe have the joint pdf f(x1, 22) = 15¢7x2, 0 < 41 < x <1, 
zero elsewhere. Find the marginal pdfs and compute P(X, + X2 < 1). 

Hint: Graph the space X; and X2 and carefully choose the limits of integration 
in determining each marginal pdf. 


2.1.11. Let X1, X2 be two random variables with the joint pmf p(a1, v2), (1,72) € 
S, where S is the support of X1, X2. Let Y = g(X1, X2) be a function such that 


SSS lg(a1,2)|p(@1, 22) < 00. 


(x1,"2)ES 


By following the proof of Theorem 1.8.1, show that 


E(Y) = ee g(X1, ©2)p(a1, 72) < 00. 


(a1,%2)ES 


2.1.12. Let X1,X2 be two random variables with the joint pmf p(a1, 22) = (a1 + 
x2)/12, for 7] = 1,2, x2 = 1,2, zero elsewhere. Compute E(X1), E(X?), E(X2), 
E(X2), and E(X,X2). Is E(X1X2) = E(X,)E(X2)? Find E(2X1 —6X2+7X1X2). 


2.1.13. Let X),X2 be two random variables with joint pdf f(a1,272) = 4a122, 
0 <2 <1,0< 22 <1, zero elsewhere. Compute E(X1), E(X?), E(X2), E(X3), 
and E(X,X2). Is E(X1X2) = E(X1)E(X2)? Find E(3X2 = 2x; + 6X1 X2). 


2.1.14. Let X1, X2 be two random variables with joint pmf p(a1, 22) = (1/2), 
for 1 < a < o,i = 1,2, where x; and x2 are integers, zero elsewhere. Determine 
the joint megf of Xi, Xo. Show that M(t, ta) = M(t, 0)M(0, ta). 


2.1.15. Let X1, X2 be two random variables with joint pdf f(a, 72) = v1 exp{—29}, 
for 0 < a, < x2 < ow, zero elsewhere. Determine the joint mgf of X1,X2. Does 
M(t1, t2) = M(t1,0)M(0, t2)? 


2.1.16. Let X and Y have the joint pdf f(z,y) =6(l-—2-y), r+y<1,0<a2, 
0 < y, zero elsewhere. Compute P(2X + 3Y <1) and E(XY + 2X°). 


2.2 Transformations: Bivariate Random Variables 


Let (X1,X2) be a random vector. Suppose we know the joint distribution of 
(X1, X2) and we seek the distribution of a transformation of (X1, X2), say, Y = 
g(X1, X2). We may be able to obtain the cdf of Y. Another way is to use a trans- 
formation. We considered transformation theory for random variables in Sections 
1.6 and 1.7. In this section, we extend this theory to random vectors. It is best 
to discuss the discrete and continuous cases separately. We begin with the discrete 
case. 

There are no essential difficulties involved in a problem like the following. Let 
DX1,Xo(%1,%2) be the joint pmf of two discrete-type random variables X, and X2 
with S the (two-dimensional) set of points at which px,,x,(v1,@2) > 0; ie., S is the 
support of (X1, Xe). Let y: = ui(a1, 22) and yo = ue(#1, x2) define a one-to-one 
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transformation that maps S onto J. The joint pmf of the two new random variables 
Y, = u1(X1, X2) and Y2 = ue(X1, X2) is given by 


_ J PXy,X2 [wi(yi, yo), we(y1,¥2)) (y1,y2) © T 
PY:,¥o(Y1; Y2) = 0 elsewhere 


where 21 = wi(yi, y2), L2 = We(Yy1, y2) is the single-valued inverse of y; = ui (a1, 2), 
Y2 = U2(#1, v2). From this joint pmf py, y(y1, y2) we may obtain the marginal pmf 
of Y; by summing on y2 or the marginal pmf of Y2 by summing on yj. 

In using this change of variable technique, it should be emphasized that we need 
two “new” variables to replace the two “old” variables. An example helps explain 
this technique. 


Example 2.2.1. Let X; and X92 have the joint pmf 


©1 | ©2 6-H e—he2 
pie, (ig) = oe 0183s, SOLS, 


r1!x9! 
and is zero elsewhere, where ju; and jig are fixed positive real numbers. Thus the 
space S is the set of points (x1, x2), where each of x; and £2 is a nonnegative integer. 
We wish to find the pmf of Y; = X,+ X9. If we use the change of variable technique, 
we need to define a second random variable Y2. Because Y2 is of no interest to us, 
let us choose it in such a way that we have a simple one-to-one transformation. For 
example, take Yo = X2. Then y; = 21 + 22 and yo = x2 represent a one-to-one 
transformation that maps S onto 


T = {(yi, y2) 42 =0,1,...,y1 and y; =0,1,2, ...}. 
Note that if (y1,y2) € T, then 0 < yo < y:. The inverse functions are given by 
t= Y1 — yo and x2 = yz. Thus the joint pmf of Y; and Y2 is 
py) —¥? 2 em ba—Ha 


int ’ (yi, Y2) € q 
(yi — y2)!ye! 


PY1,Y2 (yi, y2) = 


and is zero elsewhere. Consequently, the marginal pmf of Y; is given by 


Y1 


py, (y1) = S- pyi.ve(yi,y2) 
y2=0 
amie < yi! Y1i—Yy2,,y2 
= l > =e 
yl 2 (v1 — y2)!yo! 
+ Y1e—H1—-H2 
= eS ioe 
Y1- 


and is zero elsewhere, where the third equality follows from the binomial expansion. 
| 


For the continuous case we begin with an example which illustrates the cdf 
technique. 
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Example 2.2.2. Consider an experiment in which a person chooses at random a 
point (X,Y) from the unit square S = {(x,y):0<a#<1,0<y< 1}. Suppose 
that our interest is not in X or in Y but in Z = X +Y. Once a suitable probability 
model has been adopted, we shall see how to find the pdf of Z. To be specific, let 
the nature of the random experiment be such that it is reasonable to assume that 
the distribution of probability over the unit square is uniform. Then the pdf of X 
and Y may be written 


1 O0<a@<il, 0<y<l 
0 elsewhere, 


fx,y(z,y) = { 


and this describes the probability model. Now let the cdf of Z be denoted by 
F(z) =P(X+Y <z). Then 


z<0 
a ae 2 
i; dydz = => O<z<l 
Fz(z) = iy 1 dyde =1—- G2 eee 
z—-lJz-a2 2 = 
1 2. 2 


Since F(z) exists for all values of z, the pmf of Z may then be written 


2 0<z<1 
fz(z)=4 2-2 1<2z<2 
0 elsewhere. 


We now discuss in general the transformation technique for the continuous case. 
Let (X1, X2) have a jointly continuous distribution with pdf fx, x, (1,2) and sup- 
port set S. Suppose the random variables Y; and Y2 are given by Yi = u1(X1, X2) 
and Y2 = u2(X1, X2), where the functions y; = ui(a1, 22) and yo = u2(a1, 22) de- 
fine a one-to-one transformation that maps the set S in R? onto a (two-dimensional) 
set T in R? where T is the support of (Yi, Y2). If we express each of x; and x2 in 
terms of y; and yo, we can write x1 = wi(y1,y2), 2 = We(yi, y2). The Jacobian 
of the transformation is the determinant of order 2 given by 


Oty Oar 
Ja| Gyr ye 
Ox2 0x2 
Oy: Oye 


It is assumed that these first-order partial derivatives are continuous and that the 
Jacobian J is not identically equal to zero in T. 

We can find, by use of a theorem in analysis, the joint pdf of (Y1,Y2). Let 
A be a subset of S, and let B denote the mapping of A under the one-to-one 
transformation (see Figure 2.2.1). Because the transformation is one-to-one, the 
events {(X1, X2) € A} and {(¥1, Y2) € B} are equivalent. Hence 


P((W1, Ya) € Bl = Pl(X1, X2) € Al 


= | [ xX, (%1, £2) dx, dxo. 


2.2. Transformations: Bivariate Random Variables 87 


XQ 


@®) 


= X 


Figure 2.2.1: A general sketch of the supports of (X1, X2), (S), and (Yi, Y2), (J). 


y] 


We wish now to change variables of integration by writing y; = ui(#1,%2), yo = 
u2(@1,%2), or 21 = wil(y1, y2), 2 = We(y1, y2). It has been proved in analysis, [see, 
e.g., page 304 of Buck (1965)], that this change of variables requires 


J [ trcclerta)derder = ff fx1,X2[W1(Y1, y2), W2(Y1, Y2)||J| dyrdye. 
A B 


Thus, for every set B in T, 


P[(¥1, Ye) € B] = ; Ee sally Gomes Ol aude: 


which implies that the joint pdf fy, ¥(y1,y2) of Yi and Y2 is 


fY.,Ye (M1, y2) = 


fx1,X2[wW1i(y1, y2), W241, Y2)]|J] (Yi, y2) © T 
0 elsewhere. 


Accordingly, the marginal pdf fy,(yi) of Y; can be obtained from the joint pdf 
fy,,yo(y1, y2) in the usual manner by integrating on yz. Several examples of this 
result are given. 


Example 2.2.3. Suppose (X1, X2) have the joint pdf 


Feexsltie)={ 1 0<M<10<a<1 
X1,X2\71;72) = Q elsewhere. 


The support of (X1, X2) is then the set S = {(#1,%2) :0 < a < 1,0 < a < 1} 
depicted in Figure 2.2.2. 
Suppose Y; = X, + X2 and Y2 = X, — X2g. The transformation is given by 
yi = u1(%1, 22) = 71+ 22 


Yy2>= u2(x1, £2) = 11 — XQ. 
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XQ 


xy 


(0, 0) x =0 


Figure 2.2.2: The support of (X1, X2) of Example 2.2.3. 


This transformation is one-to-one. We first determine the set T in the y,y2-plane 
that is the mapping of S under this transformation. Now 


@1 = wilyr, y2) = 3(y1 + ya) 
r2 = we(y1,y2) = 3 (y1 — 4a). 


To determine the set S in the y;y2-plane onto which 7 is mapped under the transfor- 
mation, note that the boundaries of S are transformed as follows into the boundaries 
of T: 


z1=0 into 0=$(y1 +y2) 
z1=1 into 1= $(y1 + y2) 
v2 = 0 into V= $(y1 = Yy2) 


t2=1 into 1= 4(y1 — y2). 


Accordingly, T is shown in Figure 2.2.3. Next, the Jacobian is given by 


Ox, Ox 

Oy. Oyo 2 3 ! 
= ad — = —~— 
=| Oa. Om |) 4 1 |7 72 

Oy1 Oyo 2 2 


Although we suggest transforming the boundaries of S, others might want to 
use the inequalities 
O<a,<1 and O0<a<1l 


directly. These four inequalities become 


0< S(yit+y2) <1 and 0< 4$(y1— ye) <1. 
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(0, 0) 


Figure 2.2.3: The support of (Y1, Y2) of Example 2.2.3. 


It is easy to see that these are equivalent to 


yi <y2, yo<2-y, yo<yr Yr—2 < yo; 


and they define the set T. 
Hence, the joint pdf of (Yi, Y2) is given by 


{ fx.,x015(1 + 92), $(1 —w)IJI= 5 (y1,y2) €T 
0 


fY1,Y2 (y1,Yy2) = elsewhere. 


The marginal pdf of Y; is given by 


flu) =f fyi.¥2 (Yi, Y2) dye. 


If we refer to Figure 2.2.3, we can see that 


wy 3 2 = 0<yi <1 

Q7 
fyi(y) = See 32 = 2-1 l<y <2 
0 elsewhere. 


In a similar manner, the marginal pdf fy, (y2) is given by 


we td =ytl = <'ys 50 
fy. (y2) = fy? $dyy =1—y O<y<l 


0 elsewhere. @ 
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Example 2.2.4. Let Y; = $(X1 — X2), where X; and X92 have the joint pdf 


exp (— 44") 0<2,<~, 0< 22 <0o 
elsewhere. 


Onpir 


he alee { 


Let Y2 = X2 so that y; = $(a1—22), Yy2 = 2 or, equivalently, 7, = 2y;+yo, 2 = ye 
define a one-to-one transformation from S = {(#1,22) :0 < 41 < 00,0 < 22 < co} 
onto T = {(yi, y2) : —2y1 < y2 and 0 < y2 < co, —00 < yy < co}. The Jacobian of 
the transformation is 


2 1 
= | a | = 
hence the joint pdf of Y; and Y2 is 


[21 e-y—ye (y1,y2) €T 


= q 
Priya (una) { 0 elsewhere. 
Thus the pdf of Y, is given by 


(keen se M192 dyg =F e¥§ —co <y <0 
CAC) ia en 
0 Fe Bdy=Ze™! O<y <a, 
or 
fu(y) = 5e7™!, 00 <y1 <0. (2.2.1) 


This pdf is frequently called the double exponential or Laplace pdf. 
Example 2.2.5. Let X; and X2 have the joint pdf 


102123 0O<a41<a%<1 


£x1,X2(@1, £2) = { 0 elsewhere. 


Suppose Y; = X,/X2 and Yj = X2. Hence, the inverse transformation is 71 = y1y2 
and x2 = y2, which has the Jacobian 


_| ¥2 YW 
ak 


The inequalities defining the support S of (X1, X2) become 
0< yiy2, Yiy2 < y2, and y2 <1. 
These inequalities are equivalent to 
O0<y<1 and 0<y <1, 
which defines the support set T of (Y1, Y2). Hence, the joint pdf of (Yi, Y2) is 


fyayo(yi, yo) = lyry2y3|y2| = 10yiys, (yi, y2) € T- 
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The marginal pdfs are 


1 
fyi (yi) =| L0yiys dy2 =2y1, O<y <1, 
0) 


zero elsewhere, and 


il! 
fro (ya) =) L0yiys dy: =5y3, O<y <1, 
0 


zero elsewhere. @ 


In addition to the change-of-variable and cdf techniques for finding distributions 
of functions of random variables, there is another method, called the moment gen- 
erating function (mgf) technique, which works well for linear functions of random 
variables. In Subsection 2.1.1, we pointed out that if Y = g(X1, X2), then E(Y), if 
it exists, could be found by 


E(Y) = / / Tipp) Foc teselide aes 


in the continuous case, with summations replacing integrals in the discrete case. 
Certainly, that function g(X1,X2) could be exp{tu(X1, X2)}, so that in reality 
we would be finding the mgf of the function Z = u(X 1, X2). If we could then 
recognize this mgf as belonging to a certain distribution, then Z would have that 
distribution. We give two illustrations that demonstrate the power of this technique 
by reconsidering Examples 2.2.1 and 2.2.4. 


Example 2.2.6 (Continuation of Example 2.2.1). Here X; and X2 have the joint 
pmf 


pe) pz2e— le #2 

oC ae 0) 051,253) .0055 We = 0,1 253.04 

1,42 ? 
0 elsewhere, 


where pi, and pl are fixed positive real numbers. Let Y = X; + X2 and consider 


Ee) = SP D7 et) px, x2(#1, 22) 


2 1=0 r2=0 


2° Tip-m & ©2——b2 
_— . ef@1 be . et@2 pre 
x4! x2! 
x 1=0 1 x2=0 2 


0 
= ana) Jette) 


—  eltitne)(e'1) | 
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Notice that the factors in the brackets in the next-to-last equality are the mgfs of 
X, and X92, respectively. Hence, the mgf of Y is the same as that of X1 except 41 
has been replaced by 1 + fg. Therefore, by the uniqueness of mgfs, the pmf of Y 
must be 


y= 0,125.4. 


y 
py(y) = en (wate) (+ Ha)" tue) ; 


y 


which is the same pmf that was obtained in Example 2.2.1. m 


Example 2.2.7 (Continuation of Example 2.2.4). Here X; and X2 have the joint 

pdf 

exp (— 252) 0<241 <0, 0<4%2< 0 
elsewhere. 


Opie 


bbe cates = { 


So the mgf of Y = (1/2)(X, — X2) is given by 


Co CO 1 


a]: 1. 

ff sencl-o/? ae,| ff seater dis 
0 0 
1 1}. 1 

L=%).(i+t) i-#? 


provided that 1-—t > 0 and1+t > 0; ie, —1 < t< 1. However, the megf of a 
double exponential distribution is 


co —|a| 0 (1+t)x oo p(t—-1)x 
/ ete & dx = / c dx +f dx 
ae Ls Te <2 


7 ee re cere 
— 24+) 2-—t)) 1-2? 


l| 


l| 


provided —1 < t < 1. Thus, by the uniqueness of mgfs, Y has the double exponential 
distribution. m 


EXERCISES 


2.2.1. If p(£1, £2) = (a rrra(s eae, (ati ja) = (0,0), (0,1), (1,0), Gt), Zero 
elsewhere, is the joint pmf of X; and Xo, find the joint pmf of Yj = X; — X2 and 
Yo =X, 4+ Xo. 


2.2.2. Let X, and X92 have the joint pmf p(a1,22) = 1142/36, 7; = 1,2,3 and 
x2 = 1,2,3, zero elsewhere. Find first the joint pmf of Y; = X,X2 and Y2 = Xa, 
and then find the marginal pmf of Yj. 


2.2.3. Let X, and X2 have the joint pdf h(x1,x72) = 2e77!~ 2, 0< a1 < a2 < ~M, 
zero elsewhere. Find the joint pdf of Yj = 2X, and Yo = X2— Xj. 
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2.2.4. Let X, and X9 have the joint pdf h(a1, 72) = 84 %2, 0 < x1 < x2 < 1, zero 
elsewhere. Find the joint pdf of Y; = X1/X2 and Y2 = Xo. 
Hint: Use the inequalities 0 < y1y2 < yo < 1 in considering the mapping from S 
onto T. 
2.2.5. Let X, and X2 be continuous random variables with the joint probability 
density function fx,,x,(%1,@%2), —oo < 4 < oo, i = 1,2. Let Y, = X1 + X2 and 
Yo = X2. 

(a) Find the joint pdf fy, yy. 

(b) Show that 


iba (y1) = | rose (yi _ Yy2, 2) dye, (2.2.2) 


which is sometimes called the convolution formula. 


2.2.6. Suppose X; and X>2 have the joint pdf fx, x,(%1, 72) = e(@1t+a2) O< a < 
co, 7 = 1,2, zero elsewhere. 


(a) Use formula (2.2.2) to find the pdf of Y; = X, + Xo. 
(b) Find the megf of Y;. 


2.2.7. Use the formula (2.2.2) to find the pdf of Y; = X1 + X2, where X; and X2 
have the joint pdf fx,,x, (21, #2) = 2e~ 1 +*2), 0 < a1, < x2 < 00, zero elsewhere. 


2.2.8. Suppose X; and X2 have the joint pdf 


ini e “te-*2 a, > 0,22 > 0 
sae am elsewhere. 


For constants w; > 0 and w2 > 0, let W = wy X1 + wo Xo. 


(a) Show that the pdf of W is 


(evi gO). gg > 0 


elsewhere. 


1 
fw(w) = { yore 


(b) Verify that fw (w) > 0 for w > 0. 


(c) Note that the pdf fw (w) has an indeterminate form when w; = w2. Rewrite 
fw(w) using h defined as w1 — w2 = h. Then use l’H6pital’s rule to show that 
when w; = wg, the pdf is given by fw(w) = (w/w7) exp{—w/w1} for w > 0 
and zero elsewhere. 
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2.3. Conditional Distributions and Expectations 


In Section 2.1 we introduced the joint probability distribution of a pair of random 
variables. We also showed how to recover the individual (marginal) distributions 
for the random variables from the joint distribution. In this section, we discuss 
conditional distributions, i.e., the distribution of one of the random variables when 
the other has assumed a specific value. We discuss this first for the discrete case, 
which follows easily from the concept of conditional probability presented in Section 
1.4. 

Let X; and Xz denote random variables of the discrete type, which have the joint 
pmf px,,x,(%1, £2) that is positive on the support set S and is zero elsewhere. Let 
px,(a1) and px,(a2) denote, respectively, the marginal probability mass functions 
of X; and X. Let x1 be a point in the support of X1; hence, px,(a1) > 0. Using 
the definition of conditional probability, we have 


P(X, = 21, X2 = 22) _ DPX,,X>(®1, £2) 
P(X, = 21) Px, (21) 


P(X L2|X1 L1) 


for all x2 in the support Sx, of X2. Define this function as 


PX1,Xe2 (x1, £2) 


. wee ees 2.3.1 
may 8 oe ee 


PXo|X, (2|%1) = 


For any fixed x; with px, (#1) > 0, this function px,)x, (2|x1) satisfies the con- 
ditions of being a pmf of the discrete type because px,) x, (#2|@1) is nonnegative 
and 


PX1,X. ae 
Yo Px.) x; (@2|21) = =I Ree 
al 


i 
= _— X,(%1, 22) = cA 1. 
Px, (£ Px, (1) 1) 


We call px,|x, (2|v1) the conditional pmf of the discrete type of random variable 
X2, given that the discrete type of random variable X, = x;. In a similar manner, 
provided a2 € Sx,, we define the symbol px,\x,(#1|"2) by the relation 


PX1,Xe (x1, £2) 


’ x1 ESx,, 
px, (x 2) : 


PX,|X_(1|22) = 


and we call px,)x,(1|%2) the conditional pmf of the discrete type of random variable 
Xj, given that the discrete type of random variable X2 = x2. We often abbreviate 
PX1|X_(T1|%2) by pijo(wile2) and px,)x,(x2|r1) by poj1(v2|a1). Similarly, pi (a1) 
and p2(x2) are used to denote the respective marginal pmfs. 

Now let X, and X2 denote random variables of the continuous type and have the 
joint pdf fx, .x,(%1,%2) and the marginal probability density functions fx, (#1) and 
fx,(x2), respectively. We use the results of the preceding paragraph to motivate 
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a definition of a conditional pdf of a continuous type of random variable. When 
fx,(%1) > 0, we define the symbol fx,)x,(2|%1) by the relation 


fx1,Xo(%1, £2) 


fx, (x1) 


In this relation, x; is to be thought of as having a fixed (but any fixed) value for 
which fx, (#1) > 0. It is evident that fx,)x,(#2|r1) is nonnegative and that 


fx|x1(2/@1) = (2.3.2) 


/ Fxo|X (x2\x1) dro = Fxs.Xa (1,22) dx 
—oo 00 fx, (a1) 


1 co 
= me! fx,,X2(@1, 22) dxg 


fx, (v1 
fx (01) =1 
—§— fx, (x1) = 1. 
fx, (a1) 
That is, fx,)x,(2|v1) has the properties of a pdf of one continuous type of random 
variable. It is called the conditional pdf of the continuous type of random variable 
X2, given that the continuous type of random variable X, has the value 2;. When 
fx. (%2) > 0, the conditional pdf of the continuous random variable Xj, given that 
the continuous type of random variable X2 has the value x2, is defined by 
PX ij (21y L2 
Fx|X2(#1|22) = nes IGE fx. (r2) > 0. 
ee (x2) 

We often abbreviate these conditional pdfs by f1\2(v1\v2) and fo)1(x2|71), respec- 
tively. Similarly, f,(a1) and f2(a2) are used to denote the respective marginal pdfs. 

Since each of f2)1(%2|21) and fij)2(#1|"2) is a pdf of one random variable, each 
has all the properties of such a pdf. Thus we can compute probabilities and math- 
ematical expectations. If the random variables are of the continuous type, the 
probability 


b 
P(a < Xq < |X, = 2) =| faj1 (221) dre 


is called “the conditional probability that a < X2 < b, given that X; = 2.” If 
there is no ambiguity, this may be written in the form P(a < X2 < b|x). Similarly, 
the conditional probability that c < X, < d, given X2 = &2, is 


d 
P(e< Xy <a|Xp =<) = [ fijo(@1|x2) dar. 


If u(X2) is a function of X2, the conditional expectation of u(X2), given that X, = 
x1, if it exists, is given by 


co 


Blu(X2)|e1] = i, tila) fayn (ool) dra. 


—co 


Note that E[u(X2)|a1] is a function of 2. If they do exist, then E(X2|x1) is the 
mean and E{{[X_ — E(X2|x1)|?|21} is the variance of the conditional distribution 
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of X2, given X, = 21, which can be written more simply as Var(X9|21). It is 
convenient to refer to these as the “conditional mean” and the “conditional variance” 
of X2, given X; = x,. Of course, we have 


Var(X2|r1) = E(X3|x1) — [E(Xe|21)]? 


from an earlier result. In a like manner, the conditional expectation of u(X,), given 
Xo = %2, if it exists, is given by 


Co 


Elu(X1)|e2] = / MOM ACT OLE 


—Co 


With random variables of the discrete type, these conditional probabilities and 
conditional expectations are computed by using summation instead of integration. 
An illustrative example follows. 


Example 2.3.1. Let X; and X2 have the joint pdf 


2 0<a4<%<1 
0 elsewhere. 


f(1,22) = { 
Then the marginal probability density functions are, respectively, 


1 
filzi) = Je, 2dt2 = 2(1 — 21) 0<2, <1 
0 elsewhere, 


and ae 
2dx, = 2% O0<a.<1 
= 0 
falwa) { 0 elsewhere. 


The conditional pdf of X1, given X2 = r2, 0 < x2 <1, is 


2-1 Q<ea, <a. <1 


= 2@2 v2 
Sij2(v1|e2) = { 0 elsewhere. 


Here the conditional mean and the conditional variance of X1, given X2 = x2, are 
respectively, 


E(Xile2) = / i fustates a: 


II 
o— 
§ 

8 

aS: 
a 
ar 
SL 

Qu 
8 
AS, 


and 


Var(X1|22) 


| 
om 
o 
——~ 
8 
& 
| 
|B 
i ed 
bo 
aa 
Sle 
NY 
Q 
& 
SF 
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Finally, we compare the values of 
P(0< X1 < $|X2=%) and P(0O< X; < 3). 


We have 


1/2 
P(0< X1 < $|X2 = 2) = frialer)$) de, = [ (4) dai = 2, 
0 0 


but. i : 
0 fi (x1) dx, = Jo 

Since E(X|21) is a function of 71, then E(X2|X1) is a random variable with 
its own distribution, mean, and variance. Let us consider the following illustration 
of this. 


PO<X1<§)= 91 — 21) dey = 3. a 


Example 2.3.2. Let X; and X2 have the joint pdf 


S( )= 6%2 O<a2<a1<1 
71,72) =) g elsewhere. 


Then the marginal pdf of Xj is 
Ly 
fi(ai) = i 622 drg = 327, O< a, <1, 
0 


zero elsewhere. The conditional pdf of X2, given X; = 21, is 


622 2x9 
foi (w2|"1) = SG =—, O< a2 < 4X1, 
32t Xi 


zero elsewhere, where 0 < x, < 1. The conditional mean of X2, given X; = 41, is 


ie 2 2 
E(X2|21) =| v2 (=) dx2 = =Li5 0<2, <1. 
0 vy 3 


Now E(X2|X1) = 2X1/3 is a random variable, say Y. The cdf of Y = 2X,/3 is 


2 
Gu) =P <= P(m< 2). 0<y<. 


From the pdf f1(a1), we have 


ae 27y3 2 
aw) = | 30? dx, = 2, O0<y<-. 
: 8 3 


Of course, G(y) = 0 if y < 0, and G(y) = 1 if 4 < y. The pdf, mean, and variance 
of Y = 2X,/3 are 
_ Sly? 


2 
0< = 
g(y) g OS¥< 3 
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zero elsewhere, 


and 


ae of Bly 1 1 
vary) = [2 (SE) 3-5 
8 8 4 60 


Since the marginal pdf of X2 is 
1 
fo(x2) -| 6x2 dx, = 6x2(1 _ x2), 0<2%2< ile 

x2 

zero elsewhere, it is easy to show that E(X2) = 5 and Var(X2) = 35. That is, here 
E(Y) = E[E(X2|X1)) = E(X2) 
and 
Var(Y) = Var[E(X2|X1)] < Var(X2). 


Example 2.3.2 is excellent, as it provides us with the opportunity to apply many 
of these new definitions as well as review the cdf technique for finding the distri- 
bution of a function of a random variable, namely Y = 2X,/3. Moreover, the two 
observations at the end of this example are no accident because they are true in 
general. 


Theorem 2.3.1. Let (X1,X2) be a random vector such that the variance of X2 is 
finite. Then, 


(a) E[E(X2|X1)) = E(X2). 
(b) Var[E(X2|X1)] < Var(X2). 


Proof: The proof is for the continuous case. To obtain it for the discrete case, 
exchange summations for integrals. We first prove (a). Note that 


E(X2) _ / ‘ x2 f (#1, £2) dtedxy 


7 [. [fn as fi(ai) day 


= ia E(X2|21) fi(a1) dry 
= E[E(X2|X1)), 
which is the first result. 
Next we show (b). Consider with v2 = E(X2), 
Var(X2) = El(X2— p2)°] 
E{[X_ — E(X2|X1) + E(X2|X1) — p2]?} 
= E{[X2— E(X2|X1))?} + E{[E(X2|X1) — p2]?} 
+ 2E{[X2q — E(X2|X1)|[E(X2|X1) — pa]. 
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We show that the last term of the right-hand member of the immediately preceding 
equation is zero. It is equal to 


° [. [. [v2 — E(X2|21)|[E(X2|a1) — pa) (1, €2) drgday 


fF Si 82) 
fi(x1) 


But E(X9|x1) is the conditional mean of X2, given X; = x. Since the expression 
in the inner braces is equal to 


=2 | Cased { a _ (a2 — Bale) 


—oo 


tea} fi(ai) dx}. 


E(X2|x1) = E(X2|21) = 0, 
the double integral is equal to zero. Accordingly, we have 
Var(X2) = E{[X2 — E(X2|X1))?} + E{[E(X2|X1) — p2)*}. 


The first term in the right-hand member of this equation is nonnegative because it 
is the expected value of a nonnegative function, namely [X2 — E(X2|X1)]|?. Since 
E|E(X2|X1)] = pe, the second term is Var[E(X2|X1)]. Hence we have 


Var(X2) > Var[E(X2|X1)], 
which completes the proof. m 


Intuitively, this result could have this useful interpretation. Both the random 
variables X2 and E(X2|X1) have the same mean pg. If we did not know juz, we 
could use either of the two random variables to guess at the unknown pig. Since, 
however, Var(X2) > Var[E(X2|X1)], we would put more reliance in E(X2|X1) asa 
guess. That is, if we observe the pair (X1, X2) to be (x1, #2), we could prefer to use 
E(X2|21) to x as a guess at the unknown fz. When studying the use of sufficient 
statistics in estimation in Chapter 7, we make use of this famous result, attributed 
to C. R. Rao and David Blackwell. 

We finish this section with an example illustrating Theorem 2.3.1. 


Example 2.3.3. Let X; and X2 be discrete random variables. Suppose the condi- 
tional pmf of X; given X2 and the marginal distribution of X2 are given by 


x Le? 
p(z|%) = ) (5) 5 67 =O. 125.528 
1 
a7 i\*>" 
p(t2) = (5) » BH 1, 2,380.5 


Let us determine the mgf of X1. For fixed x2, by the binomial theorem, 


v2 r . 1 2-71 1\ 72 
ein) = Ye (eye (G) (3) 


x21=0 
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Hence, by the geometric series and Theorem 2.3.1, 


Big) = £|E(e*""|x3)] 


3 Li ee ie 
— _ —-e ps 

2° 9 3 

~ eft i\ 
~ 32 


1 
a 

= (5 +5¢) So 

~ 3\2° 2° ) 1-4/6) + (1/6e}’ 


provided (1/6) + (1/6)e’ < 1 or t < log 5 (which includes t = 0). = 


EXERCISES 


2.3.1. Let X, and X»2 have the joint pdf f(a1,22) = a1 +22, 0<a1<1,0< 
x2 < 1, zero elsewhere. Find the conditional mean and variance of X2, given 
Xi, =%,0<4, <1. 


2.3.2. Let fijo(v1|v2) = e121 /"3, 0 < a1 < %2, 0 < x2 < 1, zero elsewhere, and 
fo(x2) = cov}, 0 < x2 < 1, zero elsewhere, denote, respectively, the conditional pdf 
of X,, given X2 = x2, and the marginal pdf of Xz. Determine: 


(a) The constants cy and co. 

(b) The joint pdf of X; and X92. 

(c) P(Z < X1 < $|X2 = 2). 

(d) P(4 < Xi < 4). 
2.3.3. Let f(x1,22) = 2latx3, 0 < x1 < x2 < 1, zero elsewhere, be the joint pdf 
of X; and Xo. 

(a) Find the conditional mean and variance of X1, given Xz = 12, 0< a2 < 1. 

(b) Find the distribution of Y = E(X4|X2). 


(c) Determine E(Y) and Var(Y) and compare these to E(X,) and Var(X1), re- 
spectively. 


2.3.4. Suppose X, and X2 are random variables of the discrete type which have 
the joint pmf p(a1, x72) = (a1 + 2x%2)/18, (x1, x22) = (1,1), (1, 2), (2,1), (2,2), zero 
elsewhere. Determine the conditional mean and variance of X2, given X, = 71, for 
x, =1 or 2. Also, compute F(3.X 1 — 2X2). 


2.3.5. Let X, and X»y be two random variables such that the conditional distribu- 
tions and means exist. Show that: 


2.3. Conditional Distributions and Expectations 101 


(a) E(X, + X92 | Xp) => E(X, | Xo) + Xa, 
(b) E(u(X2) | X2) = u(Xo). 


2.3.6. Let the joint pdf of X and Y be given by 


2 0<4%<w,0<y<o 
=) WratypP ; 
Fay) { 0 elsewhere. 


(a) Compute the marginal pdf of X and the conditional pdf of Y, given X = «a. 


(b) For a fixed X = 2, compute E(1+2+ Y|z) and use the result to compute 


2.3.7. Suppose X; and X2 are discrete random variables which have the joint pmf 
p(%1,%2) = (841 + w2)/24, (#1, x2) = (1,1), (1, 2), (2, 1), (2, 2), zero elsewhere. Find 
the conditional mean E(X2|r1), when x = 1. 


2.3.8. Let X and Y have the joint pdf f(z, y) = 2exp{—(r+y)}, 0<r<y<o, 
zero elsewhere. Find the conditional mean E(Y |x) of Y, given X = x. 


2.3.9. Five cards are drawn at random and without replacement from an ordinary 
deck of cards. Let X; and X2 denote, respectively, the number of spades and the 
number of hearts that appear in the five cards. 


(a) Determine the joint pmf of X; and X2. 
(b) Find the two marginal pmfs. 
(c) What is the conditional pmf of X2, given X; = x1? 


2.3.10. Let X, and X92 have the joint pmf p(x, x2) described as follows: 


(11,22) (0, 0) (0, 1) (1,0) (1,1) (2,0) (2,1) 


al 
ale 
col 
ale 
ale 
al 


p(x1, £2) 


and p(21,22) is equal to zero elsewhere. Find the two marginal probability mass 
functions and the two conditional means. 
Hint: Write the probabilities in a rectangular array. 


2.3.11. Let us choose at random a point from the interval (0,1) and let the random 
variable X, be equal to the number which corresponds to that point. Then choose 
a point at random from the interval (0,21), where x, is the experimental value of 
Xj ; and let the random variable X2 be equal to the number which corresponds to 
this point. 


(a) Make assumptions about the marginal pdf fi(#1) and the conditional pdf 
fay (#21). 


(b) Compute P(X; + X2 > 1). 
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(c) Find the conditional mean E(X,|r2). 


2.3.12. Let f(a) and F(x) denote, respectively, the pdf and the cdf of the random 
variable X. The conditional pdf of X, given X > 29, xo a fixed number, is defined 
by f(z|X > ao) = f(x)/[1—F(xo)], 20 < x, zero elsewhere. This kind of conditional 
pdf finds application in a problem of time until death, given survival until time zo. 


(a) Show that f(a|X > xo) is a pdf. 
(b) Let f(z) =e-*, 0 < % < ow, and zero elsewhere. Compute P(X > 2|X > 1). 


2.4 The Correlation Coefficient 


Because the result that we obtain in this section is more familiar in terms of X and 
Y, we use X and Y rather than X; and X2 as symbols for our two random variables. 
Rather than discussing these concepts separately for continuous and discrete cases, 
we use continuous notation in our discussion. But the same properties hold for the 
discrete case also. Let X and Y have the joint pdf f(x,y). If u(,y) is a function 
of « and y, then E[u(X,Y)] was defined, subject to its existence, in Section 2.1. 
The existence of all mathematical expectations is assumed in this discussion. The 
means of X and Y, say fy and jig, are obtained by taking u(x, y) to be a and y, 
respectively; and the variances of X and Y, say o7 and o2, are obtained by setting 
the function u(x, y) equal to (2 — p11)? and (y — pz)”, respectively. Consider the 
mathematical expectation 


E((X — pa)(¥ — w2)) = E(XY — poX — iY + pipe) 
= E(XY)— poB(X) — wm E(Y) + pipe 
E(XY) = pipe. 


This number is called the covariance of X and Y and is often denoted by cov(X, Y). 
If each of a, and 02 is positive, the number 


_ EX = tn) = ta) _ cov X,Y) 


is called the correlation coefficient of X and Y. It should be noted that the 
expected value of the product of two random variables is equal to the product 
of their expectations plus their covariance; that is, E(XY) = pipe + porog = 
[ipl2 + cov(X, Y). 


Example 2.4.1. Let the random variables X and Y have the joint pdf 


_jfaty 0<a<l, 0<y<il 
f(z,y) = { 0 elsewhere. 


We next compute the correlation coefficient p of X and Y. Now 


1 pl 
7 
mn = BX) = f | x(a + y) dudy = = 
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and 
2 2 2 ‘ ; 2 dzd i ° ll 
— a = a — =. 
oy = E(X*) - 44 | | a(x + y) dxdy (3) iad 
Similarly, 
=E(Y)= © aad of = E(Y’) — 13 = = 
on ae 2~ M2 da 


The covariance of X and Y is 


1 1 2 
7 
E(XY) — = Pid os) ee 
(XY) — pipe [ [ eue+nacdy (5) a 


Accordingly, the correlation coefficient of X and Y is 


= 

Gala) =” 
Remark 2.4.1. For certain kinds of distributions of two random variables, say X 
and Y, the correlation coefficient p proves to be a very useful characteristic of the 
distribution. Unfortunately, the formal definition of p does not reveal this fact. At 
this time we make some observations about p, some of which will be explored more 
fully at a later stage. It will soon be seen that if a joint distribution of two variables 
has a correlation coefficient (that is, if both of the variances are positive), then p 
satisfies -1 < p < 1. If p = 1, there is a line with equation y = a+ bz, b > 0, 
the graph of which contains all of the probability of the distribution of X and Y. 
In this extreme case, we have P(Y =a+bX) =1. If p = —1, we have the same 
state of affairs except that b < 0. This suggests the following interesting question: 
When p does not have one of its extreme values, is there a line in the xy-plane such 
that the probability for X and Y tends to be concentrated in a band about this 
line? Under certain restrictive conditions this is, in fact, the case, and under those 
conditions we can look upon p as a measure of the intensity of the concentration of 
the probability for X and Y about that line. m 


Next, let f(x,y) denote the joint pdf of two random variables X and Y and let 
fi(x) denote the marginal pdf of X. Recall from Section 2.3 that the conditional 
pdf of Y, given X = zg, is 

f(@,y) 


fi(z) 


at points where f(a) > 0, and the conditional mean of Y, given X = 2, is given by 


fay (yx) = 


co 
- / yf (x,y) dy 
E(Y |x) =| y foi (y|x) dy = —=—_-.—__, 
when dealing with random variables of the continuous type. This conditional mean 
of Y, given X = 2, is, of course, a function of x, say u(x). In a like vein, the 
conditional mean of X, given Y = y, is a function of y, say u(y). 
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In case u(x) is a linear function of x, say u(x) = a+ ba, we say the conditional 
mean of Y is linear in x; or that Y is a linear conditional mean. When u(a) = a+bz, 
the constants a and b have simple values which we summarize in the following 
theorem. 


Theorem 2.4.1. Suppose (X,Y) have a joint distribution with the variances of X 
and Y finite and positive. Denote the means and variances of X and Y by 1, Le 
and of, 0%, respectively, and let p be the correlation coefficient between X and Y. 
If E(Y|X) is linear in X then 


E(Y|X) = po + 02 (X ~ pu) (2.4.1) 
and 
E(Var(Y|X)) = o2(1 — p”). (2.4.2) 


Proof: The proof is given in the continuous case. The discrete case follows similarly 
by changing integrals to sums. Let E(Y |x) = a+ ba. From 


i. yf (x,y) dy 


E(Y |x) = ej =a-+ ba, 
we have i 
[ate uday = (a+ ba) file) (2.4.3) 


If both members of Equation (2.4.3) are integrated on «, it is seen that 
E(Y) =a+bE(X) 


or 
2 =at bun, (2.4.4) 


where fy = E(X) and pz = E(Y). If both members of Equation (2.4.3) are first 
multiplied by x and then integrated on x, we have 


E(XY) = aE(X) + bE(X?), 


or 


po102 + pipe = ap + (ot + 17), (2.4.5) 


where po,02 is the covariance of X and Y. The simultaneous solution of equations 
(2.4.4) and (2.4.5) yields 


02 02 
a= pg em and b= oe 


These values give the first result (2.4.1). 
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The conditional variance of Y is given by 


Var(Y|x) = [. lu <p p—(e “ m) faji(yl@) dy 
- [. tu L12) rai 7) f(z, y) i oe 


This variance is nonnegative and is at most a function of x alone. If it is multiplied 
by fi(a) and integrated on x, the result obtained is nonnegative. This result is 


[. [. tw H12) po (a ma)] Flew) dade 


=]. [. [wn 2) — 2p (y - jia)(a — px) + p= Se e—m) f(a, y) dydx 


= B= pi2)"] — 2p BUX ba )(Y ma)) + PEUX - H1)"] 


2 
ol a 

2 2 292 2 

= Gg = 2p Paice P a 
7 


= 03 — 2p*03 + p’o3 = 05(1 — p’), 
which is the desired result. @ 


Note that if the variance, Equation (2.4.6), is denoted by k(a), then E[k(X)] = 
o3(1—p?) > 0. Accordingly, p? < 1, or -1 < p < 1. It is left as an exercise to prove 
that —1 < p < 1 whether the conditional mean is or is not linear; see Exercise 2.4.7. 

Suppose that the variance, Equation (2.4.6), is positive but not a function of 
x; that is, the variance is a constant k > 0. Now if k is multiplied by fi(x) and 
integrated on x, the result is k, so that k = o3(1— p?). Thus, in this case, the 
variance of each conditional distribution of Y, given X = 2, is o3(1 — p?). If 
p = 0, the variance of each conditional distribution of Y, given X = 2, is 03, the 
variance of the marginal distribution of Y. On the other hand, if p? is near 1, the 
variance of each conditional distribution of Y, given X = a, is relatively small, 
and there is a high concentration of the probability for this conditional distribution 
near the mean E(Y |x”) = po + p(o2/o1)(x — 1). Similar comments can be made 
about E(X|y) if it is linear. In particular, E(X|y) = 1 + p(o1/o2)(y — pe) and 
B[Var(X|¥)] = 02(1 — p2). 


Example 2.4.2. Let the random variables X and Y have the linear conditional 
means E(Y|x) = 4% + 3 and E(X|y) = #y — 3. In accordance with the general 
formulas for the linear conditional means, we see that E(Y|x) = po if « = py and 
E(X|y) = i if y = pe. Accordingly, in this special case, we have pg = 4441 +3 
and 4, = TaH2 —3so that pw, = 4 and fg = —12. The general formulas for the 
linear conditional means also show that the product of the coefficients of x and y, 
respectively, is equal to p? and that the quotient of these coefficients is equal to 
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o3/o7. Here p? = 4(75) = § with p = 5 (not —5), and o3/o7 = 64. Thus, from the 
two linear conditional means, we are able to find the values of p11, fa, p, and 02/01, 
but not the values of ao; and oo. & 


E(Y|x) = bx 


Figure 2.4.1: Illustration for Example 2.4.3. 


Example 2.4.3. To illustrate how the correlation coefficient measures the intensity 
of the concentration of the probability for X and Y about a line, let these random 
variables have a distribution that is uniform over the area depicted in Figure 2.4.1. 
That is, the joint pdf of X and Y is 


wg -at+br<y<at+bs, —h<a<ch 


= Aah 
f(z,y) = { 0 elsewhere. 


We assume here that b > 0, but the argument can be modified for b < 0. It is easy 
to show that the pdf of X is uniform, namely 


a+bxz 
fi(a) = Jo ovbe Tan WY = oF —h<a<h 
0 elsewhere. 


The conditional mean and variance are 


a2 


E(Y|x) =ba and var(Y|r) = 3" 


From the general expressions for those characteristics we know that 


2 
b= p> and > = 03(1- 9”). 
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Additionally, we know that o7 = h?/3. If we solve these three equations, we obtain 
an expression for the correlation coefficient, namely 


bh 
er reas 
Referring to Figure 2.4.1, we note 


1. As a gets small (large), the straight-line effect is more (less) intense and p is 
closer to 1 (0). 


2. As h gets large (small), the straight-line effect is more (less) intense and p is 
closer to 1 (0). 


3. As b gets large (small), the straight-line effect is more (less) intense and p is 
closer to 1 (0). 


Recall that in Section 2.1 we introduced the mgf for the random vector (X,Y). 
As for random variables, the joint mgf also gives explicit formulas for certain mo- 
ments. In the case of random variables of the continuous type, 


eM akt™ M (t1, ta) phymetiattey 


so that 


OF+™ M (ty, te) 
ata 


haw -[- [= ky™ f(x,y) dady = E(X*Y™). 


For instance, in a simplified notation that appears to be clear, 


jn = B(x) = 
jn = BY) = 
of = w(x?) =p} SO) ig 
of = mp?) 3 =O) 2 
BUX — a)% 2) = SMO) — ss, (2.4.7) 


and from these we can compute the correlation coefficient p. 

It is fairly obvious that the results of equations (2.4.7) hold if X and Y are 
random variables of the discrete type. Thus the correlation coefficients may be 
computed by using the mef of the joint distribution if that function is readily avail- 
able. An illustrative example follows. 
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Example 2.4.4 (Example 2.1.7, Continued). In Example 2.1.7, we considered the 
joint density 


_ e 4% 0<4%<y<oo 
f(z,y) = { 0 elsewhere, 


and showed that the mgf was 


1 


M(t, t2) = G—t — ta) — ta)’ 


for t) + tg < 1 and tg < 1. For this distribution, equations (2.4.7) become 
sa: a2 (2.4.8) 


Verification of (2.4.8) is left as an exercise; see Exercise 2.4.5. If, momentarily, we 
accept these results, the correlation coefficient of X and Y is p= 1/2. = 


EXERCISES 

2.4.1. Let the random variables X and Y have the joint pmf 
(a) p(x,y) = §, (x,y) = (0,0), (1, 1), (2, 2), zero elsewhere. 
(b) p(x, y) = 4, (x,y) = (0,2), (1, 1), (2,0), zero elsewhere. 
(c) p(z,y) = %, (x,y) = (0,0), (1, 1), (2,0), zero elsewhere. 

In each case compute the correlation coefficient of X and Y. 


2.4.2. Let X and Y have the joint pmf described as follows: 


(vy) |.) 2) O 


3) (2,1) (2,2) (2,3) 


ls 
al 
ale 
alr 
alr 
al 


P(x, y) 


and p(x, y) is equal to zero elsewhere. 


(a) Find the means jz, and pz, the variances 0? and o3, and the correlation 


coefficient p. 


(b) Compute E(Y|X = 1), E(Y|X = 2), and the line 2 + p(o2/01)(x — 41). Do 
the points [k, E(Y|X =k)], k =1, 2, lie on this line? 


2.4.3. Let f(x,y) =2,0<a<y,0<y <1, zero elsewhere, be the joint pdf of 
X and Y. Show that the conditional means are, respectively, (1+2)/2, 0<a <1, 


and y/2, 0< y < 1. Show that the correlation coefficient of X and Y is p= s. 
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2.4.4. Show that the variance of the conditional distribution of Y, given X = a, in 
Exercise 2.4.3, is (1 — x)?/12, 0 < x < 1, and that the variance of the conditional 
distribution of X, given Y = y, is y?/12, 0<y< 1. 


2.4.5. Verify the results of equations (2.4.8) of this section. 


2.4.6. Let X and Y have the joint pdf f(a,y) = 1, -~@<y<2a,0<2a<1, 
zero elsewhere. Show that, on the set of positive probability density, the graph of 
E(Y |x) is a straight line, whereas that of E(X|y) is not a straight line. 


2.4.7. If the correlation coefficient p of X and Y exists, show that -1 <p <1. 
Hint: Consider the discriminant of the nonnegative quadratic function 


h(v) = E{[(X — pa) + o(¥ — p2)]?}, 
where v is real and is not a function of X nor of Y. 


2.4.8. Let w(ti,t2) = log M(ti, t2), where M(t,,t2) is the mgf of X and Y. Show 
that 
2 
v(0,0) 90.0), 49 
Ot; ge 


and 
0°(0, 0) 
Ot, Ot2 
yield the means, the variances, and the covariance of the two random variables. 


Use this result to find the means, the variances, and the covariance of X and Y of 
Example 2.4.4. 


2.4.9. Let X and Y have the joint pmf p(x,y) = 4, (0,0), (1,0), (0, 1), (1, 1), (2,1), 
(1,2), (2,2), zero elsewhere. Find the correlation coefficient p. 


2.4.10. Let X, and X2 have the joint pmf described by the following table: 


(1,22) (0,0) (0,1) (0, 2) (1,1) (1, 2) (2, 2) 


ble 
bly 
ble 
ble 
Ble 
bl 


p(@1, £2) 


Find pi (2x1), p2(x2), f41, 2,07, 03, and p. 


2.4.11. Let of = 03 =o? be the common variance of X; and X2 and let p be the 
correlation coefficient of X; and X 2. Show for k > 0 that 


2(1+ p) 
k2 


P{|(X1 — pi) + (X2 — p2)| = ko] < 
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2.5 Independent Random Variables 


Let X; and X2 denote the random variables of the continuous type which have the 
joint pdf f(a1,x%2) and marginal probability density functions f1(x1) and f2(x2), 
respectively. In accordance with the definition of the conditional pdf f2\;(2|21), 
we may write the joint pdf f(a1, 72) as 


f (x1, 2) = fay (wala) fi (21). 


Suppose that we have an instance where f2);(a2|21) does not depend upon 2. Then 
the marginal pdf of X2 is, for random variables of the continuous type, 


fo(x2) 


a faj1(@2|@1) fi (71) dx 


fay (voles) f fi(wi) dri 


fai (#21). 


Accordingly, 


fo(v2) = fojr(wela1) and f(x1,%2) = fi(a1) fo(x2), 


when f2)1(2|%1) does not depend upon x;. That is, if the conditional distribution 
of X2, given Xj = 21, is independent of any assumption about 21, then f(21, 22) = 
fi (21) f2(x2). 

The same discussion applies to the discrete case too, which we summarize in 
parentheses in the following definition. 


Definition 2.5.1 (Independence). Let the random variables X1 and X2 have the 
joint pdf f(x1,x2) [joint pmf p(x1, £2)/ and the marginal pdfs [pmfs] fi(x1) [pi(%1)/ 
and f2(a2) [p2(x2)J, respectively. The random variables X; and X2 are said to be 
independent if, and only if, f(@1, v2) = fi(v1) fo(x2) [p(a1, 22) = pi(x1)pe(x2)/. 
Random variables that are not independent are said to be dependent. 


Remark 2.5.1. Two comments should be made about the preceding definition. 
First, the product of two positive functions fi (#1) fo(v2) means a function that is 
positive on the product space. That is, if fi(a1) and fo(x2) are positive on, and 
only on, the respective spaces S; and Sp, then the product of fi(a1) and fo(x2) 
is positive on, and only on, the product space S = {(a1,2%2) : a1 € Sy, re € Sy}. 
For instance, if S; = {a1 : 0 < a1 < 1} and Sy = {a2 : 0 < a < 3}, then 
S = {(%1,%2) : 0 < a, <1, 0 < a < 3}. The second remark pertains to the 
identity. The identity in Definition 2.5.1 should be interpreted as follows. There 
may be certain points (11,22) € S at which f(#1,2%2) A fi(x1)fo(v2). However, if A 
is the set of points (21,22) at which the equality does not hold, then P(A) = 0. In 
subsequent theorems and the subsequent generalizations, a product of nonnegative 
functions and an identity should be interpreted in an analogous manner. 
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Example 2.5.1. Let the joint pdf of X; and X2 be 


fl ie ater O<a <1, 0<am<l 
ae) me | elsewhere. 


We show that X, and X2 are dependent. Here the marginal probability density 
functions are 


fi(ai) = tinea f(@1, 22) dxg = Jo (a1 + x2) dxg = 2, + 4 0<a,<1 
() elsewhere, 


and 


fo(x2) = Jr, F@1, 22) der = fo (a +22)dtj=5+22 O0<a2<1 
elsewhere. 


Since f (a1, v2) F fi (x1) fo(x2), the random variables X; and X2 are dependent. m 


The following theorem makes it possible to assert that the random variables X, 
and X2 of Example 2.5.1 are dependent, without computing the marginal probabil- 
ity density functions. 


Theorem 2.5.1. Let the random variables X, and X2 have supports S, and So, 
respectively, and have the joint pdf f(a1,x2). Then X, and Xq are independent if 
and only if f(x1,x2) can be written as a product of a nonnegative function of x41 
and a nonnegative function of x2. That is, 


f (21,22) = g(x1)h(z2), 
where g(a1) > 0, #1 € Si, zero elsewhere, and h(a2) > 0, xg € So, zero elsewhere. 


Proof. If X, and Xq are independent, then f(21, 22) = fi(v1)fo(x2), where fi (21) 
and f2(x2) are the marginal probability density functions of X; and Xo, respectively. 
Thus the condition f(a1, 22) = g(a1)h(a2) is fulfilled. 

Conversely, if f(71,22) = g(#1)h(x2), then, for random variables of the contin- 
uous type, we have 


fier) = f “Ge =e) ‘i ” Hedaes= esi) 
and - 
fo(x2) = / g(a1)h(a2) day = nwa) [ g(a) dx1 = cgh(x9), 


where c; and cz are constants, not functions of 7, or 72. Moreover, cjc2 = 1 because 


i= [7 i g(«1)h(x2) drydaz = if. a(er) dr if hes) dra “Gaby, 


These results imply that 


f (v1, 22) = g(a1)h(z2) = c1g(x1)c2h(x2) = filvi) fa(z2). 
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Accordingly, X; and X»2 are independent. m 


This theorem is true for the discrete case also. Simply replace the joint pdf by 
the joint pmf. 
If we now refer to Example 2.5.1, we see that the joint pdf 


f(a ore %+2%2 O0<a, <1, 0<a2<1 
tae 7 VG elsewhere 


cannot be written as the product of a nonnegative function of 7; and a nonnegative 
function of x2. Accordingly, X; and X2 are dependent. 


Example 2.5.2. Let the pdf of the random variable X; and X2 be f(x1,22) = 
82122, 0 < 41 < x2 < 1, zero elsewhere. The formula 82,22 might suggest to some 
that X, and X2 are independent. However, if we consider the space S = {(#1, 22) : 
0 < a1 < x2 < 1}, we see that it is not a product space. This should make it clear 
that, in general, X, and X2 must be dependent if the space of positive probability 
density of X; and Xp» is bounded by a curve that is neither a horizontal nor a 
vertical line. m 


Instead of working with pdfs (or pmfs) we could have presented independence 
in terms of cumulative distribution functions. The following theorem shows the 
equivalence. 


Theorem 2.5.2. Let (X1, X2) have the joint cdf F(x1,x2) and let X1 and Xz have 
the marginal cdfs F\(x1) and F2(x2), respectively. Then X, and X2 are independent 
if and only if 


F (21,22) = Fi(#1)Fo(x2) for all (x1, 22) € R?. (2.5.1) 


Proof: We give the proof for the continuous case. Suppose expression (2.5.1) holds. 
Then the mixed second partial is 


Oo? 


jon x2) = fi(a1) fo(x2). 


Hence, X; and X2 are independent. Conversely, suppose X, and X2 are indepen- 
dent. Then by the definition of the joint cdf, 


F(a, £2) oo i. fi(wr) fo(we2) dwodw 


= filer) )dun- fo(we) dw = Fy (x1) F2(x2). 


Hence, condition (2.5.1) is true. 


We now give a theorem that frequently simplifies the calculations of probabilities 
of events which involve independent variables. 
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Theorem 2.5.3. The random variables X, and X2 are independent random vari- 
ables if and only if the following condition holds, 


Pla< Xi <b,c< Xo <d)=P(a< X1 < b)P(c < Xo < d) (2.5.2) 
for everya <b andc<d, where a,b,c, and d are constants. 


Proof: If X, and X»2 are independent, then an application of the last theorem and 
expression (2.1.2) shows that 


P(ia< X, <b,c< Xg<d) = F(b,d)— F(a,d) — F(b,c) + F(a,c) 
= F(b) F2(d) — Fy (a) F>(d) = F(b)F4(c) 
+F (a) F2(c) 


= [Fi(b) — Fi(@)|[Fo(d@) — Fa()], 


which is the right side of expression (2.5.2). Conversely, condition (2.5.2) implies 
that the joint cdf of (X1, X2) factors into a product of the marginal cdfs, which in 
turn by Theorem 2.5.2 implies that X; and X2 are independent. 


Example 2.5.3 (Example 2.5.1, Continued). Independence is necessary for condi- 
tion (2.5.2). For example, consider the dependent variables X; and X2 of Example 
2.5.1. For these random variables, we have 


P(0<X1<4,0<X2 <A) =f? f(a + a2) deiday = I, 
whereas - 
PO<X1<4)=f,"(e +4)dx =3 


and 
P(0< X2 <4) = fi? (44-21) dro = 


Hence, condition (2.5.2) does not hold. m 


Not merely are calculations of some probabilities usually simpler when we have 
independent random variables, but many expectations, including certain moment 
generating functions, have comparably simpler computations. The following result 
proves so useful that we state it in the form of a theorem. 


Theorem 2.5.4. Suppose X, and X_ are independent and that E(u(X1)) and 
E(v(X2)) exist. Then 


Elu(X1)o(X2)| = Elu(1)JElo(X2)}. 


Proof. We give the proof in the continuous case. The independence of X; and X2 
implies that the joint pdf of X; and X9 is fi (#1) f2(a2). Thus we have, by definition 
of expectation, 


Blu(X)o(X2)]_ = i. [« (2) fa (1) fo(re) der deg 


fo aie if v(x2) fo(x2) dre 
= Elu(X1)|E[v(X2)]. 


I 
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Hence, the result is true. m 


Upon taking the functions u(-) and u(-) to be the identity functions in Theorem 
2.5.4, we have that for independent random variables X; and Xo, 


EG Xo) = BC )EOG). (2.5.3) 


Example 2.5.4. Let X and Y be two independent random variables with means 
1 and pz and positive variances o7 and 03, respectively. We show that the inde- 
pendence of X and Y implies that the correlation coefficient of X and Y is zero. 
This is true because the covariance of X and Y is equal to 


E\(X — p)(V — p2)] = E(X — pn) E(Y — p2) = 0. © 


We next prove a very useful theorem about independent random variables. The 
proof of the theorem relies heavily upon our assertion that an mgf, when it exists, 
is unique and that it uniquely determines the distribution of probability. 


Theorem 2.5.5. Suppose the joint mgf, M(ti,t2), exists for the random variables 
X, and X2. Then X; and X2 are independent if and only if 


M(t, ta) = M(t, 0)M(0, ta); 
that is, the joint maf is identically equal to the product of the marginal mgfs. 
Proof. If X, and X2 are independent, then 


M (ti, te) => E(eh*1+t2X2) 
= E(e*1 ef2X2) 
= Be) ne?) 
= M(t1,0)M(0,t2). 
Thus the independence of X; and X2 implies that the mgf of the joint distribution 
factors into the product of the moment-generating functions of the two marginal 
distributions. 
Suppose next that the mgf of the joint distribution of X; and X2 is given by 
M (ti, t2) = M(ti,0)M(0, t2). Now X, has the unique mgf, which, in the continuous 
case, is given by 
M(t,0)= fe fi(n)dey. 


Similarly, the unique mgf of X2, in the continuous case, is given by 


M(0, ta) = / el22 fe (x2) dx. 


—oo 


[ 6 flay) de,| Lf e'2”2 fo (xo) dae 


/ i efttittee2 F (71) fo(x2) dada. 


Thus we have 


M (ty, 0)M(0, tz) 
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We are given that M(ti,t2) = M(t, 0)M(0,t2); so 


M (ti, te) = / / eft ttee2 £ (71) fo(x2) dai dra. 


But M(ti,t2) is the mgf of X; and Xj. Thus 


M (ty, te) = / / eftt1tt222 F(x), ro) daydr. 


The uniqueness of the mgf implies that the two distributions of probability that are 
described by fi (21) fo(a2) and f(x1, 22) are the same. Thus 


f (v1, 22) = filar) fo(z2). 


That is, if M(ti,t2) = M(t1,0)M(0,t2), then X, and X2 are independent. This 
completes the proof when the random variables are of the continuous type. With 
random variables of the discrete type, the proof is made by using summation instead 
of integration. ™ 


Example 2.5.5 (Example 2.1.7, Continued). Let (X,Y) be a pair of random vari- 
ables with the joint pdf 


_ e4’ O0<a< y< co 
fl@,y) = { 0 elsewhere. 


In Example 2.1.7, we showed that the mgf of (X,Y) is 
M(ti,t2) = : / exp(tix + toy — y) dydx 
0 x 
1 


(1 —t; —tg)(1 — te)’ 


provided that t; + t2 < 1 and tg < 1. Because M(ti,t2) 4 M(t1,0)M(ti,0), the 
random variables are dependent. m 


Example 2.5.6 (Exercise 2.1.14, Continued). For the random variable X; and X2 
defined in Exercise 2.1.14, we showed that the joint mef is 


exp{ti} \| exp{te} 


2 — exp{ti}} |2— exp{ta} 


We showed further that M(t), t2) = M(t1,0)M(0,t2). Hence, X; and Xq are inde- 
pendent random variables. m 


M (ty, te = 5 t; < log 2 ,i=1,2. 
8 
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EXERCISES 
2.5.1. Show that the random variables X; and X2 with joint pdf 


f( = 124122(1 — x2) O0<a,<1,0<a%<1 
lee) iG elsewhere 


are independent. 


2.5.2. If the random variables X; and X92 have the joint pdf f(x1, 72) = 2e7"!~ "2, O< 
t <2, 0 < x2 < &, zero elsewhere, show that X, and X2 are dependent. 


2.5.3. Let p(a1, 272) = a x, = 1,2,3,4, and rz = 1,2,3,4, zero elsewhere, be the 
joint pmf of X; and Xg. Show that X; and X2 are independent. 


2.5.4. Find P(0 < Xi < 4,0 < Xo < +) if the random variables X; and X»2 have 
the joint pdf f(a1, 22) = 4a1(1— 22), 0< a1 <1, 0 < 2 < 1, zero elsewhere. 


2.5.5. Find the probability of the union of the events a < X, <b, —co < Xo < mw, 
and —oo < X1 < ow, c< Xp < dif X; and X92 are two independent variables with 
Pla < X <b) = $ and P(c < X) < d) = 2. 


2.5.6. If f(ai,v2) = e772, 0 < a1 < cw, 0 < 2 < ow, zero elsewhere, is the 
joint pdf of the random variables X, and X2, show that X, and X2 are independent 
and that M(t1,t2) = (1—t1)71(1—te)71, te <1, ti < 1. Also show that 


E(e(*1+%2)) — (1 -#)-?, t<1. 
Accordingly, find the mean and the variance of Y = X; + Xo. 


2.5.7. Let the random variables X; and X2 have the joint pdf f(a1, 22) = 1/7, for 
(21 — 1)? + (xo + 2)? < 1, zero elsewhere. Find fi(x1) and fo(z2). Are X; and X»2 
independent? 


2.5.8. Let X and Y have the joint pdf f(a, y) = 32, 0< y <a <1, zero elsewhere. 
Are X and Y independent? If not, find E(X|y). 


2.5.9. Suppose that a man leaves for work between 8:00 a.m. and 8:30 a.m. and 
takes between 40 and 50 minutes to get to the office. Let X denote the time of 
departure and let Y denote the time of travel. If we assume that these random 
variables are independent and uniformly distributed, find the probability that he 
arrives at the office before 9:00 a.m. 


2.5.10. Let X and Y be random variables with the space consisting of the four 
points (0,0), (1,1), (1,0), (1,1). Assign positive probabilities to these four points 
so that the correlation coefficient is equal to zero. Are X and Y independent? 


2.5.11. Two line segments, each of length two units, are placed along the x-axis. 
The midpoint of the first is between « = 0 and x = 14 and that of the second is 
between « = 6 and x = 20. Assuming independence and uniform distributions for 
these midpoints, find the probability that the line segments overlap. 
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2.5.12. Cast a fair die and let X = 0 if 1,2, or 3 spots appear, let X = 1 if 4 or 5 
spots appear, and let X = 2 if 6 spots appear. Do this two independent times, 
obtaining X; and X2. Calculate P(|X1 — X2| = 1). 


2.5.13. For X, and X2 in Example 2.5.6, show that the mgf of Y = X, + X2 is 
et /(2 — e')?, t < log 2, and then compute the mean and variance of Y. 


2.6 Extension to Several Random Variables 


The notions about two random variables can be extended immediately to n random 
variables. We make the following definition of the space of n random variables. 


Definition 2.6.1. Consider a random experiment with the sample space C. Let 
the random variable X; assign to each element c € C one and only one real num- 
ber X;(c) = aj, 7 = 1,2,...,n. We say that (X1,...,Xn) ts an n-dimensional 
random vector. The space of this random vector is the set of ordered n-tuples 
D = {(@1,%2,..-,@n) 2 v1 = Xi(c),..., an = Xn(c),c € C}. Furthermore, let A be 
a subset of the space D. Then P[(Xq,...,Xn) € A] = P(C), where C = {c: ce 
C and (X,(c), X2(c),...,Xn(c)) € A}. 


In this section, we often use vector notation. We denote (X1,...,Xn)/ by the 
n-dimensional column vector X and the observed values (a1,...,2n)' of the random 
variables by x. The joint cdf is defined to be 


Fx(x) = P[X, <a1,...,Xn < an]. (2.6.1) 


We say that the n random variables X), X2,...,X, are of the discrete type or 
of the continuous type and have a distribution of that type according to whether 
the joint cdf can be expressed as 


is ¥) 


W1 S21, 


or as 


FE ca = f(x), (2.6.2) 
except possibly on points that have probability zero. 

In accordance with the convention of extending the definition of a joint pdf, 
it is seen that a continuous function f essentially satisfies the conditions of being 
a pdf if (a) f is defined and is nonnegative for all real values of its argument(s) 
and (b) its integral over all real values of its argument(s) is 1. Likewise, a point 
function p essentially satisfies the conditions of being a joint pmf if (a) p is defined 
and is nonnegative for all real values of its argument(s) and (b) its sum over all real 
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values of its argument(s) is 1. As in previous sections, it is sometimes convenient 
to speak of the support set of a random vector. For the discrete case, this would be 
all points in D which have positive mass, while for the continuous case these would 
be all points in D which can be embedded in an open set of positive probability. 
We use S to denote support sets. 


Example 2.6.1. Let 


—(t+y+z) 9 
_fe <2,Y,z2<00 
f(2.y,2) = { 0 elsewhere 


be the pdf of the random variables X, Y, and Z. Then the distribution function of 
X,Y, and Z is given by 


F(x,y,2) = P(X <2,¥ <y,Z<2) 


as Ue dududw 


= (l-e *)\1-e ")(l-e’), 0<a2,y,z2<«~, 


l| 


and is equal to zero elsewhere. The relationship (2.6.2) can easily be verified. m 


Let (X1, X9,...,Xn) be a random vector and let Y = u(X1, X2,...,Xn) for 
some function u. As in the bivariate case, the expected value of the random variable 
exists if the n-fold integral 


13 fe u(@1,@2,..-,2n)|f (a1, ©2,.-.,@n) dx daxg +++ day, 
exists when the random variables are of the continuous type, or if the n-fold sum 


x . Se \u(a1,%2,...,%n)|p(t1, T2,..., Ln) 
ay 


In 


exists when the random variables are of the discrete type. If the expected value of 
Y exists, then its expectation is given by 


a ie fw U(@1,@2,..-,0n)f (1, %2,...,%n) dxidrg---dx, (2.6.3) 
for the continuous case, and by 


= by - So ula, x2, core fn) p(t1, £2, o Zn) (2.6.4) 
In L1 


for the discrete case. The properties of expectation discussed in Section 2.1 hold 
for the n-dimensional case also. In particular, E is a linear operator. That is, if 
Yj; = uj(X1,...,Xn) for 7 = 1,...,m and each E(Y;) exists, then 


YoY; | =o EY, (2.6.5) 
j=l j=l 
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where k,,..., km, are constants. 

We next discuss the notions of marginal and conditional probability density 
functions from the point of view of n random variables. All of the preceding defini- 
tions can be directly generalized to the case of n variables in the following manner. 
Let the random variables X,, X2,...,X, be of the continuous type with the joint 
pdf f(x1,22,...,%,). By an argument similar to the two-variable case, we have for 
every b, 


b 
Fx, (b) = P(X <b) = / falar) der, 


where f;(21) is defined by the (n — 1)-fold integral 


fila) = f of f(@1,@2,.--,@n) dr2q+++ day. 


Therefore, f1(a1) is the pdf of the random variable X; and f1(x1) is called the 
marginal pdf of X,. The marginal probability density functions fo(22),..., fn(@n) 
of Xo,...,Xn, respectively, are similar (n — 1)-fold integrals. 

Up to this point, each marginal pdf has been a pdf of one random variable. 
It is convenient to extend this terminology to joint probability density functions, 
which we do now. Let f(a1,22,...,%n) be the joint pdf of the n random variables 
X 1, X2,...,Xn, just as before. Now, however, let us take any group of k < n of 
these random variables and let us find the joint pdf of them. This joint pdf is 
called the marginal pdf of this particular group of k variables. To fix the ideas, take 
n = 6, k = 3, and let us select the group X2,X4,X5. Then the marginal pdf of 
X2,X4,Xz5 is the joint pdf of this particular group of three variables, namely, 


CoO CoO CoO 
i / / f (£1, £2, %3, £4, 25,26) dx dr3zdxq, 
—oo J—00 J —00 


if the random variables are of the continuous type. 
Next we extend the definition of a conditional pdf. Suppose fi(a1) > 0. Then 


we define the symbol fo... nj1(2,---,2n|v1) by the relation 
f (21, HQ,-+. Zn) 
nl1 (£2, +++, 2Ln|21) = ——— 
fa ny i1( 2 | 1) f(z) 


and fo, nji(%2,---,@n|#1) is called the joint conditional pdf of X2,...,Xn, 
given X; = x,. The joint conditional pdf of any n — 1 random variables, say 
Xy,...,Xi-1, Xi4i,---, Xn, given X; = x;, is defined as the joint pdf of X1,..., Xn 
divided by the marginal pdf f;(a;), provided that f;(x;) > 0. More generally, the 
joint conditional pdf of n — k of the random variables, for given values of the re- 
maining & variables, is defined as the joint pdf of the n variables divided by the 
marginal pdf of the particular group of & variables, provided that the latter pdf 
is positive. We remark that there are many other conditional probability density 
functions; for instance, see Exercise 2.3.12. 

Because a conditional pdf is a pdf of a certain number of random variables, 
the expectation of a function of these random variables has been defined. To em- 
phasize the fact that a conditional pdf is under consideration, such expectations 
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are called conditional expectations. For instance, the conditional expectation of 
u(Xo,...,Xn), given X1; = 21, is, for random variables of the continuous type, 
given by 


Elu(Xo,...,Xn)|21] = af UG, 2.55, Ca) fo...nji(Ga,-<.5%q |e) dag + dae, 


provided fi(z1) > 0 and the integral converges (absolutely). A useful random 
variable is given by h(X1) = E[u(X2,...,Xn)|X1)]- 

The above discussion of marginal and conditional distributions generalizes to 
random variables of the discrete type by using pmfs and summations instead of 
integrals. 

Let the random variables X1, X2,..., Xp have the joint pdf f(x1,x2,...,@n,) and 
the marginal probability density functions f;(a1), fo(v2),..-, fn(@n), respectively. 
The definition of the independence of X; and X2 is generalized to the mutual 
independence of X,, X2,...,X, as follows: The random variables X1, X2,...,Xn 
are said to be mutually independent if and only if 


f (v1, 22,..-,@n) = filer) fo(t2) +++ fren), 
for the continuous case. In the discrete case, X1, X2,..., Xn are said to be mutu- 
ally independent if and only if 
p(@1,@2,---,2n) = pi(@1)p2(#2) +++ Pr(Ln). 
Suppose X1, X2,...,X, are mutually independent. Then 


P(a, < Xy < bi, ag < Xo < bo,..., dn < Xn < bn) 
= Play < X1 < b1)P(ag < X2 < bg)-++ Plan < Xn < bn) 


= [Pt ae, Ca a bi), 


i=1 
where the symbol [J;_, y(i) is defined to be 


nm 


The theorem that 
Elu(X1)v(X2)] = Blu(X4)|Elv(X2)] 


for independent random variables X; and X2 becomes, for mutually independent 
random variables X1, X2,...,Xn, 


or 
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The moment-generating function (mgf) of the joint distribution of n random 
variables X1, X2,..., Xn is defined as follows. Let 


Elexp(ti.X1 + toX9 fteeet tnXn)| 


exists for —h; < t; < hj, 7=1,2,...,n, where each h, is positive. This expectation 
is denoted by M(ti,t2,...,tn) and it is called the megf of the joint distribution of 
X1,...,Xn (or simply the mgf of X1,...,X,). As in the cases of one and two 
variables, this mgf is unique and uniquely determines the joint distribution of the 
n variables (and hence all marginal distributions). For example, the mgf of the 
marginal distributions of X; is M(0,...,0,¢;,0,...,0), 7 = 1,2,...,n; that of the 
marginal distribution of X; and X; is M(0,...,0,t:,0,...,0,t;,0,...,0); and so on. 
Theorem 2.5.5 of this chapter can be generalized, and the factorization 


MGiytiycang ty) = [| B00) 42.50, F0 2250) (2.6.6) 
i=1 
is anecessary and sufficient condition for the mutual independence of X1, X2,...,Xn. 


Note that we can write the joint mgf in vector notation as 
M(t) = Efexp(t’X)], fort ¢ BC R®, 


where B = {t: —h; <t; < hi,i=1,...,n}. 
The following is a theorem that proves useful in the sequel. It gives the mgf of 
a linear combination of independent random variables. 


Theorem 2.6.1. Suppose X,, X2,...,Xn aren mutually independent random vari- 
ables. Suppose, for alli = 1,2,...,n, X; has mgf M;(t), for —hi < t < h;, where 
hi > 0. Let T = an k;X;, where ky, ko,...,kn are constants. Then T has the 
mogf given by 


Mr(t) =| [Mi(kit), — min{hi} <t < min{hy}. (2.6.7) 
i=l 


Proof. Assume t is in the interval (— min; {h;},min;{h;}). Then, by independence, 


Mr(t) _ Ble fan thee) =f ie 
i=1 
= [4 [er] = [[4iteit), 
i=1 i=1 


which completes the proof. m 


Example 2.6.2. Let X,, X2, and X3 be three mutually independent random vari- 
ables and let each have the pdf 


2x O<a<l 
F(z) 4 0 elsewhere. (2.6.8) 
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The joint pdf of X1, X2, X3 is f(a1) f (x2) f (a3) = 8aixer3, O< aj <1, 7 =1,2,3, 
zero elsewhere. Then, for illustration, the expected value of 5X1X$ + 3X2X$ is 


lL pl pl 
| : | (5a,23 + 3x223)8x12223 dx dxodx3 = 2. 
o Jo Jo 


Let Y be the maximum of X1, X2, and X3. Then, for instance, we have 


PY <4) = P(X, <4,X2 <4$,X3 < $) 


1/2 1/2 1/2 
/ 1 | 821 22X3 dx, dx2dx3 
0 0 0) 


— 1)6 i 
=a): = ga? 


In a similar manner, we find that the cdf of Y is 


0 y<O 
Gy) =P <y)= 4 y° O<y<1 
1 l<y. 


Accordingly, the pdf of Y is 


6y> O<y<l 
atv) ={ q 2 


0) elsewhere. 


Remark 2.6.1. If X 1, X2, and X3 are mutually independent, they are pairwise 
independent (that is, X; and X,;, i # j, where 1,7 = 1,2,3, are independent). 
However, the following example, attributed to S. Bernstein, shows that pairwise 
independence does not necessarily imply mutual independence. Let X1, X2, and X3 
have the joint pmf 


1 
Jog (rig teyes) S100, 0), (0,1, 0), 0,0) 1,0, 1,1) } 
p(t1, 22,03) = { 0 elsewhere. 


The joint pmf of X; and X;, iF j, is 


_ i (xi, j) € {(0,0), (1,0), (0,1), 1, 1)} 
Pig (@in B5) = { 0 elsewhere, 


whereas the marginal pmf of X; is 


ri 0, 1 
elsewhere. 


i 
pila) = { 6 

Obviously, if i 4 7, we have 
Dig (Zi, £3) = pil xi); (25), 


and thus X; and X; are independent. However, 


p(r1, L2, £3) F p1(x1)p2(x2)p3(x3). 
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Thus X,, Xo, and X3 are not mutually independent. 

Unless there is a possible misunderstanding between mutual and pairwise inde- 
pendence, we usually drop the modifier mutual. Accordingly, using this practice in 
Example 2.6.2, we say that X,, X2, X3 are independent random variables, meaning 
that they are mutually independent. Occasionally, for emphasis, we use mutually 
independent so that the reader is reminded that this is different from pairwise in- 
dependence. 

In addition, if several random variables are mutually independent and have 
the same distribution, we say that they are independent and identically dis- 
tributed, which we abbreviate as iid. So the random variables in Example 2.6.2 
are iid with the common pdf given in expression (2.6.8). ™ 


The following is a useful corollary to Theorem 2.6.1 for iid random variables. 
Its proof is asked for in Exercise 2.6.7. 


Corollary 2.6.1. Suppose X1,X2,...,Xn are vid random variables with the com- 
mon mof M(t), for —h<t<h, whereh>0. Let T = >;., X;. Then T has the 
mogf given by 

Mr(t) =[M(t)]", —h<t<h. (2.6.9) 


2.6.1 *Multivariate Variance-Covariance Matrix 


In Section 2.4 we discussed the covariance between two random variables. In 
this section we want to extend this discussion to the n-variate case. Let X = 
(X1,...,Xp)/ be an n-dimensional random vector. Recall that we defined F(X) = 
(E(X1),...,E(Xn))’, that is, the expectation of a random vector is just the vector 
of the expectations of its components. Now suppose W is an m x n matrix of 
random variables, say, W = [W;,;| for the random variables W;;, 1 < i < m and 
1<j <n. Note that we can always string out the matrix into an mn x 1 random 
vector. Hence, we define the expectation of a random matrix 


E[W] = [E(W;,)]- (2.6.10) 


As the following theorem shows, the linearity of the expectation operator easily 
follows from this definition: 


Theorem 2.6.2. Let W, and W2 be m x n matrices of random variables, let Ay 
and Ag be k x m matrices of constants, and let B be an n x | matrix of constants. 
Then 


E[A,W,+A2W2] = A, E[W,]+ AcE[W)] (2.6.11) 

E[A,W,B] = A,E[W,|B. (2.6.12) 

Proof: Because of the linearity of the operator E on random variables, we have for 
the (i, 7)th components of expression (2.6.11) that 


m m 


E ow arisWi sj + :S azisWos; | = oo arisE|Wis;| + x a2isE[W.5]. 
s=1 s=1 s=1 s=1 
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Hence by (2.6.10), expression (2.6.11) is true. The derivation of expression (2.6.12) 
follows in the same manner. @ 


Let X = (X1,...,Xn)/ be an n-dimensional random vector, such that 0? = 
Var(X;) < oo. The mean of X is uw = E[X] and we define its variance-covariance 
matrix to be, 

Cov(X) = El(X — 2)(X = )'] = [ois], (2.6.13) 
where o;; denotes 07. As Exercise 2.6.8 shows, the ith diagonal entry of Cov(X) 
is 0? = Var(X;) and the (i, j)th off diagonal entry is Cov(X;,X,;). So the name, 
variance-covariance matrix is appropriate. 

Example 2.6.3 (Example 2.4.4, Continued). In Example 2.4.4, we considered 
the joint pdf 
eY 0<4%<y<o 
Fa,y) = { 0 elsewhere, 


and showed that the first two moments are 
fr =1, po=2 
a=1, o=3 (2.6.14) 
El(X — pa)(Y — p2)) = 1. 
Let Z = (X,Y)’. Then using the present notation, we have 


1 


2 


| a Cov(Z) = | | al . 


Two properties of Cov(X;,X,;) which we need later are summarized in the fol- 
lowing theorem, 


Theorem 2.6.3. Let X = (X1,...,Xn)/ be an n-dimensional random vector, such 
that 0? = 04; = Var(X;) < co. Let A be anm x n matrix of constants. Then 
Col(X) = E[XX'] - py’ (2.6.15) 
Co(AX) = ACovr(X)A’. (2.6.16) 
Proof: Use Theorem 2.6.2 to derive (2.6.15); i-e., 
Cov(X) = B[(K-y)(X - n)' 


= E[XX'— pX'— Xp’ pp] 
B[XX"| — wE[X"] — EX! + we, 
which is the desired result. The proof of (2.6.16) is left as an exercise. m 
All variance-covariance matrices are positive semi-definite matrices; that is, 
a'Cov(X)a > 0, for all vectors a € R”. To see this let X be a random vector and 


let a be any n x 1 vector of constants. Then Y = a’X is a random variable and, 
hence, has nonnegative variance; i.e., 


0 < Var(Y) = Var(a’X) = a’Cov(X)a; (2.6.17) 


hence, Cov(X) is positive semi-definite. 
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EXERCISES 


2.6.1. Let X,Y,Z have joint pdf f(a,y,z) = 2(c+y+2)/3,0<a<10<y< 
1, 0< z< 1, zero elsewhere. 


(a) Find the marginal probability density functions of X,Y, and Z. 


(b) Compute P(O< X <3,0<Y <3,0<Z<>3) and P(0< X <4)=P(0< 
Y <$)=P(0<Z< 3). 
(c) Are X,Y, and Z independent? 


(d) Calculate E(X?YZ+3XY4Z?). 


Sa) 


(e) Determine the cdf of X,Y, and Z. 


(f) Find the conditional distribution of X and Y, given Z = z, and evaluate 
E(X +Y|z). 


(g) Determine the conditional distribution of X, given Y = y and Z = z, and 
compute E(X|y, z). 


2.6.2. Let f(r1, 22,23) = exp[—(a1 + t2 +: 23)], O< a1 < WO, 0O< a2 < ww, 0< 
x3 < oo, zero elsewhere, be the joint pdf of X,, Xo, X3. 


(a) Compute P(X, < X2 < X3) and P(X, = X2 < X3). 


(b) Determine the joint mgf of X1,X2, and X3. Are these random variables 
independent? 


2.6.3. Let X1, X2,X3, and X4 be four independent random variables, each with 
pdf f(x) = 3(1—)?, 0 < x <1, zero elsewhere. If Y is the minimum of these four 
variables, find the cdf and the pdf of Y. 

Hint: P(Y > y) = P(X >y,i=1,...,4). 


2.6.4. A fair die is cast at random three independent times. Let the random variable 
X;, be equal to the number of spots that appear on the ith trial, 7 = 1,2,3. Let the 
random variable Y be equal to max(X;). Find the cdf and the pmf of Y. 

Hint: P(Y < y) = P(X; < y, i= 1,2,3). 


2.6.5. Let M(t1,t2,t3) be the mgf of the random variables X,,X2, and X3 of 
Bernstein’s example, described in the remark following Example 2.6.2. Show that 


M (ty, te,0) = M(t1,0,0)M(0,t2,0), M(t1,0,t3) = M(t1,0,0)M (0,0, ts), 


and 
M(0, to, ts) = M(0, to, 0)M(0, 0, ts) 


are true, but that 
M (ti, te, t3) 4 M(t1,0,0)M (0, te, 0)A4(0, 0, ts). 


Thus X,, Xo, X3 are pairwise independent but not mutually independent. 
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2.6.6. Let X1, X2, and X3 be three random variables with means, variances, and 


correlation coefficients, denoted by ju1, 2, H3;07,03,03; and p12, P13, P23, Tespec- 


tively. For constants by and b3, suppose E(X1—41|2%2, 23) = b2(a@2—pM2)+b3(x3—p3). 
Determine by and bg in terms of the variances and the correlation coefficients. 


2.6.7. Prove Corollary 2.6.1. 


2.6.8. Let X = (Xj,...,X»)/ be an n-dimensional random vector, with the variance- 
covariance matrix given in display (2.6.13). Show that the ith diagonal entry of 
Cov(X) is 0? = Var(X;) and that the (i, j)th off diagonal entry is Cov(X;, X;). 


2.6.9. Let X1,X2, X3 be iid with common pdf f(a) = exp(—2), 0 < x < ow, zero 
elsewhere. Evaluate: 


(a) P(X, < Xo|X1 < 2X2). 


(b) P(X, < Xo < X3|X3 < 1). 


2.7 ‘Transformations for Several Random Variables 
In Section 2.2 it was seen that the determination of the joint pdf of two functions of 
two random variables of the continuous type was essentially a corollary to a theorem 
in analysis having to do with the change of variables in a twofold integral. This 


theorem has a natural extension to n-fold integrals. This extension is as follows. 
Consider an integral of the form 


feof f (a1, €2,...,%n) dx, dxg-+- dan, 
A 


taken over a subset A of an n-dimensional space S. Let 

Yi = U1(%1,%2,---,%n), Yo = U2(1,22,---,2n),---5 Yn = Un(L1,£2,-.-,2n); 
together with the inverse functions 

Ly = W1(Y1, Y2,---5 Yn), V2 = Wo(Y1, Y2;-- +5 Yn)y oe Un = Wn (Yi, Y2,-+-;Yn) 


define a one-to-one transformation that maps S onto T in the y1, y2,.-.-,Yn Space 
and, hence, maps the subset A of S onto a subset B of TJ. Let the first partial 


derivatives of the inverse functions be continuous and let the n by n determinant 
(called the Jacobian) 

Oty = Oxy Orr 

Oy. = Oye OYn 

Ox2 Dua x2 

te) o Oyn 

eal |e : 
Ox OL», Oey 
Oy. Oye Oyn 
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not be identically zero in T. Then 


fof tertn. an) derden day 
A 
= foe fl Flor ans. stds ta ties esteee salts es tad]/TL dyad 


Whenever the conditions of this theorem are satisfied, we can determine the joint pdf 
of n functions of n random variables. Appropriate changes of notation in Section 
2.2 (to indicate n-space as opposed to 2-space) are all that are needed to show 
that the joint pdf of the random variables Yi = ui(X1, X2,...,Xn), ---; Yn = 
Un(X1, X2,...,Xn), where the joint pdf of X1,...,Xn is f(@1,...,@n), is given by 


G(Yr, Yas +++ Yn) = flwiY1s +++, Yn)e+- Wn Y1s---) Yn], 
where (41, Y2,;---;Yn) € TJ, and is zero elsewhere. 
Example 2.7.1. Let X,, X2, X3 have the joint pdf 


f (a1, %2,3) = 48212273 O< 21 < 22 < 243 <1 
1,472,073) =) g elsewhere. 


If Y, = X1/Xe2, Yo = X2o/X3, and Y3 = X3, then the inverse transformation is given 
by 


(2.7.1) 


ry = yiy2y3, T2 = yay3, and 23 = ys. 


The Jacobian is given by 


Y2Y3 Y1y3 Yiy2 
J= 0 Y3 y2 |= yoy3- 
0 0 1 


Moreover, inequalities defining the support are equivalent to 
O<yiyoys, yiy2y3 < y2y3, yoys <y3, and y3 <1, 
which reduces to the support T of Y1, Y2, Y3 of 
T = {(y1, 92,93): O< ys < 1,4=1,2,3}. 
Hence the joint pdf of Yi, Y2, Y3 is 


(41.92.93) = 48(yryeys)(yoys)yslyoys| 
3,5 _ 
_ 48y1y5y3 O<y <1,1=1,2,3 (2.7.2) 
0 elsewhere. 
The marginal pdfs are 
g(yi) = 2y1,0< y1 < 1,zero elsewhere 
go(y2) = 4y3,0 < ye < 1,zero elsewhere 
g3(y3) = 6y3,0 < y3 < 1,zero elsewhere. 


Because g(y1, y2, 93) = g1(y1)92(y2)93(y3), the random variables Y,, Y2, Y3 are mu- 
tually independent. @ 


128 Multivariate Distributions 


Example 2.7.2. Let X1, X2, X3 be iid with common pdf 


f(x) = 


e” 0Q<2< co 
0 elsewhere. 


Consequently, the joint pdf of X,, X2, X3 is 


e Lint 0 <a; <0,i=1,2,3 


otha (irae) bo ed = 
Fx X2,X5 (1,2, %3) { 0 elsewhere. 


Consider the random variables Y,, Y2, Y3 defined by 


Y, Y5 and Y3 = X,+ X29+ X3. 


= XY = XQ 
~ X1+X2+X3? ~ X1+Xo+X3’ 


Hence, the inverse transformation is given by 
1 =Yiys, C2 = yoy3, and x3 = y3 — yiy3 — Y2Ys; 
with the Jacobian 


J=| 0 ys yo =a. 
ys —y3 1-y- ye 


The support of X,, X2,X3 maps onto 
0 < y1y3 < 00, 0 < yay3 < co, and 0 < y3(1 — yi — y2) < ~, 
which is equivalent to the support JT given by 
T = {(y1, y2, 93): O< y1,0 < y2,0< 1—y1 — y2,0 < y3 < oof. 
Hence the joint pdf of Y1, Y2, Y3 is 
9(y1, 42,93) =¥3e, (y1,¥2,y3) € T- 


The marginal pdf of Yj is 
l-yi fore) 
gi(y1) =} | yze % dys dy2 =2(1—y1), 0<m <1, 
0 0 


zero elsewhere. Likewise the marginal pdf of Yo is 
g2(y2) = 2(1—y2), O<m <1, 
zero elsewhere, while the pdf of Y3 is 


1 pl=yi 1 
g3(y3) =|} | yze % dyo dy, = zuse 0< y3 <0, 
0 0 


zero elsewhere. Because g(y1, y2, ¥3) # 91(y1)92(y2)93(y3), Y1, Y2, ¥Y3 are dependent 
random variables. 
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Note, however, that the joint pdf of Y; and Y3 is 


Loy 
g3(Y1, 93) = | yze 8 dyz =(1—y)yge, O<y1 <1,0<y3 <a, 
0 


zero elsewhere. Hence Y; and Y3 are independent. In a similar manner, Y2 and Y3 
are also independent. Because the joint pdf of Y; and Y2 is 


Co 
gi2(y1,Y2) = | yze % dy3 =2, 0<y1,0< yy +y2 <1, 
0 


zero elsewhere, Y; and Y2 are seen to be dependent. m 


We now consider some other problems that are encountered when transforming 
variables. Let X have the Cauchy pdf 


1 


Me) = Tae 


—00 < 2% <0, 


and let Y = X?. We seek the pdf g(y) of Y. Consider the transformation y = 2?. 
This transformation maps the space of X, namely S = {x : —oo < x < oo}, onto 
T ={y:0<y < co}. However, the transformation is not one-to-one. To each 
y € T, with the exception of y = 0, there correspond two points « € S. For 
example, if y = 4, we may have either x = 2 or « = —2. In such an instance, we 
represent S as the union of two disjoint sets A; and A» such that y = x? defines 
a one-to-one transformation that maps each of A; and Az onto T. If we take A; 
to be {% : —co < a < O} and Ag to be {4 : 0 < & < ov}, we see that Aj is 
mapped onto {y : 0 < y < co}, whereas Ag is mapped onto {y : 0 < y < o}, 
and these sets are not the same. Our difficulty is caused by the fact that « = 0 
is an element of S. Why, then, do we not return to the Cauchy pdf and take 
f(0) = 0? Then our new S is S = {—co < & < w but x ¥ O}. We then take 
A, = {x : -00 < x < O} and Ag = {2 : 0 < x < oo}. Thus y = 2’, with the 
inverse « = —,/y, maps A; onto T = {y: 0 < y < oo} and the transformation is 
one-to-one. Moreover, the transformation y = x7, with inverse + = Jy, maps A» 
onto T = {y: 0 < y < ow} and the transformation is one-to-one. Consider the 
probability P(Y € B), where B CT. Let A3 = {@: 4 = —\/y, y € B} C A; and 
let Ay = {a@: 2 = \/¥, y € B} C Ag. Then Y € B when and only when X € A3 or 
X € Ay. Thus we have 


P(Y€B) = P(X € A3s)+ P(X € Ag) 


f(a) da + f(a) da. 
As Aa 


In the first of these integrals, let 2 = —,\/y. Thus the Jacobian, say J,, is —1/2,/y; 
furthermore, the set A3 is mapped onto B. In the second integral let x = \/y. Thus 
the Jacobian, say J2, is 1/2,/y; furthermore, the set A, is also mapped onto B. 
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Finally, 


P(Y € B) 


[fcva D|\-a a+ | Wasa 
[ucva+ sal 


II 
aft 
SS 


Hence the pdf of Y is given by 


With f(a) the Cauchy pdf we have 


atv) ={ my 0<¥ <0 
0 elsewhere. 

In the preceding discussion of a random variable of the continuous type, we had 
two inverse functions, x = —,/y and x = ,/y. That is why we sought to partition 
S (or a modification of S) into two disjoint subsets such that the transformation 
y = x? maps each onto the same T. Had there been three inverse functions, we 
would have sought to partition S (or a modified form of S) into three disjoint 
subsets, and so on. It is hoped that this detailed discussion makes the following 
paragraph easier to read. 

Let f(a1,22,...,2n) be the joint pdf of X1, X2,...,Xn, which are random vari- 
ables of the continuous type. Let S denote the n-dimensional space where this joint 
pdf f(a1,72,...,%n) > 0, and consider the transformation y, = u1(a@1,22,.--,2n), 

665 Un = Un(1,02,-..,2n), which maps S onto T in the y1, y2,..-,Yn space. To 
each point of S there corresponds, of course, only one point in TJ; but to a point 
in J there may correspond more than one point in S. That is, the transformation 
may not be one-to-one. Suppose, however, that we can represent S as the union of 
a finite number, say k, of mutually disjoint sets A1, A2,..., Ax so that 


Yi = U1(1, £2,-.-,;En),---) Yn = Un(£1, Le,---,; Ln) 


define a one-to-one transformation of each A; onto J. Thus to each point in T 
there corresponds exactly one point in each of Ay, Ag,..., Az. For i =1,...,k, let 


Ly = Wri (Yr, Yay +5 Yn)s 2 = Wi (Y15 Ys - +s Yndye +5 Fn = WnilY1, Y2;--+5Yn)s 


denote the k groups of n inverse functions, one group for each of these k transfor- 
mations. Let the first partial derivatives be continuous and let each 


Ow Ow, |, Ow 
a) Oy2 OYn 
cee Sioa: wee Bares 
Oy Oy2 Oyn 
Ji = . a « ’ ‘> 1, 2, Jk, 
Owni OWni »,, DWni 


Oy Oy2 Oyn 
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be not identically equal to zero in J. Considering the probability of the union 
of k mutually exclusive events and by applying the change-of-variable technique 
to the probability of each of these events, it can be seen that the joint pdf of 
Y, — uy(X1, Xe,...,Xn \ Y= = eee a My re = Un(X1, X2,...,Xn), 
is given by 


k 
G(Y1, Y25 - gin) = So flwu(ys. ae . sWnilY1,-- -UndIlFil, 
alk 


provided that (yi, y2,---;Yn) € TJ, and equals zero elsewhere. The pdf of any Yj, 


say Yj, is then 
in) = f | G(Y1, Y2,--+5 Yn) dy2--- dy 


Example 2.7.3. Let X; and X2 have the joint pdf defined over the unit circle 
given by 

O<ei +25 <1 

elsewhere. 


mtg 
flew 2s) = { 6 


Let Y; = X7 + X? and Yo = X?/(X7 + X32). Thus yy = x? and 23 = yi (1 — ya). 
The support S maps onto T = {(y1,y2): 0< ys <1, = 1,2}. For each ordered 
pair (yi, y2) € T, there are four points in S, given by 


(a1,%2) such that a, = ,/yrys and x2 = V/yi(1 — y2) 

(a1,%2) such that a, = ,/yrys and x2 = —\/yi(1 — y2) 

(a1,%2) such that a, = —,/yry2 and x2 = \/yi(1 — y2) 
and (a1,22) such that a, = —,/yry2 and x2 = —\/yi(1 — yp). 


The value of the first Jacobian is 


5/42/91 $/y1/y2 
“a (1 — y2)/y1 a aac 


/Y a s/ya(l — yo) 


It is easy to see that the absolute value of each of the four Jacobians equals 
1/4,/y2(1 — y2). Hence, the joint pdf of Y; and Y2 is the sum of four terms and can 
be written as 


I = 


1 


1 
g(y1, y2) = 4—— = ——— _ = (y1, y2) 
T 4y/yo(1 — ye) Em 


Thus Y; and Y2 are independent random variables by Theorem 2.5.1. m 


eT. 
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Of course, as in the bivariate case, we can use the mgf technique by noting that 
if Y = g(X1, Xo,..., Xn) is a function of the random variables, then the mgf of Y 
is given by 


in the continuous case, where f(x1,22,...,2n) is the joint pdf. In the discrete case, 
summations replace the integrals. This procedure is particularly useful in cases in 
which we are dealing with linear functions of independent random variables. 


Example 2.7.4 (Extension of Example 2.2.6). Let X1, X2, X3 be independent ran- 
dom variables with joint pmf 


P1 22 73 p—H1—H2—H3 


By 2" sg a —_ 
p(e1, 22,23) = aie 030, 1y 2550S 2,3 
0 elsewhere. 


If Y =X, + X2+ Xz, the megf of Y is 
E(e¥) = EB cee) 
E je el 2 a) 


E (e*") E (e**) E (e**s) : 


l| 


because of the independence of X,, X2,X3. In Example 2.2.6, we found that 
E (e'*+) = exp{yi(e’—-1)}, 1 =1,2,3. 


Hence, 
E (e™) = exp{ (m1 + 2 + p3)(e* — 1}. 
This, however, is the mgf of the pmf 


(pi +po+tps)YeW Mi tHatHs) = 
i a =O NOs 
0 elsewhere, 
so Y = X, + Xo + X3 has this distribution. m 


Example 2.7.5. Let X,,X2,X3,X4 be independent random variables with com- 


mon pdf 
e” a«>0 
f(z) = { 0 elsewhere. 


If Y =X, + X2+ X3 4+ X4, then similar to the argument in the last example, the 
independence of X,, X2, X3, X4 implies that 


EB (fe) =f (e**1) E fe") EB (eo) E (er) : 
In Section 1.9, we saw that 


E(e)=(1-#)1, t<1,7=1,2,3,4. 
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Hence, 
B(e¥) =(1-8)-*. 


In Section 3.3, we find that this is the mgf of a distribution with pdf 


aye-¥ 0 
_ aye <y< oo 
frly)= { 0 elsewhere. 


Accordingly, Y has this distribution. m 
EXERCISES 


2.7.1. Let X1, X2, X3 be iid, each with the distribution having pdf f(a”) = e~*, 0< 
x < oo, zero elsewhere. Show that 


Xy X1 + Xo 


Yy, = =—— = row 
a Se i, cen oe ae o 


¥3 = X,+ Xo + X3 


are mutually independent. 


2.7.2. If f(x) = 3, —1 <a <1, zero elsewhere, is the pdf of the random variable 
X, find the pdf of Y = X?. 


2.7.3. If X has the pdf of f(x) = +, —1 <a <3, zero elsewhere, find the pdf of 
¥=X?, 

Hint: Here T = {y:0<y <9} and the event Y € B is the union of two mutually 
exclusive events if B= {y:0<y< ]}. 


2.7.4. Let X1, X2,X3 be iid with common pdf f(x) = e~*, « > 0, 0 elsewhere. 
Find the joint pdf of Y, = Xi, Y3 = X\ + Xo, and Y3 = X\ + Xo + X3. 


2.7.5. Let X1, X2, X3 be iid with common pdf f(x) = e~*, a > 0, 0 elsewhere. 
Find the joint pdf of Y, = X1/Xo, Y = X3/(X1 + Xo), and Y3 = X\ + X92. Are 
Y1, Yo, Y3 mutually independent? 


2.7.6. Let X1,X2 have the joint pdf f(z1,22) = 1/7, 0 < a? +23 < 1. Let 
Y= AG + x and Y2 = X92. Find the joint pdf of Y; and Y. 


2.7.7. Let X1, Xo, X3,X4 have the joint pdf f (x1, £2, 3, £4) = 24,0<a41<a%< 
v3 < «24 <1, 0 elsewhere. Find the joint pdf of Y; = X1/X2, Yo = X2/X3,Y3 = 
X3/X4,Y4 = X4 and show that they are mutually independent. 


2.7.8. Let X1,X2,X3 be iid with common mef M(t) = ((3/4) + (1/4)e‘)?, for all 
te R. 


(a) Determine the probabilities, P(X, = k),k =0,1,2. 


(b) Find the mgf of Y = X, + X2 + X3 and then determine the probabilities, 
P(Y =k),k =0,1,2,...,6. 


134 Multivariate Distributions 


2.8 Linear Combinations of Random Variables 


Let (Xj,...,Xp)/! denote a random vector from some experiment. Often we are 
interested in a function of T = T(X1,...,X,). In this section, we consider linear 
combinations of these variables, i.e., functions of the form 


ie — > ai Xi, 
i=1 


for a specified vector a = (aj,...,@n)’. 


The mean of T' follows immediately from the linearity of the expectation oper- 
ator, E, but for easy reference we state this as a theorem: 


Theorem 2.8.1. Let T = 7, a:X;. Provided E||Xj|] < 00, fori=1,...,n, 


= De a; E(X;) 


For the variance of T’, we first state a very general result involving covariances. 


Theorem 2.8.2. Let T = S7j_, aiX; and let W = 37", biY;. If E[X?] < 00, and 
EY?) <oo fori=1,...,n andj =1,...,m, then 


n m 


Cov(T, W) = S°S- aid; Cov( Xi, Y5). 


a= 1 41 


Proof: Using the definition of the covariance and Theorem 2.8.1, we have the first 
equality below, while the second equality follows from the linearity of F: 


Cov(T,W) = BLY Slax i — ai B(Xj))(bj¥; — 6; B(¥5)) 
= ee E(X;))(¥j - E(%))], 


which is the desired result. 


To obtain the variance of T, simply replace W by T in Theorem 2.8.2. We state 
the result as a corollary: 


Corollary 2.8.1. Let T = >; a;X;. Provided E[X?] < oo, fori=1,...,n, 


Var(T) = Cov(T,T) =yoe a; Var(X;) + 2 yy a,a; Cou( X;, X;). (2.8.1) 
i<j 
Note that if X,,...,X, are independent random variables, then the covariance 


Cov(X;, X;) = 0; see Example 2.5.4. This leads to a simplification of (2.8.1), which 
we record in the following corollary. 
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Corollary 2.8.2. If X1,...,Xn are independent random variables with finite vari- 
ances, then 


Var(T -Yoa Var(X. (2.8.2) 


Note that we need only X; and X; to be uncorrelated for all i 4 j to obtain this 
result; for example, Cov(X;,X,;) = 0, 1 # j, which is true when Xj,...,X, are 
independent. 

If the random variables X1,X2,...,X, are independent and identically dis- 
tributed (iid), we often say that these random variables constitute a random sam- 
ple of size n from that common distribution. In the next two examples, we find 
some properties of two statistics of the random sample, namely the sample mean 
and variance. 


Example 2.8.1 (Sample Mean). Let X1,...,X,, be independent and identically 
distributed random variables with common mean jz and variance o?. The sample 
mean is defined by X = n7! So, Xi. This is a linear combination of the sample 
observations with a; = n~!; hence, by Theorem 2.8.1 and Corollary 2.8.2, we have 


E(X) =p and Var(X) =<. (2.8.3) 
By Definition 4.1.3 of Chapter 4, we say that X is an unbiased estimator of ju. 
| 


Example 2.8.2 (Sample Variance). Define the sample variance by 


n 


S?=(n—1)* > (%-X)? = (n-1)- bs Xa “) (2.8.4) 


i=l 


where the second equality follows after some algebra; see Exercise 2.8.1. Using the 
above theorems, the results of the last example, and the fact that E(X?) = 07 +p", 
we have the following: 


E(S?) = (n-1)7 (>: E(X?) - ne) 
= (n=1)! {no? + np? = n[(o?/n) + 0°)} 
_ gf (2.8.5) 


Hence, S$? is an unbiased estimator of 07. m 


EXERCISES 
2.8.1. Derive the second equality in expression (2.8.4). 


2.8.2. Let X1, X2, X3, X4 be four iid random variables having the same pdf f (2) = 
2x, 0 <x <1, zero elsewhere. Find the mean and variance of the sum Y of these 
four random variables. 
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2.8.3. Let X; and X2 be two independent random variables so that the variances 
of X; and X2 are of = k and o} = 2, respectively. Given that the variance of 
Y =3X 2 — X, is 25, find k. 


2.8.4. If the independent variables X; and X2 have means f,, 2 and variances 
o?, a3, respectively, show that the mean and variance of the product Y = XX 
are pi }l2 and af03 + pio} + p07, respectively. 


2.8.5. Find the mean and variance of the sum Y = ae X;, where X1,...,X5 are 
iid, having pdf f(x) = 6a(1 — x), 0 < x < 1, zero elsewhere. 


2.8.6. Determine the mean and variance of the sample mean X = 571 an Xi, 
where X1,...,X5 is a random sample from a distribution having pdf f(x) = 
4x3, 0 < x <1, zero elsewhere. 


2.8.7. Let X and Y be random variables with uw; = 1, we = 4, of = 4, oF = 
6, p= 4. Find the mean and variance of the random variable Z = 3X — 2Y. 


2.8.8. Let X and Y be independent random variables with means p44, p2 and 
variances o7, 03. Determine the correlation coefficient of X and Z = X —Y in 


terms of f1, 2,07, 03. 


2.8.9. Let j and o? denote the mean and variance of the random variable X. Let 
Y =c+0X, where b and © are real constants. Show that the mean and variance of 
Y are, respectively, c+ bu and b?0?. 


2.8.10. Determine the correlation coefficient of the random variables X and Y if 
var(X) = 4, var(Y) = 2, and var(X + 2Y) = 15. 


2.8.11. Let X and Y be random variables with means 11, J42; variances 07, 03; and 
correlation coefficient p. Show that the correlation coefficient of W = aX +b, a> 0, 
and Z=cY +d, c>0, is p. 


2.8.12. A person rolls a die, tosses a coin, and draws a card from an ordinary deck. 
He receives $3 for each point up on the die, $10 for a head and $0 for a tail, and $1 
for each spot on the card (jack = 11, queen = 12, king = 13). If we assume that 
the three random variables involved are independent and uniformly distributed, 
compute the mean and variance of the amount to be received. 


2.8.13. Let X, and X2 be independent random variables with nonzero variances. 
Find the correlation coefficient of Y = X;X2 and X, in terms of the means and 
variances of X, and X9. 


2.8.14. Let X, and X> have a joint distribution with parameters p11, [2, 07, 03, 
and p. Find the correlation coefficient of the linear functions of Y = a,X1 + a2X2 
and Z = b,X; + b2X2 in terms of the real constants a1, a2, b,, 62, and the 
parameters of the distribution. 


2.8.15. Let X,,X2, and X3 be random variables with equal variances but with 
correlation coefficients pj2 = 0.3, p13 = 0.5, and po3 = 0.2. Find the correlation 
coefficient of the linear functions Y = X; + Xo and Z = Xo9+ X3. 
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2.8.16. Find the variance of the sum of 10 random variables if each has variance 5 
and if each pair has correlation coefficient 0.5. 


2.8.17. Let X and Y have the parameters f41, 2, 07, 03, and p. Show that the 
correlation coefficient of X and [Y — p(o2/01)X] is zero. 


2.8.18. Let S? be the sample variance of a random sample from a distribution with 
variance 0? > 0. Since E(S?) = 07, why isn’t E(S) = 0? 
Hint: Use Jensen’s inequality to show that E(S) <o. 
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Chapter 3 


Some Special Distributions 


3.1 The Binomial and Related Distributions 


In Chapter 1 we introduced the uniform distribution and the hypergeometric dis- 
tribution. In this chapter we discuss some other important distributions of random 
variables frequently used in statistics. We begin with the binomial and related 
distributions. 

A Bernoulli experiment is a random experiment, the outcome of which can 
be classified in but one of two mutually exclusive and exhaustive ways, for instance, 
success or failure (e.g., female or male, life or death, nondefective or defective). 
A sequence of Bernoulli trials occurs when a Bernoulli experiment is performed 
several independent times so that the probability of success, say p, remains the same 
from trial to trial. That is, in such a sequence, we let p denote the probability of 
success on each trial. 

Let X be a random variable associated with a Bernoulli trial by defining it as 
follows: 

X (success) = 1 and X (failure) = 0. 


That is, the two outcomes, success and failure, are denoted by one and zero, respec- 
tively. The pmf of X can be written as 


p(x) =p*(1—p)'*, «=0,1, (3.1.1) 


and we say that X has a Bernoulli distribution. The expected value of X is 
w= E(X) = (0) —p) + ()() =p, 
and the variance of X is 
o” = var(X) = p*(1— p) + (1 — p)*p = p(1 — p). 


It follows that the standard deviation of X is o = \/p(1 — p). 

In a sequence of n Bernoulli trials, let X; denote the Bernoulli random variable 
associated with the ith trial. An observed sequence of n Bernoulli trials is then an n- 
tuple of zeros and ones. In such a sequence of Bernoulli trials, we are often interested 
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in the total number of successes and not in the order of their occurrence. If we let the 
random variable X equal the number of observed successes in n Bernoulli trials, the 
possible values of X are 0,1,2,...,n. If a successes occur, where x = 0,1,2,...,n, 
then n — x failures occur. The number of ways of selecting the x positions for the 


x successes in the n trials is 
n n! 
z)  al(n—2)! 


Since the trials are independent and the probabilities of success and failure on 
each trial are, respectively, p and 1 — p, the probability of each of these ways is 
p*(1—p)"—*. Thus the pmf of X, say p(x), is the sum of the probabilities of these 
(”) mutually exclusive events; that is, 


v(z) = { Crip eS 0,02, nccgtt (3.1.2) 


0 elsewhere. 
Recall, if n is a positive integer, that 
“(n 
b n = be ae 
@+or= > (") : 


Thus it is clear that p(a) > 0 and that 


Sivlz) = > (2) "(1 p)n* 
"= (Gp) teh =1. 


Therefore, p(a) satisfies the conditions of being a pmf of a random variable X of 
the discrete type. A random variable X that has a pmf of the form of p(x) is said 
to have a binomial distribution, and any such p(x) is called a binomial pmf. 
A binomial distribution is denoted by the symbol b(n,p). The constants n and p 
are called the parameters of the binomial distribution. Thus, if we say that X is 
b(5, $), we mean that X has the binomial pmf 


wey { QUO aran.5 533) 


0 elsewhere. 


The mef of a binomial distribution is easily obtained as follows: 
te _ “ tx n Hi n—=& 
Letvle) = Dee(“)ra-p 
x x=0 
n a _ 
> (“) ety - py" 
x 


z2=0 
= [(1—p) +pe']” 


M(t) 


l| 
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for all real values of t. The mean ys and the variance o? of X may be computed 
from M(t). Since 
M'(t) = n[(1 — p) + pe)" (pe") 


and 
M"(t) = n[(1 — p) + pe!" *(pe") + n(n — 1)[(1 — p) + pe']"-?(pe’)?, 
if follows that 
b= M0) = np 


and 
o? = M" (0) — p* = np t+ n(n — 1)p? — (np)? = np(1 — p). 


Example 3.1.1. Let X be the number of heads (successes) in n = 7 independent 
tosses of an unbiased coin. The pmf of X is 


_f 2 ()°0-48)° 1 2=0,1,2,...,7 
ney { 0 : ° elsewhere. 


Then X has the mgf 
M(t) = (9 + 3)’, 


has mean pp = np = Z and has variance 0? = np(1—p) = q Furthermore, we have 


: 1 iG 8 


PO< <1) = > 9) = 5. tae = as 
x2=0 


Piya iy: 2 
P(X = = =— — = = ———, 
(X =5) = p(5) = sini (5) (5) 128 
Most computer packages have commands which obtain the binomial probabil- 
ities. To give the R (Ihaka and Gentleman, 1996) commands, suppose X has a 


b(n, p) distribution. Then the command dbinom(k,n,p) returns P(X = k), while 
the command pbinom(k,n,p) returns the cumulative probability P(X < k). 


and 


Example 3.1.2. If the mgf of a random variable X is 
M(t) = (4 + ze"), 
then X has a binomial distribution with n = 5 and p= 33 that is, the pmf of X is 


_~f ©) G)° Gy" «=0,1,2,...,5 
p(x) = { 0 : : elsewhere. 


Here ps = np = 3 and o? = np(1—p) = 2. a 
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Example 3.1.3. If Y is b(n, 4), then P(Y > 1) = 1— P(Y = 0) = 1- (2)”. 
Suppose that we wish to find the smallest value of n that yields P(Y > 1) > 0.80. 
We have 1 — (4)” > 0.80 and 0.20 > (2)”. Either by inspection or by use of 
logarithms, we see that n = 4 is the solution. That is, the probability of at least 
one success throughout n = 4 independent repetitions of a random experiment with 
probability of success p = z is greater than 0.80. 


Example 3.1.4. Let the random variable Y be equal to the number of successes 
throughout n independent repetitions of a random experiment with probability p 
of success. That is, Y is b(n,p). The ratio Y/n is called the relative frequency of 
success. Recall expression (1.10.3), the second version of Chebyshev’s inequality 
(Theorem 1.10.3). Applying this result, we have for all « > 0 that 


p(|E-o]> 0) < SO 


2 ne? 


[Exercise 3.1.3 asks for the determination of Var(Y/n)]. Now, for every fixed € > 0, 
the right-hand member of the preceding inequality is close to zero for sufficiently 


large n. That is, 
Y 
lim P(|Z-2] ><) = () 
n—Co Tr 


c) =1. 


Since this is true for every fixed € > 0, we see, in a certain sense, that the relative 
frequency of success is for large values of n, close to the probability of p of success. 
This result is one form of the Weak Law of Large Numbers. It was alluded to in the 
initial discussion of probability in Chapter 1 and is considered again, along with 
related concepts, in Chapter 5. 


and “ 
lim P(|E-p < 
n 


n—oco 


Example 3.1.5. Let the independent random variables X,, X2, X3 have the same 
cdf F(a). Let Y be the middle value of X1, X2, X3. To determine the cdf of Y, say 
Fy(y) = P(Y < y), we note that Y < y if and only if at least two of the random 
variables X , X2, X3 are less than or equal to y. Let us say that the ith “trial” 
is a success if X; < y, 7 = 1,2,3; here each “trial” has the probability of success 
F(y). In this terminology, Fy (y) = P(Y < y) is then the probability of at least two 
successes in three independent trials. Thus 


Or (3) FWP — FW) + FO. 


If F(x) is a continuous cdf so that the pdf of X is F’(x) = f(a), then the pdf of Y 
is 

fry) =Fy(y) = 6[F)I- FOF). = 
Example 3.1.6. Consider a sequence of independent repetitions of a random ex- 


periment with constant probability p of success. Let the random variable Y de- 
note the total number of failures in this sequence before the rth success, that is, 
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Y +r is equal to the number of trials necessary to produce exactly r successes. 
Here r is a fixed positive integer. To determine the pmf of Y, let y be an ele- 
ment of {y : y = 0,1,2,...}. Then, by the multiplication rule of probabilities, 
P(Y =y) = 4g(y) is equal to the product of the probability 


of obtaining exactly r — 1 successes in the first y + r — 1 trials and the probability 
p of a success on the (y +7r)th trial. Thus the pmf of Y is 


ytr-1\_9r _ y = 
{ (ry pL)” y=0,1,2,... (3.1.4) 


py (y) = 0 elsewhere. 


A distribution with a pmf of the form py(y) is called a negative binomial dis- 
tribution; and any such py (y) is called a negative binomial pmf. The distribution 
derives its name from the fact that py(y) is a general term in the expansion of 
p'{l1—(1—p)]~”. It is left as an exercise to show that the megf of this distribution 
is M(t) = p"{1 — (1—p)e’]~’, for t < —log(1 — p). If r = 1, then Y has the pmf 


py(y) =p(l—p)’, y=0,1,2,..., (3.1.5) 


zero elsewhere, and the mgf M(t) = p[1 — (1 — p)e’]~'. In this special case, r = 1, 
we say that Y has a geometric distribution. m 


Suppose we have several independent binomial distributions with the same prob- 
ability of success. Then it makes sense that the sum of these random variables is 
binomial, as shown in the following theorem. 


Theorem 3.1.1. Let X 1, X2,...,Xm be independent random variables such that 
X;, has binomial b(n;,p) distribution, for i =1,2,...,m. Let Y = 0", X;. Then 
Y has a binomial b(377", ni, p) distribution. 


Proof: The mgf of X; is Mx,(t) = (1—p+pe')”‘. By independence it follows from 
Theorem 2.6.1 that 


Hence, Y has a binomial 6(3>¥., ni,p) distribution. m 


The binomial distribution is generalized to the multinomial distribution as fol- 
lows. Let a random experiment be repeated n independent times. On each repeti- 
tion, the experiment results in but one of k mutually exclusive and exhaustive ways, 
say C1,C2,...,Cy. Let p; be the probability that the outcome is an element of Ci 
and let p; remain constant throughout the n independent repetitions, i = 1,2,...,k. 
Define the random variable X; to be equal to the number of outcomes that are el- 
ements of Cj, i= 1,2,...,k—1. Furthermore, let 21, 22,...,x2,—1 be nonnegative 
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integers so that x; + 42 +-++-+ 2-1 <n. Then the probability that exactly x, ter- 
minations of the experiment are in C),..., exactly x,_, terminations are in Cx_1, 
and hence exactly n — (a1 +-+-+-+ 2-1) terminations are in Cx is 


zr! * -- Dp !ap! 


where x, is merely an abbreviation for n — (a, +---+ 4-1). This is the multi- 
nomial pmf of k — 1 random variables X1, Xo,...,X,—1 of the discrete type. To 
see that this is correct, note that the number of distinguishable arrangements of 
Ly Cis, 2 Cos, +2+5,2k Crs is 


ile (a. n! 
Ly >) Lk—1 r!x9! a8 zy! 


and the probability of each of these distinguishable arrangements is 

Pi D>? a6 eae 
Hence the product of these two latter expressions gives the correct probability, which 
is an agreement with the formula for the multinomial pmf. 

When k = 3, we often let X = X; and Y = Xo; then n— X — Y = X3. We say 
that X and Y have a trinomial distribution. The joint pmf of X and Y is 
__ te ype 
gly!(n—a2 —y)r er , 
where x and y are nonnegative integers with « + y < n, and pj,p2, and p3 are 
positive proper fractions with p; + po + ps = 1; and let p(az,y) = 0 elsewhere. 
Accordingly, p(a,y) satisfies the conditions of being a joint pmf of two random 
variables X and Y of the discrete type; that is, p(a,y) is nonnegative and its sum 
over all points (x,y) at which p(z, y) is positive is equal to (pi + po + p3)”" = 1. 

If n is a positive integer and aj, a2, a3 are fixed constants, we have 


p(x, y) = 


n n—-zX 
y n—-@2-y 

= y nat . (n 7 x)! y n—-x“-y 

= al(n — x)! me yl(n—-a2—y)! 23 

n n! a 
= Py ra Ce + a3) 

«=0 

= (ay + ag + a3)” . (3.1.6) 


Consequently, the mgf of a trinomial distribution, in accordance with Equation 
(3.1.6), is given by 


M(t1,t2) = ae a = ———— (pie**)* (poe ¥ps 
x=0 y=0 


= (pie eee 
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for all real values of t; and t2. The moment-generating functions of the marginal 
distributions of X and Y are, respectively, 


M(t1,0) = (pre"! + po + p3)” = [(1 — pi) + pie’]” 


and 
M(0, te) = (pi + poe” +p3)” = [(1 — pe) + poe”?]”. 


We see immediately, from Theorem 2.5.5, that X and Y are dependent random 
variables. In addition, X is b(n,p1) and Y is b(n, pe). Accordingly, the means and 
variances of X and Y are, respectively, 1 = npi, jg = Np2, 07 = npi(1— pi), and 
o% = npo(1 — po). 

Consider next the conditional pmf of Y, given X = x. We have 


(n=)! p2 # Ps te = = 
pailele) = mecean () (x8) aie aaa 
0 elsewhere. 


Thus the conditional distribution of Y, given X = 2, is b[n — x, p2/(1—-p1)]. Hence 
the conditional mean of Y, given X = 2g, is the linear function 


E(Y|z) =(n—2) ( = ) 


1-py 


Also, the conditional distribution of X, given Y = y, is b[n — y,pi/(1 — p2)] and 
thus 


B(x) =(n-) (A), 
— p2 
Now recall from Example 2.4.2 that the square of the correlation coefficient p? is 
equal to the product of —p2/(1 — pi) and —p;/(1 — p2), the coefficients of x and 
y in the respective conditional means. Since both of these coefficients are negative 
(and thus p is negative), we have 


P1p2 
(l= pi). pa)’ 


In general, the mgf of a multinomial distribution is given by 


p= 


M(ti,...,th—1) = (pie™ +--+ + pe_ie®-! + pe)” 


for all real values of t1, t2,...,t,-1. Thus each one-variable marginal pmf is bino- 
mial, each two-variable marginal pmf is trinomial, and so on. 

In Chapter 1, we introduced the hypergeometric distribution; see expression 
(1.6.4) for the definition of the pmf. As the next example shows, it is related to the 
binomial distribution. 


Example 3.1.7 (Hypergeometric Distribution). A frequently used application of 
the hypergeometric distribution is in acceptance sampling. Suppose we have a lot 
of N items of which D are defective. Let X denote the number of defective items 
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in a sample of size n. If the sampling is done with replacement and the items are 
chosen at random, then X has a binomial distribution with parameters n and D/N. 
In this case the mean and variance of X are n(D/N) and n(D/N)[(N — D)/N], 
respectively. Suppose, however, that the sampling is without replacement, which is 
often the case in practice. The pmf of X follows by noting in this case that each of 
the ) samples are equilikely and that there are lees ea) samples which have x 
defective items. Hence, the pmf of X is 
ea) 
p(z) = ——jr—,_ r= 0,1,...,n, (3.1.7) 


(.) 


where, as usual, a binomial coefficient is taken to be 0 when the top value is less 
than the bottom value. We say that X has a hypergeometric distribution with 
parameters (NV, D,n). The mean of X is 


” moe) IP — 1/[e@ — 1 — 2)I] 
ney 2, 27(2) = a? IN(V—DI/[N — nm n(n — 


i 
3 
2|s 
i 


iN a1) (0-1 (Nel 
=n—. 

i= 1) Se) x-1/\n-1 N 

In the next-to-last step, we used the fact that the probabilities of a hypergeometric 

(N — 1, D—1,n—1) distribution summed over its entire range is 1. So the mean 


for both types of sampling is the same. The variances, though, differ. As Exercise 
3.1.28 shows, the variance of a hypergeometric (N, D,n) is 


Var(X) = n——— (3.1.8) 


The last term is often thought of as the correction term when sampling without 
replacement. Note that it is close to 1 if N is much larger than n. 
EXERCISES 


3.1.1. If the mgf of a random variable X is (4 + 2e*)>, find P(X = 2 or 3). 


(3 + 5e 
3.1.2. The mef of a random variable X is (3 + $e")®. Show that 


pp te <x <n+36) =5-(°) (2)" (2). 


“=1 
3.1.3. If X is b(n, p), show that 


e(Z)-r ae #[(Z-»)]-22 


3.1.4. Let the independent random variables X1, X2, X3 have the same pdf f(x) = 
3x2, 0 < @ < 1, zero elsewhere. Find the probability that exactly two of these three 
variables exceed 4. 
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3.1.5. Let Y be the number of successes in n independent repetitions of a random 
experiment having the probability of success p = 2. If n = 3, compute P(2 < Y); 
ifn = 5, compute P(3< Y). 


3.1.6. Let Y be the number of successes throughout n independent repetitions of 
a random experiment with probability of success p = Determine the smallest 
value of n so that P(1 < Y) > 0.70. 


IR 


4° 


3.1.7. Let the independent random variables X; and X2 have binomial distribu- 


tion with parameters n; = 3, p = 2 and ng = 4, p = 3, respectively. Compute 


3 2 
P(X, = Xo). 
Hint: List the four mutually exclusive ways that X,; = X2 and compute the prob- 
ability of each. 


3.1.8. For this exercise, the reader must have access to a statistical package that 
obtains the binomial distribution. Hints are given for R code, but other packages 
can be used too. 


(a) Obtain the plot of the pmf for the b(15,0.2) distribution. Using R, the fol- 


lowing commands return the plot: 


x<-0:15 
y<-dbinom(x,15, .2) 
plot (x,y) 


(b) Repeat part (a) for the binomial distributions with n = 15 and with p = 
0.10, 0.20,...,0.90. Comment on the plots. 


(c) Let Y = *, where X has a 6(n,0.05) distribution. Obtain the plots of the 
pmfs of Y for n = 10, 20,50, 200. Comment on the plots (what do the plots 
seem to be converging to as n gets large?). 


3.1.9. Toss two nickels and three dimes at random. Make appropriate assumptions 
and compute the probability that there are more heads showing on the nickels than 
on the dimes. 


3.1.10. Let X 1, X2,...,X,—1 have a multinomial distribution. 
(a) Find the mef of X2, X3,...,Xp-1. 
(b) What is the pmf of X2, X3,..., Xp-1? 
(c) Determine the conditional pmf of X, given that Xq = x2,...,Xp—-1 = Ue-1. 
(d) What is the conditional expectation E(X1|v2,...,v%-1)? 
3.1.11. Let X be 6(2,p) and let Y be b(4,p). If P(X > 1) = 2, find P(Y > 1). 
3.1.12. If c =r is the unique mode of a distribution that is b(n, p), show that 
(n+1)p—l<r<(n+l1)p. 


Hint: Determine the values of « for which the ratio p(a + 1)/p(a) > 1. 
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3.1.13. Let X have a binomial distribution with parameters n and p = z. Deter- 
mine the smallest integer n can be such that P(X > 1) > 0.85. 


3.1.14. Let X have the pmf p(z) = (3)(8)", x =0,1,2,3,..., zero elsewhere. Find 
the conditional pmf of X given that X > 3. 


3.1.15. One of the numbers 1,2,...,6 is to be chosen by casting an unbiased die. 
Let this random experiment be repeated five independent times. Let the random 
variable X, be the number of terminations in the set {a : « = 1,2,3} and let 
the random variable Xj be the number of terminations in the set {x : « = 4,5}. 
Compute P(X, = 2, X2 = 1). 


3.1.16. Show that the moment generating function of the negative binomial dis- 
tribution is M(t) = p"[1 — (1 — p)e*]~". Find the mean and the variance of this 
distribution. 

Hint: In the summation representing M(t), make use of the Maclaurin’s series for 
(l-w)7. 


3.1.17. Let X, and X92 have a trinomial distribution. Differentiate the moment- 
generating function to show that their covariance is —npip2. 


3.1.18. Ifa fair coin is tossed at random five independent times, find the conditional 
probability of five heads given that there are at least four heads. 


3.1.19. Let an unbiased die be cast at random seven independent times. Compute 
the conditional probability that each side appears at least once given that side 1 
appears exactly twice. 


3.1.20. Compute the measures of skewness and kurtosis of the binomial distribution 
b(n, p). 


3.1.21. Let 
Ly 1\** px vg = 0,1,...,21 
P(r1, #2) = (*:) (5) Fae a, = 1,2,3,4,5, 
zero elsewhere, be the joint pmf of X; and X2. Determine 
(a) E(X2). 
(b) u(x) = E(X2|21). 
(c) E[u(X1)}. 


Compare the answers of parts (a) and (c). 
Hint: Note that E(X2) = eae peo £2P(#1, 2). 


3.1.22. Three fair dice are cast. In 10 independent casts, let X be the number of 
times all three faces are alike and let Y be the number of times only two faces are 
alike. Find the joint pmf of X and Y and compute E(6XY). 
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3.1.23. Let X have a geometric distribution. Show that 
P(X >k+j|X >k) =P(X> 4), (3.1.9) 


where k and j are nonnegative integers. Note that we sometimes say in this situation 
that X is memoryless. 


3.1.24. Let X equal the number of independent tosses of a fair coin that are required 
to observe heads on consecutive tosses. Let uy, equal the nth Fibonacci number, 
where uy, = ug = 1 and up = Un_1 + Un_2, Nn = 3,4,5,.... 


(a) Show that the pmf of X is 


(b) Use the fact that 


to show that )°°.., p(x) = 1. 


3.1.25. Let the independent random variables X, and X2 have binomial distri- 
butions with parameters nj, pi = 4 and n2, p2 = 3, respectively. Show that 
Y = X,— X2+nz2 has a binomial distribution with parameters n = ny +n2, p= 5. 
3.1.26. Consider a standard deck of 52 cards. Let X equal the number of aces in 
a sample of size 2. 


(a) If the sampling is with replacement, obtain the pmf of X. 
(b) If the sampling is without replacement, obtain the pmf of X. 


3.1.27. Consider a shipment of 1000 items into a factory. Suppose the factory 
can tolerate about 5% defective items. Let X be the number of defective items 
in a sample without replacement of size n = 10. Suppose the factory returns the 
shipment if X > 2. 


(a) Obtain the probability that the factory returns a shipment of items which has 
5% defective items. 


(b) Suppose the shipment has 10% defective items. Obtain the probability that 
the factory returns such a shipment. 


(c) Obtain approximations to the probabilities in parts (a) and (b) using appro- 
priate binomial distributions. 


Note: If you do not have access to a computer package with a hypergeometric com- 
mand, obtain the answer to (c) only. This is what would have been done in practice 
20 years ago. If you have access to R, then the command dhyper(x,D,N-D,n) 
returns the probability in expression (3.1.7). 
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3.1.28. Show that the variance of a hypergeometric (N, D,n) distribution is given 
by expression (3.1.8). 

Hint: First obtain E[X (X —1)] by proceeding in the same way as the derivation of 
the mean given in Example 3.1.7. 


3.2. The Poisson Distribution 


Recall that the series 


mm? “met 
eae ate? Dee, 


x=0 


converges, for all values of m, to e”’. Consider the function p(x) defined by 


a! 


me. == 0,1, 9,5.4 
as Qed 
{ 0 elsewhere, eee 


where m > 0. Since m > 0, then p(x) > 0 and 


S> (2) = s — =e - a =e Me™ = 1s 


«=0 «=0 


that is, p(x) satisfies the conditions of being a pmf of a discrete type of random 
variable. A random variable that has a pmf of the form p(a) is said to have a 
Poisson distribution with parameter m, and any such p() is called a Poisson 
pmf with parameter m. 


Remark 3.2.1. Experience indicates that the Poisson pmf may be used in a number 
of applications with quite satisfactory results. For example, let the random variable 
X denote the number of alpha particles emitted by a radioactive substance that 
enter a prescribed region during a prescribed interval of time. With a suitable value 
of m, it is found that X may be assumed to have a Poisson distribution. Again 
let the random variable X denote the number of defects on a manufactured article, 
such as a refrigerator door. Upon examining many of these doors, it is found, with 
an appropriate value of m, that X may be said to have a Poisson distribution. The 
number of automobile accidents in a unit of time (or the number of insurance claims 
in some unit of time) is often assumed to be a random variable which has a Poisson 
distribution. Each of these instances can be thought of as a process that generates 
a number of changes (accidents, claims, etc.) in a fixed interval (of time or space, 
etc.). A process which leads to a Poisson distribution is called a Poisson process. 
Some assumptions that ensure a Poisson process are now enumerated. 

Let g(x, w) denote the probability of « changes in each interval of length w. Let 
the symbol o(h) represent any function such that limp_.o[o(h)/h] = 0; for example, 
h? = o(h) and o(h) + o(h) = o(h). The Poisson postulates are the following: 


1. g(1,h) = Ah + o(h), where A is a positive constant and h > 0. 
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2, Sa 00, b) = off). 
3. The numbers of changes in nonoverlapping intervals are independent. 


Postulates 1 and 3 state, in effect, that the probability of one change in a short 
interval h is independent of changes in other nonoverlapping intervals and is approx- 
imately proportional to the length of the interval. The substance of postulate 2 is 
that the probability of two or more changes in the same short interval h is essentially 
equal to zero. If « = 0, we take g(0,0) = 1. In accordance with postulates 1 and 2, 
the probability of at least one change in an interval h is \h+o0(h)+o0(h) = Ah+o(h). 
Hence the probability of zero changes in this interval of length h is 1 — Ah — o(h). 
Thus the probability g(0,w +h) of zero changes in an interval of length w + h is, 
in accordance with postulate 3, equal to the product of the probability g(0,w) of 
zero changes in an interval of length w and the probability [1 — Ah — o(h)] of zero 
changes in a nonoverlapping interval of length h. That is, 


g(0,w + h) = g(0, w)[1 — Ah — o(h)]. 


nee 0 h 0 h)g(0 
If we take the limit as h—0, we have 
Dw (g(0, w)| = —Ag(0, w). (3.2.2) 


The solution of this differential equation is 


g(0,w) = ce; 


that is, the function g(0,w) = ce~*” satisfies Equation (3.2.2). The condition 

g(0,0) = 1 implies that c = 1; thus 
(0a, 

If x is a positive integer, we take g(z,0) = 0. The postulates imply that 


g(z,w +h) = (g(a, w)][1 — Ah — o(h)] + [g(a — 1, w) [Ah + o(h)] + o(h). 


Accordingly, we have 


o(h) 


ee Wa) — eae a = a 


h 
and 
Dw|g(z, w)] = —Ag(x, w) + Ag(a — 1, wv), 
for x = 1,2,3,.... It can be shown, by mathematical induction, that the solutions to 


these differential equations, with boundary conditions g(a,0) = 0 for « = 1,2,3,..., 
are, respectively, 

(Aw) eww 
x! 
Hence the number of changes in X in an interval of length w has a Poisson distri- 

bution with parameter m= Aw. 


g(a, w) = , c©=1,2,3,.... 
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The mef of a Poisson distribution is given by 


me 
Mo = Dette = Sree 
x x2=0 me 
oo 
= (me*)* 
= m 
= —m me! m(e*—1) 


for all real values of t. Since 


M'(t) = e™'-)) (me) 


and 
M (6) = ee) (met) cs em VD (met?, 
then 
p= MO=m 
and 


o? = M"(0)—w =m+m? —m? =m. 


2 


That is, a Poisson distribution has 4 = 0“ = m > 0. On this account, a Poisson 


pmf is frequently written as 


wa) ESE @=0,1,2,... 
0 elsewhere. 


Thus the parameter m in a Poisson pmf is the mean pp. Table I in Appendix C 
gives approximately the distribution for various values of the parameter m = p. 
On the other hand, if X has a Poisson distribution with parameter m = yp, then 
the R command dpois(k,m) returns the value that P(X = k). The cumulative 
probability P(X < k) is given by ppois(k,m). 


Example 3.2.1. Suppose that X has a Poisson distribution with 4 = 2. Then the 
pmf of X is 


27% e-2 
pte) = { <— «=0,1,2,... 


0 elsewhere. 


The variance of this distribution is 0? = 4 = 2. If we wish to compute P(1 < X), 
we have 

PQ<X) = 1—-P(X=0) 
1—p(0) = 1—e-? = 0.865, 


l| 


approximately, by Table I of Appendix C. m 
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Example 3.2.2. If the mgf of a random variable X is 
M(t) = e4('-Y), 


then X has a Poisson distribution with w = 4. Accordingly, by way of example, 


or, by Table I, 
P(X =3) = P(X < 3)— P(X < 2) = 0.433 — 0.238 = 0.195. m 


Example 3.2.3. Let the probability of exactly one blemish in 1 foot of wire be 
about ae and let the probability of two or more blemishes in that length be, 
for all practical purposes, zero. Let the random variable X be the number of 
blemishes in 3000 feet of wire. If we assume the independence of the number of 
blemishes in nonoverlapping intervals, then the postulates of the Poisson process 
are approximated, with \ = — and w = 3000. Thus X has an approximate 
Poisson distribution with mean 3000(sa55) = 3. For example, the probability that 


there are five or more blemishes in 3000 feet of wire is 


© 9k, -3 
P(X >5)= ae 
k) 
k=5 
and by Table I, 
P(X >5)=1-— P(X < 4) =1-—0.815 = 0.185, 


approximately. m 
The Poisson distribution satisfies the following important additive property. 


Theorem 3.2.1. Suppose X1,...,Xn are independent random variables and sup- 
pose X; has a Poisson distribution with parameter m;. Then Y = aan X; has a 
Poisson distribution with parameter S>;_, mj. 


Proof: We obtain the result by determining the mgf of Y, which by Theorem 2.6.1 
is given by 


My (t) = fF (e’Y) _ [en" 
i=l 
= eiz1 mi(e'—1) | 


By the uniqueness of mgfs, we conclude that Y has a Poisson distribution with 
parameter )>j_, mi. 
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Example 3.2.4 (Example 3.2.3, Continued). Suppose in Example 3.2.3 that a bail 
of wire consists of 3000 feet. Based on the information in the example, we expect 
three blemishes in a bail of wire, and the probability of five or more blemishes is 
0.185. Suppose in a sampling plan, three bails of wire are selected at random and 
we compute the mean number of blemishes in the wire. Now suppose we want to 
determine the probability that the mean of the three observations has five or more 
blemishes. Let X; be the number of blemishes in the 7th bail of wire for 7 = 1, 2,3. 
Then X; has a Poisson distribution with parameter 3. The mean of X,, X2, and X3 
is. xX =3-* 4 X;, which can also be expressed as Y/3, where Y = 2 4 X;. By 
the last theorem, because the bails are independent of one another, Y has a Poisson 
distribution with parameter Ss 3 = 9. Hence, by Table I, the desired probability 
is 
P(X > 5) = P(Y > 15) =1- P(Y < 14) = 1 — 0.959 = 0.041. 


Hence, while it is not too odd that a bail has five or more blemishes (probability 
is 0.185), it is unusual (probability is 0.041) that three independent bails of wire 


bs 


average five or more blemishes. 
EXERCISES 


3.2.1. If the random variable X has a Poisson distribution such that P(X = 1) = 
P(X = 2), find P(X =4). 


3.2.2. The mgf of a random variable X is e4(e'-1)_ Show that P(w-20<X < 
jo + 20) = 0.931. 


3.2.3. In a lengthy manuscript, it is discovered that only 13.5 percent of the pages 
contain no typing errors. If we assume that the number of errors per page is a 
random variable with a Poisson distribution, find the percentage of pages that have 
exactly one error. 


3.2.4. Let the pmf p(x) be positive on and only on the nonnegative integers. Given 
that p(x) = (4/x)p(a@ — 1), « = 1,2,3,..., find the formula for p(x). 

Hint: Note that p(1) = 4p(0), p(2) = (4?/2!)p(0), and so on. That is, find each 
p(x) in terms of p(0) and then determine p(0) from 


1 = p(0) + p(1) + p(2) ++ 


3.2.5. Let X have a Poisson distribution with yw = 100. Use Chebyshev’s inequality 
to determine a lower bound for P(75 < X < 125). 


3.2.6. Suppose that g(az,0) = 0 and that 
for x = 1,2,3,.... If g(0, w) = e~*”, show by mathematical induction that 


(Aw)*e7 >” 


—, ©=1,2,3,.... 
x: 


g(x, w) = 
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3.2.7. Using the computer, obtain an overlay plot of the pmfs following two distri- 
butions: 


(a) Poisson distribution with A = 2. 
(b) Binomial distribution with n = 100 and p = 0.02. 
Why would these distributions be approximately the same? Discuss. 


3.2.8. Let the number of chocolate chips in a certain type of cookie have a Poisson 
distribution. We want the probability that a cookie of this type contains at least 
two chocolate chips to be greater than 0.99. Find the smallest value of the mean 
that the distribution can take. 


3.2.9. Compute the measures of skewness and kurtosis of the Poisson distribution 
with mean jp. 


3.2.10. On the average, a grocer sells three of a certain article per week. How 
many of these should he have in stock so that the chance of his running out within 
a week is less than 0.01? Assume a Poisson distribution. 


3.2.11. Let X have a Poisson distribution. If P(X = 1) = P(X = 3), find the 
mode of the distribution. 


3.2.12. Let X have a Poisson distribution with mean 1. Compute, if it exists, the 
expected value E(X!). 


3.2.13. Let X and Y have the joint pmf p(z, y) = e~?/[2!(y—x)!], y=0,1,2,..., 
x =0,1,...,y, zero elsewhere. 


(a) Find the mgf M(t, t2) of this joint distribution. 


(b) Compute the means, the variances, and the correlation coefficient of X and 
Y. 


(c) Determine the conditional mean E(X|y). 
Hint: Note that 


¥ 


dclexp(tiz)]y!/[2!(y — 2)!] = [1 + exp(tr)]” 
«z=0 


Why? 


3.2.14. Let X, and X2 be two independent random variables. Suppose that X; and 
Y = X; + X2 have Poisson distributions with means p, and pu > 1, respectively. 
Find the distribution of Xo. 
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3.3 TheT, x”, and @ Distributions 


In this section we introduce the gamma (I), chi-square (x”), and beta (3) distribu- 
tions. It is proved in books on advanced calculus that the integral 


ee) 
| y~ te ¥ dy 
0 


exists for a > 0 and that the value of the integral is a positive number. The integral 
is called the gamma function of a, and we write 


T(a) = y* te dy. 
0 
If a = 1, clearly 
T(1) = i e Ydy=1. 
0 


If a > 1, an integration by parts shows that 


(a) = (a— yf y* 2e-¥ dy = (a— 1) (a— 1). 
0 
Accordingly, if a is a positive integer greater than 1, 
Ta) = (a — I)(a@— 2)--- (3)(2)()PC) = (a — 1. 
Since ['(1) = 1, this suggests we take 0! = 1, as we have done. 


In the integral that defines I'(a), let us introduce a new variable by writing 
y = 2/0, where 6 > 0. Then 


rw [GY me) 


1 a1,-2/6 
— ———— 1° e€ ad dz. 
i Pa) ee 


Since a > 0, 6 > 0, and I'(a) > 0, we see that 


or, equivalently, 


(3.3.1) 


ate? let/8 Vcr <co 
=a. hee 
H(z) { 0 elsewhere 


is a pdf of a random variable of the continuous type. A random variable X that 
has a pdf of this form is said to have a gamma distribution with parameters a and 
3. We write this as X has a (a, 3) distribution. 


Remark 3.3.1 (Poisson Processes). The gamma distribution is frequently a prob- 
ability model for waiting times; for instance, in life testing, the waiting time until 
“death” is a random variable which is frequently modeled with a gamma distribu- 
tion. To see this, let us assume the postulates of a Poisson process and let the 
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interval of length w be a time interval. Specifically, let the random variable W be 
the time that is needed to obtain exactly k changes (possibly deaths), where k is a 
fixed positive integer. Then the cdf of W is 


G(w) = P(W <w)=1-P(W > vw). 


However, the event W > w, for w > 0, is equivalent to the event in which there are 
fewer than k& changes in a time interval of length w. That is, if the random variable 
X is the number of changes in an interval of length w, then 


k-1 k-1 


PW>w)=S) >P(X=2)=)0 


x=0 «2=0 


(Awe 


x! 


In Exercise 3.3.5, the reader is asked to prove that 


If, momentarily, we accept this result, we have, for w > 0, 


oo yk-1e—z Aw ,k-16-2 
G(w) =1- [ d= | fg, 
rw F(R) o = Pk) 
and for w < 0, G(w) = 0. If we change the variable of integration in the integral 
that defines G(w) by writing z = Ay, then 


w \Ryk—Le—du 
x) os Gg 
G(w) | Th) y, w>O, 


and G(w) = 0 for w <0. Accordingly, the pdf of W is 


g(w) =G'(w) =} 9 TH SWS oe 
0 elsewhere. 
That is, W has a gamma distribution with a = k and 8 = 1/). 
If W is the waiting time until the first change, i.e., k = 1, then the pdf of W is 


(3.3.2) 


Aer” O<wW<co 
g(w) = 


0) elsewhere, 


and W is said to have an exponential distribution with parameter \. We con- 
tinue this discussion in Remark 3.3.3. Also, two other important properties of the 
exponential distribution are discussed in Exercises 3.3.25 and 3.3.26. These and 
further properties make the exponential distribution an important distribution in 
applications. m 
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We now find the mgf of a gamma distribution. Since 


Pe 1 
M(t = ta a1 —2/B g 
(t) | € Trayae* e€ a 
ee 1 
= | eet e-@—Bt)/B dx, 
o T(a)ee 


we may set y = x(1 — Gt)/G, t < 1/6, or « = By/(1 — ft), to obtain 


a-—l1 
* BLL Bt (BY vay 


Bo 1— (Gt 
That is, 
i pee a 
Mo = (a) freee 
7 1 ae 1 
(1 = p6)e" B 

Now 

M'(t) = (—a@)(1 — Bt)-°™ (—8) 
and 


M"(t) = (—a)(—a — 1)(1 — Bt)-2-*(—8)?. 


Hence, for a gamma distribution, we have 


y= M'(0) =08 


and 
o* = M"(0) — p? = a(a + 1)8? — 076? = af”. 
To calculate probabilities for gamma distributions with the program R, suppose 
X has a gamma distribution with parameters a = a and 3 = b. Then the command 
pgamma(x,shape=a,scale=b) returns P(X < x), while the value of the pdf of X 
at x is returned by the command dgamma(x,shape=a,scale=b). 


Example 3.3.1. Let the waiting time W have a gamma pdf with a = k and 
B= 1/A. Accordingly, E(W) = k/X. If k = 1, then E(W) = 1/A; that is, the 
expected waiting time for k = 1 changes is equal to the reciprocal of \. 


Example 3.3.2. Let X be a random variable such that 
(m + 3)! 
3! 
Then the mgf of X is given by the series 


4! 3 BLD? oy . Ml 3? 3 
Bert ae giay” Paige tes 
This, however, is the Maclaurin’s series for (1 — 3t)~*, provided that —1 < 3t <1. 
Accordingly, X has a gamma distribution with a = 4 and G = 3. & 


E(X™) = 3°, m=1,2,3,.... 
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Remark 3.3.2. The gamma distribution is not only a good model for waiting 
times, but one for many nonnegative random variables of the continuous type. For 
illustration, the distribution of certain incomes could be modeled satisfactorily by 
the gamma distribution, since the two parameters a and (3 provide a great deal 
of flexibility. Several gamma probability density functions are depicted in Figure 
3.3.1. H 
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Figure 3.3.1: Several gamma densities 


Let us now consider a special case of the gamma distribution in which a = r/2, 
where r is a positive integer, and 6 = 2. A random variable X of the continuous 
type that has the pdf 


wtTl@te-#/2 <a < oo 


f(z) = { ror (3.3.3) 


elsewhere, 


and the mgf 
M(t)=(1-2t)-"?, t<, 


is said to have a chi-square distribution, and any f(x) of this form is called 
a chi-square pdf. The mean and the variance of a chi-square distribution are 
p= af = (r/2)2 =r and o? = a? = (r/2)2? = 2r, respectively. For no obvious 
reason, we call the parameter r the number of degrees of freedom of the chi-square 
distribution (or of the chi-square pdf). Because the chi-square distribution has an 
important role in statistics and occurs so frequently, we write, for brevity, that X 
is y?(r) to mean that the random variable X has a chi-square distribution with r 
degrees of freedom. 
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Example 3.3.3. If X has the pdf 
f(x) = { ; — can 
then X is y?(4). Hence p = 4, o? = 8, and M(t) = (1—2t)-*, t< 3. = 
Example 3.3.4. If X has the mgf M(t) = (1 — 2t)~8, t < 4, then X is y?(16). m 
If the random variable X is x?(r), then, with ec < ce, we have 
P(a < X < ce) = P(X < ce) — P(X <a), 


since P(X = c2) = 0. To compute such a probability, we need the value of an 


integral like 

- 1 
P Xx< = ee ene r/2-1 —w/2 gy . 
(X < 2) | NCE zeae e€ Ww 


Tables of this integral for selected values of r and x have been prepared and are 
partially reproduced in Table II in Appendix C. If, on the other hand, the package R 
is available, then the command pchisq(x,r) returns P(X < a) and the command 
dchisq(x,r) returns the value of the pdf of X at « when X has a chi-squared 
distribution with r degrees of freedom. 

The following result is used several times in the sequel; hence, we record it as a 
theorem. 


Theorem 3.3.1. Let X have a x?(r) distribution. If k > —r/2, then E(X*) exists 
and it is given by 


if k > —r/2. (3.3.4) 


Proof: Note that 
= 1 
E Xk -_ (r/2)+k-1 —a/2 d 7 
( ) i rT (5) ar/2” i a 
Make the change of variable u = 2/2 in the above integral. This results in 
i 1 
ky _ (r/2)+k-1, (r/2)+k-1,—u 
E(X") -{ we PGES @ a aa1 2 u e "du. 


This yields the desired result provided that k > —(r/2). m 
Notice that if & is a nonnegative integer, then k > —(r/2) is always true. Hence, 
all moments of a y? distribution exist and the kth moment is given by (3.3.4). 
Example 3.3.5. Let X be y7(10). Then, by Table II of Appendix C, with r = 10, 
P(3.25 < X < 20.5) P(X < 20.5) — P(X < 3.5) 
0.975 — 0.025 = 0.95. 


l| 


Again, as an example, if P(a < X) = 0.05, then P(X < a) = 0.95, and thus 
a = 18.3 from Table II with r = 10. 
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Example 3.3.6. Let X have a gamma distribution with a = r/2, where r is a 
positive integer, and 3 > 0. Define the random variable Y = 2X/3. We seek the 
pdf of Y. Now the cdf of Y is 


Gu) =P sy =P(xs 2). 


If y < 0, then G(y) = 0; but if y > 0, then 


ve _s /2-1,-2/8 
G =| "ee */P dar. 
W=}, Toner 


Accordingly, the pdf of Y is 


' B/2 (9A 
gy) = GiYy)= Tear (4/?) oe es 
1 r/2-1,—y/2 
T(r/2)27/2" 


if y > 0. That is, Y is y?(r). = 


One of the most important properties of the gamma distribution is its additive 
property. 
Theorem 3.3.2. Let X1,...,Xn be independent random variables. Suppose, for 
i=1,...,n, that X; has aT(a;,8) distribution. Let Y = ;_, X;. Then Y has a 
TL, a, B) distribution. 


Proof: Using the assumed independence and the mgf of a gamma distribution, we 
have by Theorem 2.6.1 that for t < 1/(, 


n 


My (t) = |] — 6t)-* = (1 - ft) Ea, 


i=l 
which is the mgf of a [()7i_, a;, 3) distribution. m 


In the sequel, we often use this property for the y? distribution. For convenience, 
we state the result as a corollary, since here G = 2 and }> a; = S>1r;/2. 


Corollary 3.3.1. Let X1,...,Xn be independent random variables. Suppose, for 
i=1,...,n, that X; has a y7(r;) distribution. Let Y = S~i_, Xi. Then Y has a 
x?(Sy-1 Ti) distribution. 

The following remark on Poisson processes proves useful in the simulation of 


these processes as discussed in Chapter 4. 


Remark 3.3.3 (Poisson Processes, Continued). We continue the discussion of Re- 
mark 3.3.1 concerning the Poisson process with parameter A. Recall that the Poisson 
process is counting the number of occurrences of an event over an interval of time. 
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Let 7), 7>,73,... denote the interarrival times of these events. For instance, T) 
is the time until the first occurrence, T> is the time between the first and second 
occurrences, and so on. From Remark 3.3.1, we know that 7, has an exponential 
distribution with parameter \. Note that Postulates (1) and (2) of the Poisson 
process only depend on A and the length of the interval; in particular, they do not 
depend on the endpoints of the interval. Further, occurrences in nonoverlapping in- 
tervals are independent of one another. Hence, the same reasoning found in Remark 
3.3.1 can be applied to show that 7), 7 > 2, also has an exponential distribution 
with parameter \ and that, further, 7), 72,73,... are independent. Let W,, be the 
waiting time until the nth occurrence. Then W,, = 7, +---+T7;,. Thus by Theorem 
3.3.2, W, has a ['(n, A) distribution, confirming the derivation of its distribution 
given in Remark 3.3.1. Although this discussion has been intuitive, it can be made 
rigorous; see, for example, Parzen (1962). m 


We conclude this section with another important distribution called the beta 
distribution, which we derive from a pair of independent [ random variables. Let 
X, and X2 be two independent random variables that have [ distributions and the 
joint pdf 


a-1, 6-1, —21-«2x2 


h(a1, 22) = Zi fy ee », O< a <c~w, 0< 22 < Ww, 


P(a)P (8) 


zero elsewhere, where a > 0, @ > 0. Let ¥; = X1 + Xo and Y2 = X1/(X1 + Xo). 
We next show that Y; and Y2 are independent. 


The space S is, exclusive of the points on the coordinate axes, the first quadrant 
of the 712%2-plane. Now 


Yi = U1(@1,%2) = 214+ £2 


(1,22) = — 
= UQ(21, 2 = 
Y2 221,22 Gy tte 
may be written 71 = y1y2, T2 = yi(1 — y2), so 
Y2 Y1 
f= = — 0. 
| l-y. —y1 ae 


The transformation is one-to-one, and it maps S onto T = {(y1,y2):0<y1 < 
oo, 0 < yo < 1} in the yj y2-plane. The joint pdf of Y; and Y2 is then 


gy1.y2) = (wp ite) (d — ae)? te” 


a-—1 = B-1 = 
= ee e% O0<y<w, 0<y%<l1 
elsewhere. 


In accordance with Theorem 2.5.1 the random variables are independent. The 
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marginal pdf of Y2 is 
a- = 


— Ye y2)o~ a+B—-1o—y 
g2(y2) = Tr TB) -[- yy dy 


— J rene? (wt 0<e<l (3.3.5) 
0 elsewhere. 


This pdf is that of the beta distribution with parameters a and 3. Since g(y1, y2) = 
gi(y1)g2(y2), it must be that the pdf of Yj is 


1 +8-1— 
g(yi)=4 Tera) Tarp 0 <i <0 
0 elsewhere, 


which is that of a gamma distribution with parameter values of a + @ and 1. 
It is an easy exercise to show that the mean and the variance of Y2, which has 
a beta distribution with parameters a and /, are, respectively, 
a 2 a 
L=—, oO = ——__.... 
a+, (a+ 6+1)\(a+ 6) 
The program R calculates probabilities for the beta distribution. If X has a beta 
distribution with parameters a = a and ( = b, then the command pbeta(x,a,b) 
returns P(X < x) and the command dbeta(x,a,b) returns the value of the pdf of 
X at x. 
We close this section with another example of a random variable whose distri- 
bution is derived from a transformation of gamma random variables. 


Example 3.3.7 (Dirichlet Distribution). Let X1, X2,..., X%41 be independent ran- 
dom variables, each having a gamma distribution with @ = 1. The joint pdf of these 
variables may be written as 


k+1 1 a;—1,—2; F 
id ea Tati 0< 2; <c 


0 elsewhere. 


h(a, HQ,-+. ,Lk+1) = 
Let 
Xj 
XytXote++ + Xeq1’ 
and Yp41 = X1+X2+---+Xpz41 denote k+1 new random variables. The associated 
transformation maps A = {(a1,...,U%41) :0< aj < oo, i=1,...,k +1} onto the 
space: 


B= {1.055 yer vari): 0 < ys t=1,...,k, Yt typ <i, O'S Ure < Oo}. 


i= 


The single-valued inverse functions are 21 = YiYr+41,---;2k = YRYk+1,Tk41 = 
Yrei(l — yi — +++ — Yr), So that the Jacobian is 
Yrt1 0 vee 0 Y1 
0 Yktl ott 0 Yy2 
J= ; = Yr+i 
0 0 set YR+L Yk 


—Yk+1 —Yetl ct: Yeti (L—-y1 —-++— Ye) 
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Hence the joint pdf of Y1,...,Y%, Yr41 is given by 
i ee or Tema =H) = YR)oktite- ven 
Pay) +++ Tax) P(an41) 


provided that (y1,.--,Y¥,Ye+1) € B and is equal to zero elsewhere. By integrating 
out yr+1, the joint pdf of Y;,...,¥, is seen to be 


D(a et Osa) gs 24 a,—1 =i 
Ley — sy ml, (3.3.6 
T(ay)---T'(ag+1) et ye (tn Yb) ( ) 


9(Y1,---1 Yk) = 
when 0 < yj, t= 1,...,k, yp +--+: + yx <1, while the function g is equal to zero 
elsewhere. Random variables Y;,..., Y; that have a joint pdf of this form are said to 
have a Dirichlet pdf. It is seen, in the special case of k = 1, that the Dirichlet pdf 
becomes a beta pdf. Moreover, it is also clear from the joint pdf of Y1,...,¥x, Yrai 
that Y;41 has a gamma distribution with parameters a; +---+ag,+az41 and @ =1 
and that Y,41 is independent of Y,, Y2,...,Y,. 


EXERCISES 
3.3.1. If (1—2t)~®, t < 4, is the mef of the random variable X, find P(X < 5.23). 
2 


3.3.2. If X is y*(5), determine the constants c and d so that P(c < X < d) = 0.95 
and P(X <c) = 0.025. 


3.3.3. Find P(3.28 < X < 25.2) if X has a gamma distribution with a = 3 and 


B=4. 
Hint: Consider the probability of the equivalent event 1.64 < Y < 12.6, where 
Y =2X/4= X/2. 


3.3.4. Let X be a random variable such that E(X™) = (m+1)!2™, m= 1,2,3,.... 
Determine the mgf and the distribution of X. 


3.3.5. Show that 


a ae = pre h 
2dz= (rea ees eee 
/ T(k)~ € & vl pees 


x=0 


This demonstrates the relationship between the cdfs of the gamma and Poisson 
distributions. 
Hint: Either integrate by parts k—1 times or obtain the “antiderivative” by showing 


that 

k-1 
ad _e-? [(k) gh-3-1| — yk-1,-2 
dz sa0 (k-j-1)! 


3.3.6. Let X1, X2, and X3 be iid random variables, each with pdf f(x) = e~*, 
0 < x < ow, zero elsewhere. 
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(a) Find the distribution of Y = minimum(X), X2, X3). 
Hint: P(Y <y)=1-—P(Y > y) =1-—P(Xi > y,i=1,2,3). 


(b) Find the distribution of Y = maximum(X1, X2, X3). 


3.3.7. Let X have a gamma distribution with pdf 
fle) = rel, O<e< 
x = ae ; L< OO, 


zero elsewhere. If « = 2 is the unique mode of the distribution, find the parameter 
Band P(X < 9.49). 


3.3.8. Compute the measures of skewness and kurtosis of a gamma distribution 
which has parameters a and £3. 


3.3.9. Let X have a gamma distribution with parameters a and 3. Show that 
P(X > 2aB) < (2/e)*. 
Hint: Use the result of Exercise 1.10.4. 


3.3.10. Give a reasonable definition of a chi-square distribution with zero degrees 
of freedom. 
Hint: Work with the mef of a distribution that is y?(r) and let r = 0. 


3.3.11. Using the computer, obtain plots of the pdfs of chi-squared distributions 
with degrees of freedom r = 1, 2,5, 10,20. Comment on the plots. 


3.3.12. Using the computer, plot the cdf of [(5,4) and use it to guess the median. 
Confirm it with a computer command which returns the median [In R, use the 
command qgamma(.5,shape=5,scale=4)]. 


3.3.13. Using the computer, obtain plots of beta pdfs for a = 1,5,10 and 6 = 
1, 2,5, 10, 20. 


3.3.14. In the Poisson postulates of Remark 3.2.1, let be a nonnegative function 
of w, say A(w), such that D,,[g(0,w)] = —A(w)g(0,w). Suppose that A(w) = 
krw’-t, r> 1. 


(a) Find g(0,w), using the boundary condition g(0,0) = 1. 


(b) Let W be the time that is needed to obtain exactly one change. Find the 
distribution function of W, ie, G(w) = P(W < w) =1-P(W > w) = 
1 — g(0,w), 0 < w, and then find the pdf of W. This pdf is that of the 
Weibull distribution, which is used in the study of breaking strengths of 
materials. 


3.3.15. Let X have a Poisson distribution with parameter m. If m is an experi- 
mental value of a random variable having a gamma distribution with a = 2 and 
3 =1, compute P(X = 0,1, 2). 

Hint: Find an expression that represents the joint distribution of X and m. Then 
integrate out m to find the marginal distribution of X. 
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3.3.16. Let X have the uniform distribution with pdf f(#) = 1, 0 < x < 1, zero 
elsewhere. Find the cdf of Y = —2log X. What is the pdf of Y? 


3.3.17. Find the uniform distribution of the continuous type on the interval (b,c) 
that has the same mean and the same variance as those of a chi-square distribution 
with 8 degrees of freedom. That is, find b and c. 


3.3.18. Find the mean and variance of the (@ distribution. 
Hint: From the pdf, we know that 


Oe es = P(a)P(8) 
a-l1 _ B-1 = 
| y*"(1—y)’~ dy Tia +B) 
for alla >0, 6>0. 


3.3.19. Determine the constant c in each of the following so that each f(x) is a 3 
pdf: 


(a) f(x) =ca(1—2)3, 0 < x <1, zero elsewhere. 
(b) f(x) = cx*(1 — x)®, 0 < x <1, zero elsewhere. 
(c) f(x) = cx?(1— 2x), 0 < x <1, zero elsewhere. 


3.3.20. Determine the constant ¢ so that f(x) = cx(3 — 2)*, 0 < x < 3, zero 
elsewhere, is a pdf. 


3.3.21. Show that the graph of the @ pdf is symmetric about the vertical line 
through « = - ifa= fp. 


3.3.22. Show, for k = 1,2,...,n, that 


[ aoe ~ 2a Se ("Jor _ py, 


This demonstrates the relationship between the cdfs of the @ and binomial distri- 
butions. 


3.3.23. Let X; and X2 be independent random variables. Let X; and Y = X;+ Xe 
have chi-square distributions with r; and r degrees of freedom, respectively. Here 
ry <r. Show that X2 has a chi-square distribution with r — 1, degrees of freedom. 
Hint: Write M(t) = E(e*:+*2)) and make use of the independence of X; and 
Xo. 


3.3.24. Let X1,X2 be two independent random variables having gamma distribu- 
tions with parameters a; = 3, @; = 3 and ag = 5, G2 = 1, respectively. 


(a) Find the mgf of Y = 2X, + 6X9. 


(b) What is the distribution of Y? 
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3.3.25. Let X have an exponential distribution. 
(a) For x > 0 and y > 0, show that 
P(X >at+y|X>2)=P(X >y). (3.3.7) 


Hence, the exponential distribution has the memoryless property. Recall 
from (3.1.9) that the discrete geometric distribution had a similar property. 


(b) Let F(a) be the cdf of a continuous random variable Y. Assume that F'(0) = 0 
and 0 < F(y) < 1 for y > 0. Suppose property (3.3.7) holds for Y. Show that 
Fy(y) =1—e7*Y for y > 0. 


Hint: Show that g(y) = 1 — Fy (y) satisfies the equation 
gly + 2) = g(y)g(2), 


3.3.26. Consider a random variable X of the continuous type with cdf F(a) and 
pdf f(a). The hazard rate (or failure rate or force of mortality) is defined by 


< > 
os the PaasX<rtA|X 2a) 


jim x (3.3.8) 


In the case that X represents the failure time of an item, the above conditional 
probability represents the failure of an item in the interval [7,2 + A] given that it 
has survived until time 7. Viewed this way, r(x) is the rate of instantaneous failure 
at time x > 0. 


(a) Show that r(x) = f(x)/(1— F(a)). 


(b) If r(x) = c, where c is a positive constant, show that the underlying distri- 
bution is exponential. Hence, exponential distributions have constant failure 
rates over all time. 


(c) Ifr(x) = cx’; where c and b are positive constants, show that X has a Weibull 
distribution; i.e., 


b+1 


a= cx” exp {se } 0<2%<0o (3.3.9) 


0 elsewhere. 


(d) If r(x) = ce”, where c and b are positive constants, show that X has a 


Gompertz cdf given by 


_ f 1—-exp{g(1—e)} 0<a<00 
ct { 0 elsewhere. (ool) 


This is frequently used by actuaries as a distribution of “length of life.” 


3.3.27. Let Yi,..., Y, have a Dirichlet distribution with parameters aj,...,Q%, @k+1- 
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(a) Show that Y; has a beta distribution with parameters a = a, and B = 
Ag +++: + Ar41- 


(b) Show that Y; + ---+ Y,, r < k, has a beta distribution with parameters 
a@=ay+---+a, and B= apy, +++ + OK41. 


(c) Show that Yj + Yo, Y3+ Ya, Ys,...,¥%, & > 5, have a Dirichlet distribution 
with parameters a; + a2, Q3 +4, A5,---,Qk, Uk+1- 
Hint: Recall the definition of Y; in Example 3.3.7 and use the fact that the 
sum of several independent gamma variables with 3 = 1 is a gamma variable. 


3.4 The Normal Distribution 


Motivation for the normal distribution is found in the Central Limit Theorem, which 
is presented in Section 5.3. This theorem shows that normal distributions provide 
an important family of distributions for applications and for statistical inference, 
in general. We proceed by first introducing the standard normal distribution and 
through it the general normal distribution. 

Consider the integral 


fay on (=) dz. (3.4.1) 


This integral exists because the integrand is a positive continuous function which 
is bounded by an integrable function; that is, 


_ 42 
0 < exp (=) <exp(—|z|/ +1), -oo<z<0o, 


and 


/ exp(—|z| + 1) dz = 2e. 


—oco 


To evaluate the integral J, we note that J > 0 and that J? may be written 


1 foe) co 2 2 
= all / exp (--=*) dzdw. 
Todas ies 2 


This iterated integral can be evaluated by changing to polar coordinates. If we set 
z=rcos@ and w =rsin@, we have 


. it 20 love) 93/2 
rP- = e r dr d0 
1 27 
= ars dé =1. 
TT 


Because the integrand of display (3.4.1) is positive on R and integrates to 1 over 
R, it is a pdf of a continuous random variable with support R. We denote this 
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random variable by Z. In summary, Z has the pdf 


a0 
=) , ~CO<z< OH. (3.4.2) 


1 
—= ex 
V20 »( 2 


For t € R, the mgf of Z can be derived by a completion of a square as follows: 
Elexp{tZ}| = i. expt} exp {37} dz 
; le — exp {3 - oe} dz 
= exp {5°} [. a exp {sue dw, (3.4.3) 


where for the last integral we made the one-to-one change of variable w = z—t. By 
the identity (3.4.2), the integral in expression (3.4.3) has value 1. Thus the megf of 
Z is 


f(z) = 


lI 
oO 
tal 
5S 
—s 
_ 
No 


1 
Mz (t) = exp { 50} , for —co <t < ov. (3.4.4) 


The first two derivatives of Mz(t) are easily shown to be 
/ 1 2 
M(t) = texp 5t 


1 1 
Mr(t) = exp {5°} +t? exp {5°} 
Upon evaluating these derivatives at t = 0, the mean and variance of Z are 
E(Z) =0 and Var(Z) = 1. (3.4.5) 
Next, define the continuous random variable X by 
X =bZ +a, 


for 6 > 0. This is a one-to-one transformation. To derive the pdf of X, note that 
the inverse of the transformation and the Jacobian are z = b-!(x—a) and J=b"1, 
respectively. Because b > 0, it follows from (3.4.2) that the pdf of X is 


1 1 /x-a 4 
Fxle) = pez esr 4 ( D ys -—0O <4“2< oO. 


By (3.4.5), we immediately have E(X) = a and Var(X) = b?. Hence, in the 
expression for the pdf of X, we can replace a by 4 = E(X) and b? by o? = Var(X). 
We make this formal in the following definition, 


Definition 3.4.1 (Normal Distribution). We say a random variable X has a nor- 
mal distribution if its pdf is 


Ga — o{-$(44) } for 00 <<. (3.4.6) 


oO 
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The parameters ys and o? are the mean and variance of X, respectively. We often 
write that X has a N(p,07) distribution. 


In this notation, the random variable Z with pdf (3.4.2) has a N(0, 1) distribution. 
We call Z a standard normal random variable. 

For the mgf of X, use the relationship X = oZ + pw and the megf for Z, (3.4.4), 
to obtain 


Blexp{tX}] = Elexp{t(oZ + 1)}] = exp{ut} Blexp{toZ}] 


1 1 
exp{ jut} exp { sve} = exp {ut + sve} , (3.4.7) 


I 


for —oco < t < co. 
We summarize the above discussion, by noting the relationship between Z and 
Xx: 


X has a N(y,07) distribution if and only if Z = a has a N(0, 1) distribution. 
(3.4.8) 


Example 3.4.1. If X has the mgf 
M(t) = e2t+32t? 


then X has a normal distribution with = 2 and o? = 64. Furthermore, the 
random variable Z = 4+ has a N(0,1) distribution. m 


Example 3.4.2. Recall Example 1.9.6. In that example we derived all the moments 
of a standard normal random variable by using its moment generating function. We 
can use this to obtain all the moments of X, where X has a N(,07) distribution. 
From above, we can write X = oZ-+ 1, where Z has a N(0,1) distribution. Hence, 
for all nonnegative integers k a simple application of the binomial theorem yields 


k 
E(X*) = E[(oZ + »)*] => (5) oF E(Z))uk-I, (3.4.9) 


j=0 


Recall from Example 1.9.6 that all the odd moments of Z are 0, while all the even 
moments are given by expression (1.9.2). These can be substituted into expression 
(3.4.9) to derive the moments of X. m 


The graph of the normal pdf, (3.4.6), is seen in Figure 3.4.1 to have the following 
characteristics: (1) symmetry about a vertical axis through « = yw; (2) having 
its maximum of 1/(oV2m) at « = yp; and (3) having the z-axis as a horizontal 
asymptote. It should also be verified that (4) there are points of inflection at 
x = w+o; see Exercise 3.4.7. 

As we discussed at the beginning of this section, many practical applications 
involve normal distributions. In particular, we need to be able to readily com- 
pute probabilities concerning them. Normal pdfs, however, contain some factor 
such as exp {—s”}. Hence, their antiderivatives cannot be obtained in closed form 
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f(x) 
A 
a1 
\2n0 
\—— > x 
p-30 p- 20 wo wb +o +20 b+ 30 


Figure 3.4.1: The normal density f(x), (3.4.6). 


and numerical integration techniques must be used. Because of the relationship 
between normal and standard normal random variables, (3.4.8), we need only com- 
pute probabilities for standard normal random variables. To see this, denote the 
cdf of a standard normal random variable, Z, by 


&(z) = i. — exp {==} dw. (3.4.10) 


Let X have a N(y, 07) distribution. If we want to compute Fx (x) = P(X < 2) for 
a specified x, then for Z = (X — y)/o, expression (3.4.8) implies that 


F(t) = P(X sa)=P(z< 24) -0 (4). 


Thus we only need numerical integration computations for ®(z). Normal quantiles 
can also be computed by using quantiles based on Z. For example, suppose we 
wanted the value x,, such that p = Fx (x,), for a specified value of p. Take z, = 
®~1(p). Then by (3.4.8), tp» = 0% + py. 

Figure 3.4.2 shows the standard normal density. The area under the density 
function to the left of z, is p; that is, ®(z,) = p. Table III in Appendix C offers 
an abbreviated table of probabilities for a standard normal distribution. Note that 
the table only gives probabilities for z > 0. Suppose we need to compute ®(—z), 
where z > 0. Because the pdf of Z is symmetric about 0, we have 


®(—z) = 1- ®(z); (3.4.11) 


see Exercise 3.4.1. In the examples ahead, we illustrate the computation of normal 
probabilities and quantiles. 

Most computer packages offer functions for computation of these probabilities. 
For example, the R command pnorm(x,a,b) calculates P(X < x) when X has 
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a normal distribution with mean a and standard deviation b, while the command 
dnorm(x,a,b) returns the value of the pdf of X at a. 


0) 


®(Z,) =p 


Zp (0,0) 


Figure 3.4.2: The standard normal density: p = ®(z,) is the area under the curve 
to the left of zp. 


Example 3.4.3. Let X be N(2,25). Then, by Table III, 


(82) -+(¢34 
= (1.6) — &(-0.4) 
0.945 — (1 — 0.655) = 0.600 


1-2 —8-—2 
° (=) =a ( B ) 
= &(-—0.2)— 6(-2) 
= (1 — 0.579) _ (1 —_ 0.977) = 0.398. 


I 


P(0< X < 10) 


and 


I 


P(-8< X <1) 


Example 3.4.4. Let X be N(,07). Then, by Table III, 


P(u—20<X<p+20) = p(t) 9 (Ho) 
= (2) —6(-2) 


= 0.977— (1-— 0.977) =0.954. m 
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Example 3.4.5. Suppose that 10% of the probability for a certain distribution that 
is N(,07) is below 60 and that 5% is above 90. What are the values of ys and o? 
We are given that the random variable X is N(,07) and that P(X < 60) = 0.10 
and P(X < 90) = 0.95. Thus ®[(60— jz) /o] = 0.10 and ®[(90 — 1) /o] = 0.95. From 
Table III we have 

60 — fu 


1.64. 


68, 
oO 


These conditions require that ~ = 73.1 and o = 10.2 approximately. 


Remark 3.4.1. In this chapter we have illustrated three types of parameters 
associated with distributions. The mean py of N(p,07) is called a location pa- 
rameter because changing its value simply changes the location of the middle of 
the normal pdf; that is, the graph of the pdf looks exactly the same except for a 
shift in location. The standard deviation o of N(,07) is called a scale parameter 
because changing its value changes the spread of the distribution. That is, a small 
value of o requires the graph of the normal pdf to be tall and narrow, while a large 
value of o requires it to spread out and not be so tall. No matter what the values 
of w and o, however, the graph of the normal pdf is that familiar “bell shape.” In- 
cidentally, the @ of the gamma distribution is also a scale parameter. On the other 
hand, the a of the gamma distribution is called a shape parameter, as changing 
its value modifies the shape of the graph of the pdf, as can be seen by referring to 
Figure 3.3.1. The parameters p and yw of the binomial and Poisson distributions, 
respectively, are also shape parameters. 


We close this part of the section with two important theorems. 


Theorem 3.4.1. If the random variable X is N(,07), 0? > 0, then the random 
variable V = (X — 1)?/0? is x7(1). 


Proof. Because V = W?, where W = (X — p)/o is N(0,1), the cdf G(v) for V 


is, for v > 0, 


That is, 


and 
G(v) =0, v<0. 


If we change the variable of integration by writing w = ,/y, then 


e 9/2 dy, O<v. 


bs 1 
G(v) = | —— 
0 V20./y 
Hence the pdf g(v) = G’(v) of the continuous-type random variable V is 


age te 0<v<@ 


Vave 


i 0 elsewhere. 
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Since g(v) is a pdf and hence 


[O seyav=a, 


it must be that [($) = /7 and thus V is y?(1). 


One of the most important properties of the normal distribution is its additivity 
under independence. 


Theorem 3.4.2. Let X,...,Xn be independent random variables such that, for 
i=1,...,n, X; has a N(i,07) distribution. Let Y = yp iN ty WHEE Hy 2 Oe 
are conaranee Then the distribution oY wn, isa , 0207): 


Proof: By Theorem 2.6.1, for t € R, the mgf of Y is 
My(t) = [ow {tajp; + (1/2)t?a?07 } 
exp ee Opty + (1/207 »; cet] ; 
i=1 i=1 


which is the mgf of a N(3>i_, aifti, )0_, a7?) distribution. m 


A simple corollary to this result gives the distribution of the sample mean X = 
n—* S*_, X; when Xj, Xo,...X, represents a random sample from a N (1,07). 


Corollary 3.4.1. Let X1,...,Xn be iid random variables with a common N(, 07) 
distribution. Let X =n! 3", X;. Then X has a N(u,0?/n) distribution. 


To prove this corollary, simply take a; = (1/n), wi = p, and o? = o?, for 
i=1,2,...,n, in Theorem 3.4.2. 


3.4.1 Contaminated Normals 


We next discuss a random variable whose distribution is a mixture of normals. As 
with the normal, we begin with a standardized random variable. 

Suppose we are observing a random variable that most of the time follows a 
standard normal distribution but occasionally follows a normal distribution with a 
larger variance. In applications, we might say that most of the data are “good” 
but that there are occasional outliers. To make this precise let Z have a N(0, 1) 
distribution; let I;_. be a discrete random variable defined by 


— 1 with probability 1— 
toe 0 with probability e, 


and assume that Z and ;_, are independent. Let W = Zh_. + 0-Z(1 — T_<). 
Then W is the random variable of interest. 


3.4. The Normal Distribution 175 


The independence of Z and J;_, imply that the cdf of W is 
Fw(w)=P(W <u) = Pi(W<u,h_-.=1)+P(W <u,h_-.=0] 
= PIW<w|h_.=NPi|h_-.=1] 
+PIW <w|h_. = 0)P[h_. = 0] 
= PiZ<uw|(l-6)4+P[Z <w/ole. 
= O(w)(1—6)+ ®(w/o.)e (3.4.12) 


Therefore, we have shown that the distribution of W is a mixture of normals. 
Further, because W = Z_. + o-Z(1 — Ihc), we have 


E(W) = 0 and Var(W) = 1+ «(02 — 1); (3.4.13) 
see Exercise 3.4.25. Upon differentiating (3.4.12), the pdf of W is 


fw(w) = ow) — €) + b(w/oe)—, (3.4.14) 


€ 
Oc 
where ¢ is the pdf of a standard normal. 

Suppose, in general, that the random variable of interest is X = a+ bW, where 
b > 0. Based on (3.4.13), the mean and variance of X are 


E(X) =a and Var(X) = b?(1 + e(o? — 1)). (3.4.15) 


From expression (3.4.12), the cdf of X is 


Fx(e) =0 (“5*) -9+0(2—*)« (3.4.16) 


bo~ 


which is a mixture of normal cdfs. 

Based on expression (3.4.16) it is easy to obtain probabilities for contami- 
nated normal distributions using R. For example, suppose, as above, W has cdf 
(3.4.12). Then P(W < w) is obtained by the R command (1-eps)*pnorm(w) + 
eps*pnorm(w/sigc), where eps and sigc denote € and o,, respectively. Similarly, 
the pdf of W at w is returned by (1-eps)*dnorm(w) + eps*dnorm(w/sigc)/sigc. 
In Section 3.7, we explore mixture distributions in general. 


EXERCISES 
3.4.1. If 


| 2 
®(z) =a ae /? dw, 


show that @(—z) = 1 — ®(z). 


3.4.2. If X is N(75,100), find P(X < 60) and P(70 < X < 100) by using either 
Table III or, if R is available, the command pnorn. 


3.4.3. If X is N(u,07), find b so that P[—b < (X — p)/o < b] = 0.90, by using 
either Table III of Appendix C or, if R is available, the command pnorn. 
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3.4.4. Let X be N(p,07) so that P(X < 89) = 0.90 and P(X < 94) = 0.95. Find 
yand o?. 


3.4.5. Show that the constant c can be selected so that f(x) = O-*, -w<a2< 
co, satisfies the conditions of a normal pdf. 
Hint: Write 2 = e!°8?. 


3.4.6. If X is N(u,07), show that E(|X — p|) = 0./2/n. 


3.4.7. Show that the graph of a pdf N(j,07) has points of inflection at 2 = pp —o 
and z=p+o. 


3.4.8. Evaluate i exp[—2(a — 3)?] dz. 
3.4.9. Determine the 90th percentile of the distribution, which is N(65, 25). 
3.4.10. If e3+8" is the mgf of the random variable X, find P(—1 < X <9). 


3.4.11. Let the random variable X have the pdf 


2 
f(x) = ee 0<a<o0, zero elsewhere. 


Find the mean and the variance of X. 
Hint: Compute E(X) directly and E(X?) by comparing the integral with the 
integral representing the variance of a random variable that is N(0, 1). 


3.4.12. Let X be N(5,10). Find P[0.04 < (X — 5)? < 38.4]. 
3.4.13. If X is N(1,4), compute the probability P(1 < X? < 9). 


3.4.14. If X is N(75, 25), find the conditional probability that X is greater than 
80 given that X is greater than 77. See Exercise 2.3.12. 


3.4.15. Let X be a random variable such that E(X?"™) = (2m)!/(2™m!), m = 
1,2,3,... and E(X?™—-1) =0, m = 1,2,3,.... Find the megf and the pdf of X. 


3.4.16. Let the mutually independent random variables X1, X2, and X3 be N(0, 1), 
N(2,4), and N(—1,1), respectively. Compute the probability that exactly two of 
these three variables are less than zero. 


3.4.17. Let X have a N(y,07) distribution. Use expression (3.4.9) to derive the 
third and fourth moments of X. 


3.4.18. Compute the measures of skewness and kurtosis of a distribution which 
is N(u,07). See Exercises 1.9.14 and 1.9.15 for the definitions of skewness and 
kurtosis, respectively. 


3.4.19. Let the random variable X have a distribution that is N (1,07). 


(a) Does the random variable Y = X? also have a normal distribution? 
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(b) Would the random variable Y = aX + b, a and b nonzero constants have a 
normal distribution? 
Hint: In each case, first determine P(Y < y). 


3.4.20. Let the random variable X be N(,07). What would this distribution be 
if@” = 07 
Hint: Look at the mgf of X for o? > 0 and investigate its limit as 0? 0. 


3.4.21. Let Y have a truncated distribution with pdf g(y) = $(y)/[®(b) — ®(a)], 
for a < y < b, zero elsewhere, where ¢(x) and ®(x) are, respectively, the pdf and 
distribution function of a standard normal distribution. Show then that E(Y) is 


equal to [6(a) — 9(6)]/[®(b) — ®(a)]. 


3.4.22. Let f(x) and F(a) be the pdf and the cdf, respectively, of a distribution of 
the continuous type such that f’(a) exists for all x. Let the mean of the truncated 
distribution that has pdf g(y) = f(y)/F(b), —co < y < b, zero elsewhere, be 
equal to —f(b)/F(b) for all real b. Prove that f(a) is a pdf of a standard normal 
distribution. 


3.4.23. Let X and Y be independent random variables, each with a distribution 
that is N(0,1). Let Z = X +Y. Find the integral that represents the cdf G(z) = 
P(X +Y < z) of Z. Determine the pdf of Z. 

Hint: We have that G(z) = [°, H(«,z) dx, where 


H(a,z) = - st exp[—(x? + y”)/2] dy. 


oe 20 
Find G’(z) by evaluating f° [OH (a, z)/Oz] de. 


3.4.24. Suppose X is a random variable with the pdf f(x) which is symmetric 
about 0; ie., f(—x) = f(x). Show that F(—«x) = 1—-— F(x), for all x in the support 
of X. 


3.4.25. Derive the mean and variance of a contaminated normal random variable. 
They are given in expression (3.4.13). 


3.4.26. Assuming a computer is available, investigate the probabilities of an “out- 
lier” for a contaminated normal random variable and a normal random variable. 
Specifically, determine the probability of observing the event {|X| > 2} for the 
following random variables: 


(a) X has a standard normal distribution. 


(b) X has a contaminated normal distribution with cdf (3.4.12), where « = 0.15 
and o, = 10. 


(c) X has a contaminated normal distribution with cdf (3.4.12), where e = 0.15 
and o, = 20. 


(d) X has a contaminated normal distribution with cdf (3.4.12), where e = 0.25 
and o, = 20. 
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3.4.27. Assuming a computer is available, plot the pdfs of the random variables 
defined in parts (a)—(d) of the last exercise. Obtain an overlay plot of all four pdfs 
also. In R the domain values of the pdfs can easily be obtained by using the seq 
command. For instance, the command x<-seq(-6,6,.1) returns a vector of values 
between —6 and 6 in jumps of 0.1. 


3.4.28. Let X, and X2 be independent with normal distributions N(6,1) and 
N(7, 1), respectively. Find P(X, > X2). 

Hint: Write P(X, > X2) = P(X, — X2 > 0) and determine the distribution of 
X1— Xo. 


3.4.29. Compute P(X, + 2X2 — 2X3 > 7) if X1,X2,X3 are iid with common 
distribution N(1, 4). 


3.4.30. A certain job is completed in three steps in series. The means and standard 
deviations for the steps are (in minutes) 


Step Mean Standard Deviation 


1 17 2 
2 13 1 
3 13 2 


Assuming independent steps and normal distributions, compute the probability that 
the job takes less than 40 minutes to complete. 


3.4.31. Let X be N(0,1). Use the moment generating function technique to show 
that Y =X" ig 47(1). 

Hint: Evaluate the integral that represents E(e'X’) by writing w = avV/1 — 2t, 
t< i. 


3.4.32. Suppose X,, X2 are iid with a common standard normal distribution. Find 
the joint pdf of Y; = X? + X? and Y2 = X2 and the marginal pdf of Y4. 
Hint: Note that the space of Y; and Y2 is given by —,/y, < yo < ,/yi,0 < y1 < ~. 


3.5 The Multivariate Normal Distribution 


In this section we present the multivariate normal distribution. We introduce it in 
general for an n-dimensional random vector, but we offer detailed examples for the 
bivariate case when n = 2. As with Section 3.4 on the normal distribution, the 
derivation of the distribution is simplified by first discussing the standard case and 
then proceeding to the general case. Also, vector and matrix notation is used. 
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Consider the random vector Z = (Zj,..., Zn)’, where Z1,..., Zp, are iid N(0, 1) 
random variables. Then the density of Z is 


fate) = [[eow{-teth = (2) of -tyrs 
: 7 gay V20 . 2° J \ Qn ° 2 


n/2 
1 ii 
= (=) exp {-32 a) ; (3.5.1) 


for z € R”. Because the Z;s have mean 0, have variance 1, and are uncorrelated, 
the mean and covariance matrix of Z are 


E[Z] =0 and Cov(Z] =I, (3.5.2) 


where I,, denotes the identity matrix of order n. Recall that the mgf of Z; evaluated 
at t; is exp{t?/2}. Hence, because the Z;s are independent, the mef of Z is 


Mz(t) = Elexp{t’Z}] = E II exp{t;Z;}| = II E [exp{t;Z;}] 
= on{ toa] = exp { 5} ; (3.5.3) 


for all t € R”. We say that Z has a multivariate normal distribution with 
mean vector 0 and covariance matrix I,. We abbreviate this by saying that Z has 
an N,,(0,1,) distribution. 

For the general case, suppose & is ann xn, symmetric, and positive semi-definite 
matrix. Then from linear algebra, we can always decompose & as 


S=I’Ar, (3.5.4) 


where A is the diagonal matrix A = diag(A1, A2,---,An), A1 > A2 > +++ & An > O 
are the eigenvalues of ©, and the columns of I’, vi, v2,..., Vn, are the corresponding 
eigenvectors. This decomposition is called the spectral decomposition of &. The 
matrix I is orthogonal, i.c., I~! = I’, and, hence, PI’ = I. As Exercise 3.5.19 
shows, we can write the spectral decomposition in another way, as 


S=IWAT = So dvi). (3.5.5) 
i=1 
Because the \js are nonnegative, we can define the diagonal matrix A!/? = 
diag {Vi,---, /An}- Then the orthogonality of T implies 
BaP err Ar, 
Define the square root of the positive semi-definite matrix © as 


Ser a'’r, (3.5.6) 
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Note that %!/? is symmetric and positive semi-definite. Suppose © is positive 
definite; that is, all of its eigenvalues are strictly positive. Based on this, it is then 
easy to show that 


(ai) =Ta-'/p. (3.5.7) 


see Exercise 3.5.11. We write the left side of this equation as ©~!/2. These matrices 


enjoy many additional properties of the law of exponents for numbers; see, for 
example, Arnold (1981). Here, though, all we need are the properties given above. 

Let Z havea N,,(0,I,,) distribution. Let © be a positive semi-definite, symmetric 
matrix and let w be an n x 1 vector of constants. Define the random vector X by 


Xa 7 (3.5.8) 

By (3.5.2) and Theorem 2.6.3, we immediately have 
E\X| Se and Coy|X) = S4"°S/7 =D. (3.5.9) 
Further, the mgf of X is given by 
Mx(t) = Elexp{t/X}] = E lexp{t'E"2Z Es ty} | 
/ 
= exp{t’'p}E lex { (2) z\ 
/ 
= exp{t/u} exp {( /2) (=e) zie 


exp{t’u} exp{(1/2)t’St}. (3.5.10) 


This leads to the following definition: 


Definition 3.5.1 (Multivariate Normal). We say an n-dimensional random vector 
X has a multivariate normal distribution if its mgf is 


Mx(t) = exp {t’w + (1/2)t’ Et} , (3.5.11) 
for allt € R” and where & is a symmetric, positive semi-definite matrix and 
WER”. We abbreviate this by saying that X has a N,(p, =) distribution. 


Note that our definition is for positive semi-definite matrices &. Usually & 
is positive definite, in which case we can further obtain the density of X. If X 
is positive definite, then so is S!/? and, as discussed above, its inverse is given by 
expression (3.5.7). Thus the transformation between X and Z, (3.5.8), is one-to-one 
with the inverse transformation 


Z= bade. < _ Lt), 


with Jacobian |/~!/?| = ||~!/?. Hence, upon simplification, the pdf of X is given 
by 


1 1 
fx(x) = Qn)? 5/72 exp {50x = py =~! (x = »)} ; for x € R”. (3.5.12) 
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The following two theorems are very useful. The first says that a linear trans- 
formation of a multivariate normal random vector has a multivariate normal distri- 
bution. 


Theorem 3.5.1. Suppose X has a N,,(u, =) distribution. Let Y = AX +b, where 
A isanmxn matriz andb € R™. Then Y has a Ny(Aut+b, AXA’) distribution. 


Proof: From (3.5.11), for t € R™, the mgf of Y is 


My(t) = E [exp {t’Y}] 

E [exp {t'(AX + b)}] 

= exp{t’b} E [exp {(A’t)/X}] 

exp {t’b} exp {(A't)’ ps + (1/2)(A’t)'D(A’t)} 
= exp{t’(Auw+b) + (1/2)t’'ADA’t}, 


which is the mgf of an N,,(Ap +b, AXA’) distribution. m 


A simple corollary to this theorem gives marginal distributions of a multivariate 
normal random variable. Let X; be any subvector of X, say of dimension m < 
n. Because we can always rearrange means and correlations, there is no loss in 
generality in writing X as 

Xy 
X= | X, | ' (3.5.13) 
where Xz is of dimension p = n —m. In the same way, partition the mean and 
covariance matrix of X; that is, 


My Miu Yq 
= d x= 3.5.14 
e | M2 | as | Moi Loe | ( ) 


with the same dimensions as in expression (3.5.13). Note, for instance, that 441 
is the covariance matrix of X, and 4. contains all the covariances between the 
components of X; and X2. Now define A to be the matrix 


A= [Tin Osul, 


where Omy is an mx p matrix of zeroes. Then X; = AX. Hence, applying Theorem 
3.5.1 to this transformation, along with some matrix algebra, we have the following 
corollary: 


Corollary 3.5.1. Suppose X has a N,(p, X) distribution, partitioned as in expres- 
sions (3.5.13) and (8.5.14). Then X, has a Nm(p1;, 411) distribution. 


This is a useful result because it says that any marginal distribution of X is also 
normal and, further, its mean and covariance matrix are those associated with that 
partial vector. 
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Example 3.5.1. In this example, we explore the multivariate normal case when 
n = 2. The distribution in this case is called the bivariate normal. We also use 
the customary notation of (X,Y) instead of (X1,X2). So, suppose (X,Y) has a 
No2(u, %) distribution, where 


2) 
j= | | and X= | a I (3.5.15) 


0712 05 


Hence, j; and o7 are the mean and variance, respectively, of X; juz and o3 are the 
mean and variance, respectively, of Y; and oj2 is the covariance between X and 
Y. Recall that 012 = po.02, where p is the correlation coefficient between X and 
Y. Substituting po,o2 for o12 in &, it is easy to see that the determinant of & is 
o?03(1 — p”). Recall that p? < 1. For the remainder of this example, assume that 
p” <1. In this case, © is invertible (it is also positive definite). Further, since © is 
a 2 x 2 matrix, its inverse can easily be determined to be 


2 
1 os —po102 


ote 
ojo3(1—p?) | —poic2 oy 


(3.5.16) 


Using this expression, the pdf of (X,Y), expression (3.5.12), can be written as 


1 eo 4/2 


x, rT | ’ 
F(ay) 270102\/1— p? 


-wo<u<mw, -w<y<o, (3.5.17) 


where 


¢ — (G8) -» (—*) (HK) Be (Hy > (3.5.18) 


see Exercise 3.5.12. 

Recall in general, that if X and Y are independent random variables then their 
correlation coefficient is 0. If they are normal, by Corollary 3.5.1, X has a N(11, 0?) 
distribution and Y has a N(2,03) distribution. Further, based on the expression 
(3.5.17) for the joint pdf of (X,Y), we see that if the correlation coefficient is 0, then 
X and Y are independent. That is, for the bivariate normal case, independence is 
equivalent to p = 0. The generalization is true for the multivariate normal as shown 
by Theorem 3.5.2. m 


Recall in Section 2.5, Example 2.5.4, that if two random variables are indepen- 
dent then their covariance is 0. In general, the converse is not true. However, as 
the following theorem shows, it is true for the multivariate normal distribution. 


Theorem 3.5.2. Suppose X has a N,(u, =) distribution, partitoned as in the ex- 
pressions (8.5.18) and (3.5.14). Then X, and X are independent if and only if 
Yi =O. 


Proof: First note that No; = Uy. The joint mgf of X; and Xz is given by 


1 
Mx,,x,(ti,t2) = exp {tian + th py + 5 (Heit + th doote + th doiti +t) Dyote) 
(3.5.19) 
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where t’ = (t,t) is partitioned the same as yt. By Corollary 3.5.1, Xj has a 
Ny (4, 411) distribution and X2 has a N,(f44, N22) distribution. Hence, the prod- 
uct of their marginal mgfs is 


Mx, (t1) Mx, (t2) = exp {ein + ae + ; (t) Suits + tsEeta)} F (3.5.20) 
By (2.6.6) of Section 2.6, X; and Xp» are independent if and only if the expressions 
(3.5.19) and (3.5.20) are the same. If Hy. = O/ and, hence, 42; = O, then 
the expressions are the same and X; and Xp» are independent. If X; and X» are 
independent, then the covariances between their components are all 0; i.e., Hy2 = O' 
and Xj, = O. 


Corollary 3.5.1 showed that the marginal distributions of a multivariate normal 
are themselves normal. This is true for conditional distributions, too. As the 
following proof shows, we can combine the results of Theorems 3.5.1 and 3.5.2 to 
obtain the following theorem. 


Theorem 3.5.3. Suppose X has a N,(,™) distribution, which is partitioned as 
in expressions (3.5.13) and (3.5.14). Assume that % is positive definite. Then the 
conditional distribution of X1 |X is 


Nin (by + Bishan (Xy = Ly), DIET = Sigh, Dai): (3.5.21) 


Proof: Consider first the joint distribution of the random vector W = X, — 
Siehiae Xs and X». This distribution is obtained from the transformation 


Ww = Tn —Xi2 pI X, 
X. |} | O I, XX |° 
Because this is a linear transformation, it follows from Theorem 3.5.1 that the joint 
distribution is multivariate normal, with E[W] = , — S12¥55 My, E[K2] = bo, 
and covariance matrix 
Tn —Sy2E55 Mu Vy In Oo’ |} | 
O I, Xo, Noe -=y Yo I, - 
ha — Ey2D5o Do O’ 
O So2 || 


Hence, by Theorem 3.5.2 the random vectors W and Xz are independent. Thus 
the conditional distribution of W | Xz is the same as the marginal distribution of 
W;; that is, 

W | Xo is Nin (by = Shes ey, DTT = Sigh Di): 
Further, because of this independence, W + /y2¥55'X2 given Xz is distributed as 


Nm(by — E12Do9 Me + Sa2Dog Xo, Dar — V12D59 E21) (3.5.22) 


3 


which is the desired result. m 
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Example 3.5.2 (Continuation of Example 3.5.1). Consider once more the bivariate 
normal distribution that was given in Example 3.5.1. For this case, reversing the 
roles so that Y = X; and X = Xo, expression (3.5.21) shows that the conditional 
distribution of Y given X = x is 


(ox 
N |u2 + p= (a ~ p1),03(1 — p°)) (3.5.23) 


Thus, with a bivariate normal distribution, the conditional mean of Y, given that 
X = 42, is linear in x and is given by 


02 
E(Y |x) = po + i — #1). 


Since the coefficient of x in this linear conditional mean E(Y|x) is po2/oi, and 
since 0; and og represent the respective standard deviations, p is the correlation 
coefficient of X and Y. This follows from the result, established in Section 2.4, that 
the coefficient of x in a general linear conditional mean E(Y |x) is the product of 
the correlation coefficient and the ratio 02/04. 

Although the mean of the conditional distribution of Y, given X = x, depends 
upon x (unless p = 0), the variance o3(1 — p?) is the same for all real values of «. 
Thus, by way of example, given that X = x, the conditional probability that Y is 
within (2.576)o2\/1 — p? units of the conditional mean is 0.99, whatever the value 
of x may be. In this sense, most of the probability for the distribution of X and Y 


lies in the band - 
be + a — 11) £2.57602\/1 — p? 


about the graph of the linear conditional mean. For every fixed positive o2, the 
width of this band depends upon p. Because the band is narrow when p? is nearly 
1, we see that p does measure the intensity of the concentration of the probability 
for X and Y about the linear conditional mean. We alluded to this fact in the 
remark of Section 2.4. 

In a similar manner we can show that the conditional distribution of X, given 
Y =y, is the normal distribution 


N |p + poly —p2), o7(1—p*)|. / 

Example 3.5.3. Let us assume that in a certain population of married couples the 
height X, of the husband and the height X2 of the wife have a bivariate normal 
distribution with parameters pu; = 5.8 feet, wz = 5.3 feet, 0, = oo = 0.2 foot, and 
p = 0.6. The conditional pdf of X2, given X1 = 6.3, is normal, with mean 5.3 + 
(0.6)(6.3— 5.8) = 5.6 and standard deviation (0.2)\/(1 — 0.36) = 0.16. Accordingly, 
given that the height of the husband is 6.3 feet, the probability that his wife has a 
height between 5.28 and 5.92 feet is 


P(5.28 < X < 5.92|X, = 6.3) = (2) — 6(—2) = 0.954. 


The interval (5.28, 5.92) could be thought of as a 95.4% prediction interval for the 
wife’s height, given X; = 6.3. @ 
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Recall that if the random variable X has a N(,07) distribution, then the 
random variable [(X — )/o]? has a y?(1) distribution. The multivariate analog of 
this fact is given in the next theorem. 


Theorem 3.5.4. Suppose X has a N,(t,%) distribution, where X is positive defi- 
nite. Then the random variable W = (X—p)'S~!(X—p) has a y?(n) distribution. 


Proof: Write S = ©1/?31/?, where D!/? is defined as in (3.5.6). Then Z = 
m-1/2(X — yp) is N,(0,1,). Let W = Z'Z = )"_, Z?. Because, for i =1,2,...,n, 
Z; has a N(0, 1) distribution, it follows from Theorem 3.4.1 that Z? has a x?(1) dis- 
tribution. Because Z;,...,Z, are independent standard normal random variables, 
by Corollary 3.3.1 0,_, 2? = W has a x?(n) distribution. m 


3.5.1 *Applications 


In this section, we consider several applications of the multivariate normal distri- 
bution. These the reader may have already encountered in an applied course in 
statistics. The first is principal components, which results in a linear function of a 
multivariate normal random vector that has independent components and preserves 
the “total” variation in the problem. 

Let the random vector X have the multivariate normal distribution N,, (js, X) 
where © is positive definite. As in (3.5.4), write the spectral decomposition of © 
as © = I’AT. Recall that the columns, v1, v2,...,Vn, of I’ are the eigenvectors 
corresponding to the eigenvalues A, A2,.-.,An which form the main diagonal of the 
matrix A. Assume without loss of generality that the eigenvalues are decreasing; 
Le, Ay > Ag > ++: > An > 0. Define the random vector Y = I'(X — p). Since 
TSI” = A, by Theorem 3.5.1 Y has a N,,(0, A) distribution. Hence the components 
Yi, Y2,..., Yn are independent random variables and, for 7 = 1,2,...,n, Y; has 
a N(0,A;) distribution. The random vector Y is called the vector of principal 
components. 

We say the total variation, (TV), of a random vector is the sum of the variances 
of its components. For the random vector X, because [ is an orthogonal matrix 


TVX) =) oS SSP Ar =cArr’ =) A; =TV(y). 
i=1 


i=l 


Hence, X and Y have the same total variation. 

Next, consider the first component of Y, which is given by Y, = vi(X — p). 
This is a linear combination of the components of X — yz with the property ||v1||? = 
ye V7; = 1, because I” is orthogonal. Consider any other linear combination of 
(X — yp), say a’(X — yp) such that |/a|/? = 1. Because a € R” and {vi,...,Vn} forms 
a basis for R”, we must have a = Si aj;v; for some set of scalars a1,...,@n. 
Furthermore, because the basis {v1,..., Vn} is orthonormal 


/ 
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Using (3.5.5) and the fact that ; > 0, we have the inequality 


Var(a’X) = a’da 
= : ri(a’v;)? 
w=1 
= S > ra? <A, > (a? =A: = Var(¥). (3.5.24) 
w=1 i=1 


Hence, Y; has the maximum variance of any linear combination a’(X — yz), such 
that |/a|] = 1. For this reason, Y; is called the first principal component of X. 

What about the other components, Y2,..., Yn? As the following theorem shows, 
they share a similar property relative to the order of their associated eigenvalue. 
For this reason, they are called the second, third, through the nth principal 
components, respectively. 


Theorem 3.5.5. Consider the situation described above. For j = 2,...,n and 
i=1,2,...,j-1, Varfa’X] < A; = Var(Y;), for all vectors a such that a L v; and 
llal| = 1. 


The proof of this theorem is similar to that for the first principal component 
and is left as Exercise 3.5.20. A second application concerning linear regression is 
offered in Exercise 3.5.22. 


EXERCISES 


3.5.1. Let X and Y have a bivariate normal distribution with respective parameters 
tg = 2.8, fy = 110, of = 0.16, o7 = 100, and p= 0.6. Compute 


(a) P(106< Y < 124). 
(b) P(106 < Y <124|X = 3.2). 


3.5.2. Let X and Y have a bivariate normal distribution with parameters fy = 
3, 2 =1, of = 16, of = 25, and p = 2. Determine the following probabilities: 


(a) P(3<Y <8). 
(b) P(3<Y <8|X =7). 
(c) P(-3< X <3). 
(d) P(-3< X <3/Y =~—4). 
3.5.3. If M(t, t2) is the mgf of a bivariate normal distribution, compute the co- 
variance by using the formula 
0?M(0,0) O@M(0,0) OM(0,0) 


Oty Oty Ot} Ot2 


Now let w(ti, tz) = log M(ti,t2). Show that 072(0,0)/0t,0t2 gives this covariance 
directly. 
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3.5.4. Let U and V be independent random variables, each having a standard 
normal distribution. Show that the mgf E(e’“YY)) of the random variable UV is 
(t-7)9", Lede, 
Hint: Compare E(e'¥Y) 
equal to zero. 


with the integral of a bivariate normal pdf that has means 


3.5.5. Let X and Y have a bivariate normal distribution with parameters 4 = 
5, pg = 10, a =, oe = 25, andp > 0. If P(4< Y < 16|X = 5) = 0.954, 
determine p. 


3.5.6. Let X and Y have a bivariate normal distribution with parameters 4 = 
20, 2 = 40, 0? = 9, of = 4, and p = 0.6. Find the shortest interval for which 0.90 
is the conditional probability that Y is in the interval, given that X = 22. 


3.5.7. Say the correlation coefficient between the heights of husbands and wives is 
0.70 and the mean male height is 5 feet 10 inches with standard deviation 2 inches, 
and the mean female height is 5 feet 4 inches with standard deviation 14 inches. 
Assuming a bivariate normal distribution, what is the best guess of the height of 
a woman whose husband’s height is 6 feet’? Find a 95% prediction interval for her 
height. 


3.5.8. Let 
Fl2.9) = (1/2m) exp |-3(@? + 92)] {1-4 aves [-5(a? +9? -2)]S. 


where —oo < @ < oo, —co < y < oo. If f(x,y) is a joint pdf, it is not a normal 
bivariate pdf. Show that f(x,y) actually is a joint pdf and that each marginal pdf 
is normal. Thus the fact that each marginal pdf is normal does not imply that the 
joint pdf is bivariate normal. 


3.5.9. Let X, Y, and Z have the joint pdf 


1 3/2 2 2 2 2 2 2 
ae exp eae 1+ ayzexp ore re 
Qr 2 2 


where —oo < © < CO, —cO < y < oo, and —co < z < oo. While X, Y, and Z are 
obviously dependent, show that X, Y, and Z are pairwise independent and that 
each pair has a bivariate normal distribution. 


3.5.10. Let X and Y have a bivariate normal distribution with parameters yw, = 


bi = 0, of = 03 = 1, and correlation coefficient p. Find the distribution of the 


random variable Z = aX + bY in which a and 6 are nonzero constants. 


3.5.11. Establish formula (3.5.7) by a direct multiplication. 


3.5.12. Show that the expression (3.5.12) becomes that of (3.5.17) in the bivariate 
case. 


3.5.13. Show that expression (3.5.21) simplifies to expression (3.5.23) for the bi- 
variate normal case. 
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3.5.14. Let X = (X1, X2, X3) have a multivariate normal distribution with mean 
vector O and variance-covariance matrix 


1 0 0 
x=|]0 2 1 
0 1 2 


Find P(X, > Xe+X3+ 2). 
Hint: Find the vector a so that aX = X, — X29 — X3 and make use of Theorem 
3.5.1. 


3.5.15. Suppose X is distributed N,(y,). Let X =n7! 7, Xi. 


(a) Write X as aX for an appropriate vector a and apply Theorem 3.5.1 to find 
the distribution of X. 


(b) Determine the distribution of X if all of its component random variables X; 
have the same mean p. 


3.5.16. Suppose X is distributed No(y,X). Determine the distribution of the 
random vector (X1,+X2, X1—X2). Show that X;+X2 and X,—X2 are independent 
if Var(X1) = Var(X2). 


3.5.17. Suppose X is distributed N3(0, %), where 


3.2 
=| 2 2 
1 1 


WR HR 


Find P((X1 — 2X2 + X3)? > 15.36). 


3.5.18. Let X1, X2, X3 be iid random variables each having a standard normal 
distribution. Let the random variables Yi, Y2, Y3 be defined by 


XxX, = Yj, cos Y2 sin Y3, Xo = Yj, sin Y2 sin Y3, X3 = Yj; cos Y3, 


where 0 < Yi < cw, O< Yo < 27, O< Y3 <a. Show that Y;, Yo, Y3 are mutually 
independent. 


3.5.19. Show that expression (3.5.5) is true. 
3.5.20. Prove Theorem 3.5.5. 


3.5.21. Suppose X has a multivariate normal distribution with mean O and covari- 
ance matrix 


283 215 277 208 
215 213 217 153 
277 217 336 236 
208 153 236 194 


(a) Find the total variation of X. 
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(b) Find the principal component vector Y. 


(c) Show that the first principal component accounts for 90% of the total varia- 
tion. 


(d) Show that the first principal component Y; is essentially a rescaled X. Deter- 
mine the variance of (1/2)X and compare it to that of Y1. 


Note if R is available, the command eigen(amat) obtains the spectral decomposi- 
tion of the matrix amat. 


3.5.22. Readers may have encountered the multiple regression model in a previous 
course in statistics. We can briefly write it as follows. Suppose we have a vector 
of n observations Y which has the distribution N,(X,07I), where X is an n x p 
matrix of known values, which has full column rank p, and @ is a p x 1 vector of 
unknown parameters. The least squares estimator of 3 is 


B = (X'X)1X’Y. 
(a) Determine the distribution of B. 
(b) Let Y = XQ. Determine the distribution of Y. 
(c) Let €= Y — Y. Determine the distribution of €. 


(d) By writing the random vector (Y’,e)’ as a linear function of Y, show that 
the random vectors Y and @ are independent. 


(e) Show that B solves the least squares problem; that is, 


Y — XB)? = min |/Y — Xbl|?. 
! BI|° = min | | 


3.6 t- and F-Distributions 


It is the purpose of this section to define two additional distributions that are quite 
useful in certain problems of statistical inference. These are called, respectively, the 
(Student’s) t-distribution and the F’-distribution. 


3.6.1 The t-distribution 


Let W denote a random variable that is N(0,1); let V denote a random variable 
that is y?(r); and let W and V be independent. Then the joint pdf of W and V, 
say h(w,v), is the product of the pdf of W and that of V or 

tle"? oop << oo, So <0 


1 p-w?/2 1 = zU 
h(w, v) = aa T(r/2)2"7 ; . 
eisewnere. 
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Define a new random variable T by writing 


WwW 


VV/r 


The change-of-variable technique is used to obtain the pdf gi (t) of T. The equations 


— “ and u=v 
Jo/r 
define a transformation that maps S = {(w,v) : —co < w < oo, 0 < vu < coo} 
one-to-one and onto T = {(t,u) : -co < t < cw, 0 < u < co}. Since w = 


t/u//r, v = u, the absolute value of the Jacobian of the transformation is |J| = 
Ju/ Vr. Accordingly, the joint pdf of T and U = V is given by 


t 
atu) = n(S2u)iy| 
1 r/2-] exp | e\) vu 
0 elsewhere. 


The marginal pdf of T is then 


[. g(t, u) du 


eS 1 
[ Vaart (r/2)2"/2 


In this integral let z = u[{1 + (t?/r)]/2, and it is seen that 


gi(t) 


2 
(P41)/2- oxen |-s (: 4t )| 5 


r 


oo 1 gp \eruieHl 2 
a= [arte (i) (eden) 
0 Qnrl(r/2)2r/2 \1+t2/r 14+0?/r 


Meth) 1 —o<t<oo. (3.6.1) 


Jarl (r/2) (1+ t2/r)e+)/2’ 
Thus, if W is N(0,1), if V is y?(r), and if W and V are independent, then 


T= ae (3.6.2) 


VV/r 


has the immediately preceding pdf gi(t). The distribution of the random variable 
T is usually called a t-distribution. It should be observed that a t-distribution is 
completely determined by the parameter r, the number of degrees of freedom of the 
random variable that has the chi-square distribution. Some approximate values of 


t 


Pir <i)= | wile) ae 


—co 
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for selected values of r and t can be found in Table IV in Appendix C. Note that the 
last line of the this table, which is labeled oo, contains the N(0,1) critical values. 
This is because as the degrees of freedom approach oo, the t-distribution converges 
to the N(0,1) distribution; see Example 5.2.3 of Chapter 5. 

The R computer package can also be used to obtain critical values as well as prob- 
abilities concerning the t-distribution. For instance, the command qt(.975,15) 
returns the 97.5th percentile of the t-distribution with 15 degrees of freedom; the 
command pt(2.0,15) returns the probability that a t-distributed random variable 
with 15 degrees of freedom is less that 2.0; and the command dt (2.0,15) returns 
the value of the pdf of this distribution at 2.0. 


Remark 3.6.1. This distribution was first discovered by W. S. Gosset when he 
was working for an Irish brewery. Gosset published under the pseudonym Student. 
Thus this distribution is often known as Student’s t-distribution. m 


Example 3.6.1 (Mean and Variance of the t-Distribution). Let the random vari- 
able T have a ¢t-distribution with r degrees of freedom. Then, as in (3.6.2), we 
can write T = W(V/r)~\/?, where W has a N(0,1) distribution, V has a y?(r) 
distribution, and W and V are independent random variables. Independence of W 
and V and expression (3.3.4), provided (r/2) — (k/2) > 0 (ie., & <r), implies the 


following: 
—k/2 —k/2 
wr (=) (=) | (3.6.3) 
r : fa 


g-k/2p (5 _ 5) 
k 2 : 
Tere ifk<r. (3.6.4) 


AT) = £ = E(W*)E 


= E(W 


For the mean of T, use k = 1. Because E(W) = 0, as long as the degrees of 
freedom of T exceed 1, the mean of T' is 0. For the variance, use k = 2. In this case 
the condition r > k becomes r > 2. Since E(W?) = 1, by expression (3.6.4), the 
variance of T’ is given by 
7 

r—2 
Therefore, a t-distribution with r > 2 degrees of freedom has a mean of 0 and a 
variance of r/(r — 2). ™ 


Var) = Ar") = (3.6.5) 


3.6.2. The F-distribution 


Next consider two independent chi-square random variables U and V having 7; and 
rg degrees of freedom, respectively. The joint pdf h(u,v) of U and V is then 
1 /2—-1yr2/2-1¢—(u+v)/2 0< u,v <0O 


1 
A(u,v) = 4 Tera/2)F (2/2227? © 
; 0 elsewhere. 


We define the new random variable 
-_ U/ry 
7 V/re 
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and we propose finding the pdf gi(w) of W. The equations 


= u/ry 
a v/re’ 


define a one-to-one transformation that maps the set S = {(u,v):0<u< oo, 0< 
uv < oo} onto the set T = {(w,z): 0 < w < ow, 0 < z < oo}. Since u = 
(ri/r2)zw, v = z, the absolute value of the Jacobian of the transformation is 
|J| = (ri/rg)z. The joint pdf g(w, z) of the random variables W and Z = V is then 


ry—2 
1 ryzw\ 2 ra-2 zZ(Tr1wW Mz 
ey eS eee “7 —-—({—-41 —— 
g(w, z) T(ry/2)0 (r2/2)201+"2)/2 ( T2 ) — exp | 2 ( r2 : )| ro! 


provided that (w,z) € T, and zero elsewhere. The marginal pdf gi(w) of W is then 


aw) =f glw.2)ae 


—co 


[RO ep _z(nw .5\] a 
o (ri /2)P (r2e/2)201+72)/2 5 : 


l| 


If we change the variable of integration by writing 


it can be seen that 


( c (ry /72)"/? (w)/2-4 2y (rit+r2)/2-1 , 
W = PS Sol a ee ad a ae 
n 9 V(r /2)0 (r2/2)2472)/2 \rpw/ro + 1 € 


2 
x (——) dy 
ryw/ro +1 


PU(ritr2)/2\(ri/r2)"1/? (w)™1/2-1 


0 elsewhere. 


(3.6.6) 
Accordingly, if U and V are independent chi-square variables with r; and ro 
degrees of freedom, respectively, then 


_ U/ry 
7 V/r2 


has the immediately preceding pdf g(w). The distribution of this random variable is 
usually called an F'-distribution; and we often call the ratio, which we have denoted 
by W, F. That is, 
Uri 
OV / ra" 


(3.6.7) 
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It should be observed that an F-distribution is completely determined by the two 
parameters 7; and rg. For selected values of 71, rg, and b, Table V in Appendix C 
gives some approximate values of 


b 
PIP <8) = [ (w)dw. 


The R package can also be used to find critical values and probabilities for F- 
distributed random variables. Suppose we want the 0.025 upper critical point for 
an F random variable with a and b degrees of freedom. This can be obtained by 
the command qf (.975,a,b). Also, the probability that this F-distributed random 
variable is less than x is returned by the command pf (x,a,b), while the command 
df(x,a,b) returns the value of its pdf at x. 


Example 3.6.2 (Moments of F-Distributions). Let F’ have an F-distribution with 
ry, and rg degrees of freedom. Then, as in expression (3.6.7), we can write F = 
(r2/r1)(U/V), where U and V are independent y? random variables with r; and r2 
degrees of freedom, respectively. Hence, for the kth moment of F’, by independence 
we have 


E(F*) = (2) Bw E(v-*), 


provided, of course, that both expectations on the right side exist. By Theorem 
3.3.1, because k > —(11/2) is always true, the first expectation always exists. The 
second expectation, however, exists if rg > 2k; i.e., the denominator degrees of 
freedom must exceed twice k. Assuming this is true, it follows from (3.3.4) that the 
mean of F' is given by 


E(F) = AO Hie) mee (3.6.8) 


If ro is large, then E(F’) is about 1. In Exercise 3.6.6, a general expression for 
E(F*) is derived. m 


3.6.3. Student’s Theorem 


Our final note in this section concerns an important result for the later chapters on 
inference for normal random variables. It is a corollary to the t-distribution derived 
above and is often referred to as Student’s Theorem. 


Theorem 3.6.1. Let X1,...,Xn be tid random variables each having a normal 
distribution with mean w and variance o?. Define the random variables 


x = £1 Xj and S? — sy ye — xX). 


Then 


(a) X has a N (u. =) distribution. 


194 Some Special Distributions 


(b) X and S? are independent. 
(c) (n—1)S?/o? has a x?(n — 1) distribution. 
(d) The random variable 
X-p 
ft 
S//n 
has a Student t-distribution with n — 1 degrees of freedom. 
Proof: Note that we have proved part (a) in Corollary 3.4.1. Let X = (X1,...,Xn)/. 
Because X1,..., Xp are iid N(, 07) random variables, X has a multivariate normal 
distribution N(y1,07I), where 1 denotes a _ vector whose components are all 1. Let 
v’ = (1/n,...,1/n) = (1/n)1’. Note that X = v’X. Define the random vector Y 
by Y = (X, — X,..., X, — X). Consider the following transformation: 


w=[3|-| v |x. (3.6.10) 


(3.6.9) 


Y I—1v’ 


Because W is a linear transformation of multivariate normal random vector, by 
Theorem 3.5.1 it has a multivariate normal distribution with mean 
/ 


om 7 || # 
where O,, denotes a vector whose components are all 0, and covariance matrix 


x 


\| 
| (mt | 
— 
_ 
< 
aa 
Q 
bo 
— 
| ars | 
— 
le 
we 
< 
Ks 


(3.6.12) 


lI 
Q 
I) 
——— 
3|R 
o 
= 
— 


Because X is the first component of W, we can also obtain part (a) by Theo- 
rem 3.5.1. Next, because the covariances are 0, X is independent of Y. But 
S? = (n—1)~'Y'Y. Hence, X is independent of $7, also. Thus part (b) is true. 


Consider the random variable 


Each term in this sum is the square of a N(0,1) random variable and, hence, has 
a x7(1) distribution (Theorem 3.4.1). Because the summands are independent, it 
follows from Corollary 3.3.1 that V is a y?(n) random variable. Note the following 


identity: 
3 (SN) 


i=l 


psc 
l| 


I 
i] 
Faia 

in 
a] 

>| 
N——_" 
+ 
a | > 
She 
N—_" 


= ws + (=) (3.6.13) 
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By part (b), the two terms on the right side of the last equation are independent. 
Further, the second term is the square of a standard normal random variable and, 
hence, has a y?(1) distribution. Taking mgfs of both sides, we have 


(1—2t)-"/? = E [exp{t(n — 1)S?/o7}] (1— 2t)71/?. (3.6.14) 


Solving for the mgf of (n — 1)S?/o? on the right side we obtain part (c). Finally, 
part (d) follows immediately from parts (a)—(c) upon writing T, (3.6.9), as 


re Fwy 


V (n= 1)S?/(o?(n = 1) 


EXERCISES 


3.6.1. Let T have a t-distribution with 10 degrees of freedom. Find P(|T'| > 2.228) 
from either Table IV or, if available, by using R. 


3.6.2. Let T have a t-distribution with 14 degrees of freedom. Determine b so that 
P(—b<T <b) =0.90. Use either Table IV or, if available, by using R. 


3.6.3. Let T have a t-distribution with r > 4 degrees of freedom. Use expression 
(3.6.4) to determine the kurtosis of T. See Exercise 1.9.15 for the definition of 
kurtosis. 


3.6.4. Assuming a computer is available, plot the pdfs of the random variables 
defined in parts (a)—(e) below. Obtain an overlay plot of all five pdfs, also. In R the 
domain values of the pdfs can easily be obtained by using the seq command. For 
instance, the command x<-seq(-6,6,.1) returns in x a vector of values between 
—6 and 6 in jumps of 0.1. 


(a) X has a standard normal distribution. 

(b) X has a t-distribution with 1 degree of freedom. 
(c) X has a ¢-distribution with 3 degrees of freedom. 
(d) X has a t-distribution with 10 degrees of freedom. 
(e) X has a t-distribution with 30 degrees of freedom. 


3.6.5. Assuming a computer is available, investigate the probabilities of an “outlier” 
for a t-random variable and a normal random variable. Specifically, determine the 
probability of observing the event {|X| > 2} for the following random variables: 


(a) X has a standard normal distribution. 
(b) X has a t-distribution with 1 degree of freedom. 


(c) X has a ¢-distribution with 3 degrees of freedom. 


196 Some Special Distributions 


(d) X has a t-distribution with 10 degrees of freedom. 
(e) X has a t-distribution with 30 degrees of freedom. 


3.6.6. Let F have an F-distribution with parameters r; and rg. Assuming that 
r2 > 2k, continue with Example 3.6.2 and derive the E(F*). 


3.6.7. Let F have an F-distribution with parameters r; and rg. Using the results 
of the last exercise, determine the kurtosis of F', assuming that rg > 8. 


3.6.8. Let F have an F-distribution with parameters r; and rg. Argue that 1/F 
has an F-distribution with parameters rz and r,. 


3.6.9. If F has an F-distribution with parameters r; = 5 and rz = 10, find a and 
bso that P(F < a) = 0.05 and P(F < b) = 0.95, and, accordingly, P(a < F <b) = 
0.90. 

Hint: Write P(F < a) = P(1/F > 1/a) =1—- P(1/F < 1/a), and use the result 
of Exercise 3.6.8 and Table V or, if available, use R. 


3.6.10. Let T = W/,/V/r, where the independent variables W and V are, re- 
spectively, normal with mean zero and variance 1 and chi-square with r degrees of 
freedom. Show that T? has an F-distribution with parameters rj = 1 and rz =r. 
Hint: What is the distribution of the numerator of T?? 


3.6.11. Show that the t-distribution with r = 1 degree of freedom and the Cauchy 
distribution are the same. 


3.6.12. Show that 
1 


Yo ———__ = 
1+ (ri/r2)W’ 


where W has an F-distribution with parameters r; and rg, has a beta distribution. 


3.6.13. Let X,, X2 be iid with common distribution having the pdf f(#) = 
e-*, 0< a < , zero elsewhere. Show that Z = X,/X2 has an F-distribution. 


3.6.14. Let X1, X2, and X3 be three independent chi-square variables with r,, re, 
and r3 degrees of freedom, respectively. 


(a) Show that Y; = X,/X»2 and Y2 = X, + X92 are independent and that Y2 is 
x7(r1 + 12). 


(b) Deduce that 
X1/1r1 aiid X3/7r3 
Xo/r2 (Xi + Xa)/(ri + 12) 


are independent F’-variables. 
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3.7 Mixture Distributions 


Recall the discussion on the contaminated normal distribution given in Section 
3.4.1. This was an example of a mixture of normal distributions. In this section, we 
extend this to mixtures of distributions in general. Generally, we use continuous- 
type notation for the discussion, but discrete pmfs can be handled the same way. 

Suppose that we have & distributions with respective pdfs fi (x), fo(x),..., fr(x ): 
with supports S1,S2,...,S,, means p1,[2,...,lz, and variances o7,03,...,07, 
with positive mixing probabilities p),p2,...,px, where p; + po +-::+ pr, = L Let 
S = U*_,S; and consider the function 


F(x) = pifi(x) + pe fo(x) +--+ + pefa(e = Spf LES. (3.7.1) 


Note that f(x) is nonnegative and it is easy to see that it integrates to one over 
(—oo, 00); hence, f(x) is a pdf for some continuous-type random variable X. The 
mean of X is given by 


k 
=n x fil x) dx = So pitti =f, (3.7.2) 
4=1 


a weighted average of j11, /l2,..., Uz, and the variance equals 


k lore) 
var(X) = Sn f (2 — By? fi(@) de 
7 Yn | [(@ — mi) + (He — FD? fil) de 


k 


= yal @-my fila Jie Sm Li — 7? {  fileyde 


{i= 


because the cross-product terms integrate to zero. That is, 


k k 
var(X’) = Spi? a Se pi(uti — 7)’. (3.7.3) 
i=1 i=1 


Note that the variance is not simply the weighted average of the k variances, but it 
also includes a positive term involving the weighted variance of the means. 


Remark 3.7.1. It is extremely important to note these characteristics are as- 
sociated with a mixture of k distributions and have nothing to do with a linear 
combination, say )> a;X;, of k random variables. m 


For the next example, we need the following distribution. We say that X has a 
loggamma pdf with parameters a > 0 and @ > 0 if it has pdf 


1__»-(1+8)/8 (log 7)o-1 1 
fiz) = { cae Ee) ie (3.7.4) 


elsewhere. 
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The derivation of this pdf is given in Exercise 3.7.1, where its mean and variance 
are also derived. We denote this distribution of X by log T(a, {). 


Example 3.7.1. Actuaries have found that a mixture of the loggamma and gamma 
distributions is an important model for claim distributions. Suppose, then, that X 
is log T'(a1, 1), X2 is (a2, G2), and the mixing probabilities are p and (1 — p). 
Then the pdf of the mixture distribution is 


Fas) arts i we 0<a<l 
2 2 
f(x) = Titan los gy tee et 4. Barta ete 7 l<e 
0 elsewhere. 
(3.7.5) 
Provided 3, < 271, the mean and the variance of this mixture distribution are 
Bw = pil— fi) +(1—p)arzbe (3.7.6) 
oF = pl(l— 26)" — (1- fi) ] 
ar (1 = p)a2 (3 ++ p(l — p)( as By)" _ a2 (32]"; (3.7.7) 


see Exercise 3.7.2. @ 


The mixture of distributions is sometimes called compounding. Moreover, it 
does not need to be restricted to a finite number of distributions. As demonstrated 
in the following example, a continuous weighting function, which is of course a pdf, 
can replace pj, p2,..., Px; 1.e., integration replaces summation. 


Example 3.7.2. Let X» be a Poisson random variable with parameter 6. We want 
to mix an infinite number of Poisson distributions, each with a different value of 6. 
We let the weighting function be a pdf of 0, namely, a gamma with parameters @ 
and @. For x =0,1,2,..., the pmf of the compound distribution is 


sd 1 a—1,—6/8 — 
[ Eon : II Fad 


1 CO 
= gote—1 —0(1+)/28 dé 
T(a) Bea! I ° 


T(a+ 2)" 
T(a)al(1 + Byote’ 


p(x) 


where the third line follows from the change of variable t = (1+ 3)/G to solve the 
integral of the second line. 

An interesting case of this compound occurs when a = r, a positive integer, and 
B= (1—>p)/p, where 0 < p< 1. In this case the pmf becomes 


(r+2— 1p" (lp) 


er or ; m=O, 2) ies 


a! 


That is, this compound distribution is the same as that of the number of excess 
trials needed to obtain r successes in a sequence of independent trials, each with 
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probability p of success; this is one form of the negative binomial distribution. 
The negative binomial distribution has been used successfully as a model for the 
number of accidents (see Weber, 1971). m 


In compounding, we can think of the original distribution of X as being a con- 
ditional distribution given @, whose pdf is denoted by f(a|@). Then the weighting 
function is treated as a pdf for 0, say g(@). Accordingly, the joint pdf is f(x|@)g9(9), 
and the compound pdf can be thought of as the marginal (unconditional) pdf of X, 


h(x) = , a(9) f (|) 48, 


0 


where a summation replaces integration in case @ has a discrete distribution. For 
illustration, suppose we know that the mean of the normal distribution is zero but 
the variance a? equals 1/0 > 0, where 6 has been selected from some random model. 
For convenience, say this latter is a gamma distribution with parameters a and (3. 
Thus, given that 6, X is conditionally N(0,1/0) so that the joint distribution of X 


and 6 is 
j(210)9(0) = Fa exp ()| | seray ttt exw(-0/0)) 


2a BeT(a) 


for -co <a%< oo, 0<6< oo. Therefore, the marginal (unconditional) pdf h(z) 
of X is found by integrating out 4; that is, 


oo ga+1/2-1 | 
h(x -| ————. exp |-0($+3)| dé. 
(2) 0 B%/2nT(a) 2 £6 
By comparing this integrand with a gamma pdf with parameters a+ 4 and [(1/3)+ 
(x? /2)|~', we see that the integral equals 


_ (a+) og ere 


It is interesting to note that if a = r/2 and 6 = 2/r, where r is a positive integer, 
then X has an unconditional distribution, which is Student’s t, with r degrees of 
freedom. That is, we have developed a generalization of Student’s distribution 
through this type of mixing or compounding. We note that the resulting distribution 
(a generalization of Student’s ¢) has much thicker tails than those of the conditional 
normal with which we started. 

The next two examples offer two additional illustrations of this type of com- 
pounding. 


Example 3.7.3. Suppose that we have a binomial distribution, but we are not 
certain about the probability p of success on a given trial. Suppose p has been 
selected first by some random process which has a beta pdf with parameters a and 
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6. Thus X, the number of successes on n independent trials, has a conditional 
binomial distribution so that the joint pdf of X and p is 


p(cp)a(e) = ot py EE oe 


~ al(n— 2) 
for x = 0,1,...,n, 0< p< 1. Therefore, the unconditional pmf of X is given by 
the integral 


le ae 


»___ nlP(a + 8) 
nT (a 
hx — xta-1 1— n-a+B—-1 gy 
(2) [ am-atera? . 
! N | 
2 EO), a i 8, 
a\(n — «)IT(a)T(B)T(n +a + 8) 

Now suppose a and 3 are positive integers; since ['(k) = (k—1)!, this unconditional 
(marginal or compound) pdf can be written 


ni(a+6B-1)"e+a-1)\(n-—a2+ 6-1)! 
xi(n—x)"(a—1)'(G-1)!(n+at+B-1)!’ 


Because the conditional mean E(X|p) = np, the unconditional mean is na/(a+ (3) 
since E(p) equals the mean a/(a + 3) of the beta distribution. m 


h(a) = x =0,1,2,...,n. 


Example 3.7.4. In this example, we develop by compounding a heavy-tailed 
skewed distribution. Assume X has a conditional gamma pdf with parameters 
k and @~. The weighting function for 6 is a gamma pdf with parameters a and (3. 
Thus the unconditional (marginal or compounded) pdf of X is 


oo 9%-1¢-9/8 OR kl e—Ox 
r= [ Pao II rm) ja 
_ por a 

> BT) 


Comparing this integrand to the gamma pdf with parameters a+k and 3/(14 2), 
we see that 
T(a + k)G*¥ak-3 
h(t) = aa 
P(a)P(k)(1 + Bajor* 


which is the pdf of the generalized Pareto distribution (and a generalization of 
the F distribution). Of course, when k = 1 (so that X has a conditional exponential 
distribution), the pdf is 


0<24<oM, 


A(z) = aB(1+ Br)-°*), O<2<a@, 


which is the Pareto pdf. Both of these compound pdfs have thicker tails than the 
original (conditional) gamma distribution. 

While the cdf of the generalized Pareto distribution cannot be expressed in a 
simple closed form, that of the Pareto distribution is 


H(e)= fap + aye di =1-—(1+f2)"-*, 0<2< 00. 
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From this, we can create another useful long-tailed distribution by letting X = Y7, 
0 <7. Thus Y has the cdf 


Gly) = PY <y) = PIX" <y] = PIX <y’). 
Hence, this probability is equal to 
G(y) = H(y") =1-(1+ By") %, 0<y<oco, 


with corresponding pdf 


aBry™—* 


( + Byt jot} } 
We call the associated distribution the transformed Pareto distribution or the 


Burr distribution (Burr, 1942), and it has proved to be a useful one in modeling 
thicker-tailed distributions. @ 


G'(y) = g{y) = 0<y<oo. 


EXERCISES 


3.7.1. Suppose Y has a I'(a, 3) distribution. Let X = eY. Show that the pdf of X 
is given by expression (3.7.4). Derive the mean and variance of X. 


3.7.2. In Example 3.7.1, derive the pdf of the mixture distribution given in expres- 
sion (3.7.5), then obtain its mean and variance as given in expressions (3.7.6) and 
(3.7.7). 


3.7.3. Consider the mixture distribution, (9/10)N(0, 1)+(1/10)N(0, 9). Show that 
its kurtosis is 8.34. 


3.7.4. Let X have the conditional geometric pmf 6(1—6)*~!, « =1,2,..., where 0 
is a value of a random variable having a beta pdf with parameters a and 3. Show 
that the marginal (unconditional) pmf of X is 


T(a+ B)T(a+1)0(6+a-1) ae 
T(a)P(B)T(at+bB+2) —_* 
If a = 1, we obtain 
a bia bey eee 


(8+2)(6+2-1)’ 


which is one form of Zipf’s law. 


3.7.5. Repeat Exercise 3.7.4, letting X have a conditional negative binomial dis- 
tribution instead of the geometric one. 


3.7.6. Let X have a generalized Pareto distribution with parameters k, a, and (3. 
Show, by change of variables, that Y = 6X/(1+ GX) has a beta distribution. 
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3.7.7. Show that the failure rate (hazard function) of the Pareto distribution is 
h(a) os @ 
1-H(z) Bl+e’ 
Find the failure rate (hazard function) of the Burr distribution with cdf 
Gyyai a ae 
=1-(——] , 0< oo. 
¥ 1+ By™ a 


In each of these two failure rates, note what happens as the value of the variable 
increases. 


3.7.8. For the Burr distribution, show that 


E(X*) = 7 r (a- *) p (: +1) /T(@), 


provided k < ar. 


3.7.9. Let the number X of accidents have a Poisson distribution with mean 0. 
Suppose A, the liability to have an accident, has, given #, a gamma pdf with pa- 
rameters a = h and 3 = h7!; and @, an accident proneness factor, has a generalized 
Pareto pdf with parameters a, \ = h, and k. Show that the unconditional pdf of 
X is 
Tia+k)T(ath)T(ath+k)T(h+k)(k +2) 
T(a)T(at+k+h)P(h)T(k)P(ath+k+a)a! ’ 


2 =0,1,2,..., 


sometimes called the generalized Waring pmf. 


3.7.10. Let X have a conditional Burr distribution with fixed parameters @ and 7, 
given parameter aq. 


(a) If a has the geometric pmf p(1 — p)*, a = 0,1,2,..., show that the uncondi- 
tional distribution of X is a Burr distribution. 


(b) If a has the exponential pdf @~'e~°/%, a > 0, find the unconditional pdf of 
Xx. 


3.7.11. Let X have the conditional Weibull pdf 
f(2l0) = Ora™-1e-®*", O<4<0W, 


and let the pdf (weighting function) g(@) be gamma with parameters a and 3. Show 
that the compound (marginal) pdf of X is that of Burr. 


3.7.12. If X has a Pareto distribution with parameters a and / and if c is a positive 
constant, show that Y = cX has a Pareto distribution with parameters @ and 3/c. 


Chapter 4 


Some Elementary Statistical 
Inferences 


4.1 Sampling and Statistics 


In Chapter 2, we introduced the concepts of samples and statistics. We continue 
with this development in this chapter while introducing the main tools of inference: 
confidence intervals and tests of hypotheses. 

In a typical statistical problem, we have a random variable X of interest, but its 
pdf f(a) or pmf p(x) is not known. Our ignorance about f(x) or p(x) can roughly 
be classified in one of two ways: 


1. f(x) or p(x) is completely unknown. 


2. The form of f(a) or p(a) is known down to a parameter 0, where 6 may be a 
vector. 


For now, we consider the second classification, although some of our discussion 
pertains to the first classification also. Some examples are the following: 


(a) X has an exponential distribution, Exp(@), (3.3.2), where @ is unknown. 


(b) X has a binomial distribution b(n, p) 
unknown. 


(3.1.2), where n is known but p is 


o] 


(c) X has a gamma distribution I'(a, 3), (3.3.1), where both a and 6 are unknown. 


(d) X has a normal distribution N(y,07), (3.4.6), where both the mean p and 
the variance o? of X are unknown. 


We often denote this problem by saying that the random variable X has a density 
or mass function of the form f(x; @) or p(x; 0), where 6 € Q for a specified set Q. For 
example, in (a) above, 2 = {0|0 > 0}. We call 0 a parameter of the distribution. 
Because 6 is unknown, we want to estimate it. 
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In this process, our information about the unknown distribution of X or the 
unknown parameters of the distribution of X comes from a sample on X. The 
sample observations have the same distribution as X, and we denote them as the 
random variables X1,X2,...,Xn, where n denotes the sample size. When the 
sample is actually drawn, we use lower case letters 71,22,...,% as the values 
or realizations of the sample. Often we assume that the sample observations 
X 1, X2,...,Xp are also mutually independent, in which case we call the sample a 
random sample, which we now formally define: 


Definition 4.1.1. If the random variables X,,X2,...,Xn are independent and 
identically distributed (iid), then these random variables constitute a random sam- 
ple of size n from the common distribution. 


Often, functions of the sample are used to summarize the information in a sam- 
ple. These are called statistics, which we define as 


Definition 4.1.2. Let X1, X2,...,Xn denote a sample on a random variable X. 
Let T = T(X1, Xo,...,Xn) be a function of the sample. Then T is called a statis- 
tic. 


Once the sample is drawn, then t is called the realization of T, where t = 


T(a@1,%2,.--,%p) and 21, 2%2,..., 2p is the realization of the sample. 
Using this terminology, the problem we discuss in this chapter is phrased as: Let 
X 1, X2,...,Xp denote a random sample on a random variable X with a density or 


mass function of the form f(2;0) or p(a;0), where 6 € Q for a specified set Q. In 
this situation, it makes sense to consider a statistic J’, which is an estimator of 6. 
More formally, T is called a point estimator of 6. While we call 7 an estimator 
of 6, we call its realization t an estimate of 0. 

There are several properties of point estimators that we discuss in this book. 
We begin with a simple one, unbiasedness. 


Definition 4.1.3 (Unbiasedness). Let X1, X2,...,Xn denote a sample on a random 
variable X with pdf f(a;@), 0 € Q. Let T = T(X1, Xo,...,Xn) be a statistic. We 
say that T is an unbiased estimator of 0 if E(T) = 0. 


In Chapters 6 and 7, we discuss several theories of estimation in general. The 
purpose of this chapter, though, is an introduction to inference, so we briefly discuss 
the maximum likelihood estimator, (mle) and then use it to obtain point esti- 
mators for some of the examples cited above. We expand on this theory in Chapter 
6. Our discussion is for the continuous case. For the discrete case, simply replace 
the pdf with the pmf. 

In our problem, the information in the sample and the parameter @ are involved 
in the joint distribution of the random sample; i.e., []/_, f(vi;0). We want to view 
this as a function of 6, so we write it as 


L(0) = L(0;21,£2,...,2n) = [] fei). (4.1.1) 


4.1. Sampling and Statistics 205 


This is called the likelihood function of the random sample. As an estimate of 
6, a measure of the center of L(@) seems appropriate. An often-used estimate is 
that value of 0 which provides a maximum of L(@). If it is unique, this is called the 
maximum likelihood estimator (mle), and we denote it as 0: iLe., 


6 = ArgmaxL (0). (4.1.2) 


In practice, it is often much easier to work with the log of the likelihood, that 
is, the function 1(@) = log L(@). Because the log is a strictly increasing function, 
the value which maximizes 1(@) is the same as the value which maximizes L(@). 
Furthermore, for most of the models discussed in this book, the pdf (or pmf) is a 
differentiable function of 0, and frequently @ solves the equation 


al(0) 


ap =O (4.1.3) 


If @ is a vector of parameters, this results in a system of equations to be solved 
simultaneously; see Example 4.1.3. 

As we show in Chapter 6, under general conditions, mles have some good prop- 
erties. One property that we need at the moment concerns the situation where, 
besides the parameter 0, we are also interested in the parameter 7 = g(@) for a 
specified function g. Then, as Theorem 6.1.2 of Chapter 6 shows, the mle of 7 is 
7 = g(0), where @ is the mle of 6. We now proceed with some examples. 


Example 4.1.1 (Exponential Distribution). Suppose the common pdf of the ran- 
dom sample X,,X2,...,X» is the ['(1,0) density given in expression (3.3.1) of 
Chapter 3. The log of the likelihood function is given by 


| n 
1(0) = log] — = —nlogé _ 7} Sa 
i=1 


i=l 
The first partial of the log-likelihood with respect to @ is 


HU) a pat 
as Se 0 i. 
m0 no-* + 27 


Setting this partial to 0 and solving for 0, we obtain the solution %. There is only one 
critical value and, furthermore, the second partial of the log-likelihood evaluated 
at Z is strictly negative, verifying that it provides a maximum. Hence, for this 
example, the statistic 9 = X is the mle of 6. Because E(X) = 0, we have that 
E(X) = 6 and, hence, @ is an unbiased estimator of 6. ™ 


Example 4.1.2 (Binomial Distribution). Let X be one or zero if, respectively, the 
outcome of a Bernoulli experiment is success or failure. Let 0, 0 < 6 < 1, denote 
the probability of success. Then by (3.1.1), the pmf of X is 


p(a;0) = 07(1— 6)'-*, x=O0orl. 
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If X1, X2,..., Xp is arandom sample on X, then the likelihood function is 


L(@) = [ [eee Q) = 9X ia1 (1 — A)" Lia, gg, =Oor 1. 
i= 


Taking logs, we have 


(0) = Yontog0+ (Yon) to —0), = 00 
i=1 i=1 
The partial derivative of 1(0) is 


OUP) — oe Te = MD Dn Bi 


oo 0 1-0 


Setting this to 0 and solving for 0, we obtain 0 = n-! yi Xi = X; ie., the mle 
is the proportion of successes in the n trials. Because E(X) = 6, @ is an unbiased 
estimator of @. m 


Example 4.1.3 (Normal Distribution). Let X have a N(y,07) distribution with 
the pdf given in expression (3.4.6). In this case, 0 is the vector 90 = (y,¢). If 
X1,X2,...,Xp is a random sample on X, then the log of the likelihood function 
simplifies to 


1 n on 2 
L(y, 0) = —F log 2m —nlogo — 5 S- (=) : (4.1.4) 
i=1 


The two partial derivatives simplify to 


pe (H(t) as 


=1 
Ol(u,o) n 1. ‘5 
oe ee 53 25 — p)’. (4.1.6) 


Setting these to 0 and solving simultaneously, we see that the mles are 
t= X (4.1.7) 


oe = a> (GHz), (4.1.8) 
i=1 


Notice that we have used the property that the mle of G? is the mle of o squared. 
From the discussion around expressions (2.8.3) and (2.8.4) of Chapter 2, we see that 
Zi is an unbiased estimator of , while G? is a biased estimator of o?. By (2.8.4), 
though, the bias of G? is E(¢? — 0”) = —o?/n, which converges to 0 as n — 00. 


In all three of these examples, standard differential calculus methods led us to 
the solution. For the next example, the support of the random variable involves 6 
and, hence, it is not surprising that for this case differential calculus is not useful. 
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Example 4.1.4 (Uniform Distribution). Let X,...,X, be iid with the uniform 
(0,0) density; ie., f(a) = 1/0 for 0 < x < 0, 0 elsewhere. Because @ is in the 
support, differentiation is not helpful here. The likelihood function can be written 
as 

L(0) = 0-"T(max{x;},0), for all 0 > 0, 


where I(a,b) is 1 or 0 if a < b or a > b, respectively. The function L(@) is a 
decreasing function of @ for all 6 > max{2;} and is 0 otherwise [sketch the graph 
of L(@)]. So the maximum occurs at the smallest value that @ can assume; i.e., the 
mle is 0 = max{X;}. 


4.1.1 Histogram Estimates of pmfs and pdfs 


Let X1,...,X, be a random sample on a random variable X with cdf F(a). In 
this section, we briefly discuss a histogram of the sample, which is an estimate 
of the pmf, p(x), or the pdf, f(a), of X depending on whether X is discrete or 
continuous. Other than X being a discrete or continuous random variable, we make 
no assumptions on the form of the distribution of X. In particular, we do not 
assume a parametric form of the distribution as we did for the above discussion 
on maximum likelihood estimates; hence, the histogram that we present is often 
called a nonparametric estimator. See Chapter 10 for a general discussion of 
nonparametric inference. We discuss the discrete situation first. 


The Distribution of X Is Discrete 


Assume that X is a discrete random variable with pmf p(x). Suppose first that the 
space of X is finite, say, D = {a1,...,@m}. An intuitive estimator of p(a;) is the 
relative frequency of sample observations, which are equal to a;. For j = 1,2,...,m, 


define the statistics 
1 X; = a; 
1(X:) = { 0 ee. 


Then the intuitive estimate of p(a;) can be expressed by the average 
~ 1 
B(aj) = — > 1; (Xi). (4.1.9) 


Thus the estimates {p(a1),...,P(@m)} constitute the nonparametric estimate of the 
pmf p(x). Note that J;(X;) has a Bernoulli distribution with probability of success 
p(a;). As Exercise 4.1.6 shows, our estimator of the pmf is unbiased. 

Suppose next that the space of X is infinite, say, D = {a1,a2,...}. In practice, 
we select a value, say, @;,, and make the groupings 


{ay}, {az}, tees {am}, Am-+1 = {Qm41, Am+2)-> nS (4.1.10) 


Let p(@m+41) be the proportion of sample items that are greater than or equal 
tO Gm+41. Then the estimates {p(a1),...,P(@m),P(G@m+1)} form our estimate of 
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p(x). For the merging of groups, a rule of thumb is to select m so that the fre- 
quency of the category am exceeds twice the combined frequencies of the categories 
Am+1)4m+2)++++ 

A histogram is a barplot of p(a;) versus a;. There are two cases to consider. For 
the first case, suppose the values a; represent qualitative categories, for example, 
hair colors of a population. In this case, there is no ordinal information in the ajs. 
The usual histogram for such data are nonabutting bars with heights p(a;) that are 
plotted in decreasing order of the p(a;)s. Such histograms are usually called bar 
charts. An example is helpful here. 


Example 4.1.5 (Hair Color of Scottish Schoolchildren). Kendall and Sturat (1979) 
presented data on the hair color of Scottish schoolchildren in the early 1900s. Five 
hair colors were recorded for this sample of size n = 22,361. The frequency distri- 
bution of this sample and the estimate of the pmf are 


[| Far [ Red_] Medium | Dark [ Black | 


The bar chart of this sample is shown in Figure 4.1.1. m 


Bar Chart of Haircolor of Scottish Schoolchildren 


Medium Fair Dark Red Black 
Haircolor 


Figure 4.1.1: Bar chart of the Scottish hair color data discussed in Example 4.1.5. 


For the second case, assume that the values in the space D are ordinal in 
nature; i.e., the natural ordering of the a;s is numerically meaningful. In this case, 
the usual histogram is an abutting bar chart with heights p(a;) that are plotted in 
the natural order of the ajs, as in the following example. 
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Example 4.1.6 (Simulated Poisson Variates). The following 30 data points are 
simulated values drawn from a Poisson distribution with mean \ = 2; see Example 
4.8.2 for the generation of Poisson variates. 


2 1 1 1321 «5 1 «21 «3 
2 


0 iL 
212 2 65 2 3 4 1 3 1 


The nonparametric estimate of the pmf is 


SO 


cael 
PG) [W067 [O67 [0-238 | 0.167 | O67 | O0GT [ORT 


The histogram for this data set is given in Figure 4.1.2. Note that counts are used 
for the vertical axis. m 


Histogram of Poisson Variates 


c T T T T T 1 
0 1 2 3 4 5 6 


Number of events 


Figure 4.1.2: Histogram of the Poisson variates of Example 4.1.6. 


The Distribution of X Is Continuous 


For this section, assume that the random sample Xj,...,X, is from a continuous 
random variable X with continuous pdf f(t). We first sketch an estimate for this 
pdf at a specified value of xz. Then we use this estimate to develop a histogram 
estimate of the pdf. For an arbitrary but fixed point x and a given h > 0, consider 
the interval (« — h,a2 +h). By the mean value theorem for integrals, we have for 
some €, |a — €| < h, that 


ath 


Ple-h<X<ath)= / f(t) dt = f(©)2h & f(x)2h 


—h 
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The nonparametric estimate of the leftside is the proportion of the sample items 
that fall in the interval (2 —h,x +h). This suggests the following nonparametric 
estimate of f(x) at a given @: 


f(a) = aS (4.1.11) 


To write this more formally, consider the indicator statistic 


Ii(z) = { 0 otherwise, Palys 
Then a nonparametric estimator of f() is 
oa i 
| = In( Xj). 4.1.12 
Flo) = aq LIX) (4.1.12) 


Since the sample items are identically distributed, 


Elf(a)] = nf ©2h = FO > fo), 
as h — 0. Hence f(x) is approximately an unbiased estimator of the density f(x). 
In density estimation terminology, the indicator function J; is called a rectangular 
kernel with bandwidth 2h. See Chapter 6 of Lehmann (1999) for a discussion of 
density estimation. 

Let x1,...,% be the realized values of the random sample. Our histogram 
estimate of f(a) is obtained as follows. For the discrete case, there are natural 
classes for the histogram, namely, the domain values. For the continuous case, 
though, classes must be selected. One way of doing this is to select a positive 
integer m, an h > 0, and a value a such that a < min z;, so that the m intervals 


(a—h, a+h], (a+h,a+3h], (a+3h,a+5h],...,(a+(2m—3)h,a+(2m—1)h] (4.1.13) 


cover the range of the sample [min z;,max;]. These intervals form our classes. 
For the histogram, over the interval (a + (27 — 3)h,a + (2i — 1h], i = 1,...,m, 
let the height of the bar be the density estimate given in expression (4.1.12) at 
the midpoint of the interval, i.e., fla + 2(i—1)h]. The height of the bar is thus 
proportional to the number of «;s that fall in the interval (a+ (21—3)h, a+(2i—1)h]. 
Over the interval (a + (2 — 3)h, a+ (2i—1)h], our histigram estimate of the density 
is fla + 2(i — 1)h]. To complete the histogram estimate of f(x), take it to be 0 
for « < a and for x > a+(2m-—1)h. Denote the intervals of the partition by 
Ti, = (a + (2% — 3)h,a + (21 — 1)h], i = 1,..., m. Then we can summarize our 
histogram estimate of the pdf by 


~ #{at(2i-3)h< X; <a+(2i-—1)h}/(2Qhn) wed, i=1,...,m 
f(z) = 7 
0 elsewehere. 


(4.1.14) 
Hence the estimator is nonnegative and, as Exercise 4.1.9 shows, it integrates to 1 
over (—00, 00). So it satisfies the properties of a pdf. 
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Example 4.1.7 (Histogram for Normally Generated Data). The following data are 
the rounded values of a generated set of data from a N(50, 100) distribution. 


63 58 60 60 39 41 57 49 44 36 
52 48 44 19 42 67 44 64 34 46 


See Example 4.8.5 for details on generating a sample from a normal distribution. 
To construct a histogram for this data, we selected six intervals of length 10, by 
setting a = 15 and h = 5. The resulting histogram is displayed in Figure 4.1.3. 
Counts, not relative frequency, are used for the vertical axis. Note that the two 
values of 60 are included in the interval (50,60]. The sample size is too small to 
guess the probability model which generated the data. m@ 


Twenty Simulated Normal Variates 


Figure 4.1.3: Histogram of the normal variates discussed in Example 4.1.7. 


For the discrete case, except when classes are merged, the histogram is unique. 
For the continuous case, though, the histogram depends on the classes chosen. The 
resulting picture can be quite different if the classes are changed. If the histogram 
is not appealing, then a different set of classes may be used. This would seem to 
mean obtaining a new frequency distribution. There is a simple way, however. First 
choose classes so that the numbers in each class begin with the same digits. These 
digits are the stems and should be thought of as the classes. The trailing digits are 
called the leaves. A histogram can be constructed by writing the stems in a single 
column and then attaching the leaves. This is called a stem-leaf plot; see Tukey 
(1977). Consider, for instance, the data of Example 4.1.7. As stems we take 1, 2, 
...,6. Then the stem-leaf plot is 
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469 
12444689 
278 
00347 


aAonRPWNE 


The leaf 9 in the first row represents the data point 19. The leaves are in order 
because this stem-leaf plot was computed by the R command hist. If the stem-leaf 
plot is done by hand, then the leaves should be attached in the order that the data 
are read, and, hence, they may not necessarily be in order. Notice that if we rotate 
it 90°, it is similar to the histogram given in Figure 4.1.3, except that three values of 
60 were placed in the interval with midpoint 55 in the histogram. For our histogram, 
although there appear to be enough stems (classes), suppose we think that there 
are too few. Then we can easily split each stem to obtain a new histogram. For 
example, the stem 4 splits into low-4 (leaves: 0-4) and high-4 (leaves: 5-9). Thus 
we need not obtain a new frequency distribution. 


EXERCISES 


4.1.1. Twenty motors were put on test under a high-temperature setting. The 
lifetimes in hours of the motors under these conditions are given below. Suppose 
we assume that the lifetime of a motor under these conditions, X, has a (1,6) 
distribution. 


1 4 5 21 22 28 40 42 51 53 
58 67 95 124 124 160 202 260 303 363 


(a) Obtain a frequency distribution and a histogram or a stem-leaf plot of the 
data. Use the intervals [0, 50), [50, 100),.... Based on this plot, do you think 
that the I'(1,@) model is credible? 


(b) Obtain the maximum likelihood estimate of 6 and locate it on your plot. 


(c) Obtain the sample median of the data, which is an estimate of the median 
lifetime of a motor. What parameter is it estimating (i.e., determine the 
median of X)? 


(d) Based on the mle, what is another estimate of the median of X? 


4.1.2. The weights of 26 professional baseball pitchers are given below; [see page 
76 of Hettmansperger and McKean (2011) for the complete data set]. Suppose we 
assume that the weight of a professional baseball pitcher is normally distributed 
with mean jz and variance o?. 


160 175 180 185 185 185 190 190 195 195 195 200 200 
200 200 205 205 210 210 218 219 220 222 225 225 232 
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(a) Obtain a frequency distribution and a histogram or a stem-leaf plot of the 
data. Use 5-pound intervals. Based on this plot, is a normal probability 
model credible? 


(b) Obtain the maximum likelihood estimates of fz, 07, 7, and /o. Locate your 
estimate of 4 on your plot in part (a). 


(c) Using the binomial model, obtain the maximum likelihood estimate of the 
proportion p of professional baseball pitchers who weigh over 215 pounds. 


(d) Determine the mle of p assuming that the weight of a professional baseball 
player follows the normal probability model N(, 07) with and o unknown. 


4.1.3. Suppose the number of customers X that enter a store between the hours 
9:00 a.m. and 10:00 a.m. follows a Poisson distribution with parameter 0. Suppose 
a random sample of the number of customers that enter the store between 9:00 a.m. 
and 10:00 a.m. for 10 days results in the values 


9 7 9 15 10 13 Il 7 2 12 


(a) Determine the maximum likelihood estimate of 6. Show that it is an unbiased 
estimator. 


(b) Based on these data, obtain the realization of your estimator in part (a). 
Explain the meaning of this estimate in terms of the number of customers. 


4.1.4. For Example 4.1.3, verify equations (4.1.4)-(4.1.8). 
4.1.5. Let X1, Xo,...,X,, be arandom sample from a continuous-type distribution. 
(a) Find P(X, < X2), P(X1 < X2,Xy S ee) rere 9 0.6) << Xj,1 _ BiB asa oT) 


(b) Suppose the sampling continues until X, is no longer the smallest observation 
(i.e., Xj) < X1 < Xj,7 = 2,3,...,7-1). Let Y equal the number of trials, not 
including X1, until X, is no longer the smallest observation (i.e., Y = 7 — 1). 
Show that the distribution of Y is 


1 


PY =y)= CES 


y = 1,2,3,.... 


(c) Compute the mean and variance of Y if they exist. 


4.1.6. Show that the estimate of the pmf in expression (4.1.9) is an unbiased esti- 
mate. Find the variance of the estimator also. 


4.1.7. The data set on Scottish schoolchildren discussed in Example 4.1.5 included 
the eye colors of the children also. The frequencies of their eye colors are 


Blue Light Medium Dark 
2978 6697 Toll 5175 
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Use these frequencies to obtain a bar chart and an estimate of the associated pmf. 


4.1.8. Recall that for the parameter 7 = g(0), the mle of 17 is 9(8), where 6 is the 
mle of 6. Assuming that the data in Example 4.1.6 were drawn from a Poisson 
distribution with mean A, obtain the mle of A and then use it to obtain the mle of 
the pmf. Compare the mle of the pmf to the nonparametric estimate. Note: For 
the domain value 6, obtain the mle of P(X > 6). 


4.1.9. Show that the nonparametric estimate of a pdf f(x) given in expression 
(4.1.14) integrates to 1 over (—o0, 00). 


4.1.10. Consider the histogram for the sample of size 20 in Example 4.1.7. 


a Compute the nonparametric estimator (4.1.12) of the density at the point 


b) Assuming a normal, N(,07), distribution, compute the mles of jz and o. 
g Lt 


(c) Compute the mle of the density at the point « = 45 and compare it with your 
answer in part (b). 


(d) Compute f(45), where f is the density from a N(50,100) distribution and 
compare the nonparametric and mle estimates with it. 


4.1.11. For the nonparametric estimator (4.1.12) of a pdf, 
(a) Obtain its mean and determine the bias of the estimator. 


(b) Obtain its variance. 


4.2 Confidence Intervals 


Let us continue with the statistical problem that we were discussing in Section 
4.1. Recall that the random variable of interest X has density f(2;0),@8 € Q, 
where @ is a In that section, we discussed estimating @ by a statistic 
6 = 0(X4,..., Xn), where X1,...,X, is a sample from the distribution of X. When 
the sample is drawn, it is unlikely that the value of @ is the true value of the 
parameter. In fact, if @ has a continuous distribution, then Po(O = 0) = 0. What is 
needed is an estimate of the error of the estimation i.e., by how much did @ miss 6? 
In this section, we embody this estimate of error in terms of a confidence interval, 
which we now formally define: 


Definition 4.2.1 (Confidence Interval). Let X1, X2,...,Xn be a sample on a ran- 
dom variable X, where X has pdf f(a;0), 0€ Q. LetO<a< 1 be specified. Let 
L= L(X1, X2,...,Xn) and U = U(X, X2,...,Xn) be two statistics. We say that 
the interval (L,U) is a (1 — a)100% confidence interval for 0 if 


1—a= PO € (L,U)). (4.2.1) 


That is, the probability that the interval includes @ is 1 — a, which is called the 
confidence coefficient of the interval. 
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Once the sample is drawn, the realized value of the confidence interval is (1, w), 
an interval of real numbers. Either the interval (1, uv) traps @ or it does not. One way 
of thinking of a confidence interval is in terms of Bernoulli trials with probability of 
success 1 — a. If one makes, say, IM independent confidence intervals over a period 
of time, then one would expect to have (1 — a)M successful confidence intervals 
(those that trap @) over this period of time. Hence one feels (1 — a)100% confident 
that the true value of @ lies in the interval (J, u). 

A measure of efficiency based on confidence intervals is their expected length. 
Suppose (11, U1) and (L2, U2) are two confidence intervals for @ that have the same 
confidence coefficient. Then we say that (Z1,U1) is more efficient than (L2, U2) if 
Eg(U, mat Iy) < Eg(U2 = L2) for al 0 € 2. 

There are several procedures for obtaining confidence intervals. We explore one 
of them in this section. It is based on a pivot random variable. The pivot is usually 
a function of an estimator of @ and the parameter and, further, the distribution of 
the pivot is known. Using this information, an algebraic derivation can often be 
used to obtain a confidence interval. The next several examples illustrate the pivot 
method. A second way to obtain a confidence interval involves distribution free 
techniques, as used in Section 4.4.2 to determine confidence intervals for quantiles. 


Example 4.2.1 (Confidence Interval for 1 Under Normality). Suppose the random 
variables X,,..., Xp are a random sample from a N (1,07) distribution. Let X and 
S$? denote the sample mean and sample variance, respectively. Recall from the last 
section that X is the mle of and [(n — 1)/n]S? is the mle of o?. By part (d) of 
Theorem 3.6.1, the random variable T = (X — )/(S/,/n) has a t-distribution with 
n — 1 degrees of freedom. The random variable T is our pivot variable. 

For 0 < a < 1, define ty/2,-1 to be the upper a/2 critical point of a t- 
distribution with n — 1 degrees of freedom; i.e., a/2 = P(T > ta/2n—1). Using 
a simple algebraic derivation, we obtain 


l-a = Pl ty jon4 <T< baja) 


X—y 
= Pl hie eS 
( a/2n-1 < S/n < la/2, :) 


Ss = S 
P (—ta/2mFe ae ae a lajam-s—e 
= S = S 

P (x =~ ta/2.n—-1 = << X + ta/2,n—1 


Sen Haan): 


Once the sample is drawn, let and s denote the realized values of the statistics X 
and S', respectively. Then a (1 — a)100% confidence interval for yu is given by 


I 


l| 


(4.2.2) 


(= — ta/2n—18/VN, =F ta/an—15/V/n). (4.2.3) 


This interval is often referred to as the (1 — a)100% t-interval for 4. The estimate 
of the standard deviation of X, s/,/n, is referred to as the standard error of X. 
| 
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The distribution of the pivot random variable T = (X — p)/(s/./7) of the last 
example depends on the normality of the sampled items; however, this is approx- 
imately true even if the sampled items are not drawn from a normal distribution. 
The Central Limit Theorem (CLT) shows that the distribution of T is approx- 
imately N(0,1). In order to use this result now, we state the CLT now and leave 
its proof to Chapter 5; see Theorem 5.3.1. 


Theorem 4.2.1 (Central Limit Theorem). Let X1, X2,..., Xn denote the observa- 
tions of a random sample from a distribution that has mean ys and finite variance 
o*. Then the distribution function of the random variable W, = (X — p)/(a/V7) 
converges to ®, the distribution function of the N(0,1) distribution, as n — oo. 


As we further show in Chapter 5, the result stays the same if we replace o by 
the sample standard deviation S; that is, under the assumptions of Theorem 4.2.1, 
the distribution of = 

AX 
— S/n 
is approximately N(0,1). For the nonnormal case, as the next example shows, with 
this result we can obtain an approximate confidence interval for ju. 


Zi. (4.2.4) 


Example 4.2.2 (Large Sample Confidence Interval for the Mean js). Suppose 
X1,X2,...,Xp is a random sample on a random variable X with mean pw and 
variance o?, but, unlike the last example, the distribution of X is not normal. 
However, from the above discussion we know that the distribution of Z,,, (4.2.4), is 
approximately N(0,1). Hence 


xX = 
1-a~P (-ta/a< Wa <taja) 


Using the same algebraic derivation as in the last example, we obtain 


= S —_— 
1a P (X= sae <u <X+ ca (4.2.5) 


S 
vn vn} 
Again, letting 7 and s denote the realized values of the statistics X and S,, respec- 
tively, after the sample is drawn, an approximate (1 — a)100% confidence interval 
for ys is given by 


(E - 2a/28//n,E + Zaj28//n). (4.2.6) 


This is called a large sample confidence interval for ju. a 


In practice, we often do not know if the population is normal. Which confidence 
interval should we use? Generally, for the same a, the intervals based on ty/2n—1 
are larger than those based on z,/2. Hence the interval (4.2.3) is generally more 
conservative than the interval (4.2.6). So in practice, statisticians generally prefer 
the interval (4.2.3). 

Occasionally in practice, the standard deviation o is assumed known. In this 
case, the confidence interval generally used for p is (4.2.6) with s replaced by co. 
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Example 4.2.3 (Large Sample Confidence Interval for p). Let X be a Bernoulli 
random variable with probability of success p, where X is 1 or 0 if the outcome is 
success or failure, respectively. Suppose X1,...,X, is a random sample from the 
distribution of X. Let = X be the sample proportion of successes. Note that 
p = n-'S0"_, X; is a sample average and that Var(p) = p(1 — p)/n. It follows 
immediately from the CLT that the distribution of Z = (p— p)/,/p(1 — p)/n is 
approximately N (0,1). Referring to Example 5.1.1 of Chapter 5, we replace p(1—p) 
with its estimate p(1—/p). Then proceeding as in the last example, an approximate 
(1 — a)100% confidence interval for p is given by 


(PD — zajoV DIL — p)/n, D+ Za/2V P(1 — p)/n), (4.2.7) 
where ,/p(1 — p)/n is called the standard error of p. m 


4.2.1 Confidence Intervals for Difference in Means 


A practical problem of interest is the comparison of two distributions, that is, 
comparing the distributions of two random variables, say X and Y. In this section, 
we compare the means of X and Y. Denote the means of X and Y by pz and 
Lz, respectively. In particular, we obtain confidence intervals for the difference 
A = [41 — 2. Assume that the variances of X and Y are finite and denote them 
as of = Var(X) and of = Var(Y). Let X1,...,Xn, be a random sample from 
the distribution of X and let Y1,..., Yn, be a random sample from the distribution 
of Y. ao that the Samanies were gathered independently of one another. Let 


Xan pas sarond Y =nyz ee vi be the sample means. Let A = X—Y. The 


statistic A is an unbiased estimator of A. This difference, A- A, is the numerator 
of the pivot random variable. By independence of the samples, 


2. 2 
Var(A) = 242 
Let S$? = (ny — 1)-1 0, (X; — X)? and $2 = (no — 1)-1 0", (¥; — Y)? be the 


sample variances. Then estimating the variances by the sample variances, consider 
the random variable 


Kah 

Fie (4.2.8) 
a. oe 
ae 


By the independence of the samples and Theorem 4.2.1, this pivot variable has 
an approximate N(0,1) distribution. This leads to the approximate (1 — a)100% 
confidence interval for A = j11 — 2 given by 


i. 3 3 3 
E-J)- St i (ey cep les 4.2.9 
(9) -ta/++2,@-D+za 2+}, (429) 


where \/(s?/n1) + (s%/nz) is the standard error of X — Y. This is a large sample 
(1 — a)100% confidence interval for ~4 — p2. 
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The above confidence interval is approximate. In this situation we can obtain 
exact confidence intervals if we assume that the distributions of X and Y are normal 
with the same variance; i.e., 77 = 03. Thus the distributions can differ only in 
location, i.e., a location model. Assume then that X is distributed N (1,07) 
and Y is distributed N(j12,07), where o? is the common variance of X and Y. 
As above, let X1,...,Xn, be a random sample from the distribution of X, let 
Yi,..., Yn. be a random sample from the distribution of Y, and assume that the 
samples are independent of one another. Let n = n, + n2 be the total sample size. 
Our estimator of A is X — Y. Our goal is to show that a pivot random variable, 
defined below, has a t-distribution, which is defined in Section 3.6. 

Because X is distributed N(1,07/n1), Y is distributed N(ju2,07/n2), and X 
and Y are independent, we have the result 


(X=¥)— (#2) has a N(0,1) distribution. (4.2.10) 
Oat tng 

This serves as the numerator of our T-statistic. 
Let 


i= 
P ny tng —2 


(4.2.11) 
Note that S* is a weighted average of S7 and $3. It is easy to see that S? is 
an unbiased estimator of o?. It is called the pooled estimator of o?. Also, 
because (n1 — 1)$?/o0? has a y?(n1 — 1) distribution, (nz —1)$3/0? has a y?(n2—1) 
distribution, and Sj and $3 are independent, we have that (n — 2)S°/o has a 
x?(n — 2) distribution; see Corollary 3.3.1. Finally, because 9? is independent of 
X and $3 is independent of Y, and the random samples are independent of each 
other, it follows that SF is independent of expression (4.2.10). Therefore, from the 
result of Section 3.6.1 concerning Student’s t-distribution, we have that 


. [(X — Y) — (wn — pa)|/oynz! + ng" 


(n — 2)S?2/(n — 2)o? 


2 eS (4.2.12) 


has a t-distribution with n — 2 degrees of freedom. From this last result, it is easy 
to see that the following interval is an exact (1 — a)100% confidence interval for 
A = [1 — 2: 


1 1 1 1 


pa Gos -wieeg  e Sede) ae 
(9) ~tajan-aysnyf— + 1 (F-T)+ tajan-aysryf— t=) (42.13) 


A consideration of the difficulty encountered when the unknown variances of the 
two normal distributions are not equal is assigned to one of the exercises. 


Example 4.2.4. Suppose X1,...,Xio0 is a random sample from a N(,11,07) dis- 
tribution, Yj,...,Y7 is a random sample from a N(ji2,07) distribution, and the 
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samples are independent. Suppose the realizations of the samples result in the sam- 
ple means F = 4.2 and 7 = 3.4 and the sample standard deviations s? = 49 and 
s3 = 32. Then, using (4.2.13), a 90% confidence interval for 41 — juz is (—4.81, 6.41). 
| 


Remark 4.2.1. Suppose X and Y are not normally distributed but that their 
distributions differ only in location. As we show in Chapter 5, the above interval, 
(4.2.13), is then approximate and not exact. m 


4.2.2 Confidence Interval for Difference in Proportions 


Let X and Y be two independent random variables with Bernoulli distributions 
b(1, pi) and b(1, p2), respectively. Let us now turn to the problem of finding a confi- 
dence interval for the difference p; — po. Let X1,..., Xn, be a random sample from 
the distribution of X and let Y1,..., Yn, be a random sample from the distribution 
of Y. As above, assume that the samples are independent of one another and let 
n =n, +N be the total sample size. Our estimator of p, — po is the difference in 
sample proportions, which, of course, is given by X — Y. We use the traditional 
notation and write j, and pz instead of X and Y, respectively. Hence, from the 
above discussion, an interval such as (4.2.9) serves as an approximate confidence 
interval for p; — pa. Here, o? = pi(1 — pi) and 0? = po(1— p2). In the interval, 
we estimate these by 61(1— pi) and p2(1 — p2), respectively. Thus our approximate 
(1 — a)100% confidence interval for p; — pe is 


a er 
Bi — po + 2a/2 Pi(l = Pr) , Pall = Ba) (4.2.14) 
NY ng 


Example 4.2.5. If, in the preceding discussion, we take n; = 100, n2 = 400, y, = 
30, and y2 = 80, then the observed values of Yi /n1 — Y2/nzg and its standard error 
are 0.1 and ,/(0.3)(0.7)/100 + (0.2)(0.8) /400 = 0.05, respectively. Thus the interval 
(0, 0.2) is an approximate 95.4% confidence interval for p, — p2. 


EXERCISES 


4.2.1. Let the observed value of the mean X and of the sample variance of a random 
sample of size 20 from a distribution that is N(j,07) be 81.2 and 26.5, respectively. 
Find respectively 90%, 95% and 99% confidence intervals for . Note how the 
lengths of the confidence intervals increase as the confidence increases. 


4.2.2. Consider the data on the lifetimes of motors given in Exercise 4.1.1. Obtain 
a large sample confidence interval for the mean lifetime of a motor. 


4.2.3. As in the last exercise, refer to Exercise 4.1.1. Using expression (4.4.8), 
obtain a confidence interval (with confidence close to 90%) for the median lifetime 
of a motor. 


4.2.4. Suppose we assume that X1, X2,...,X, is a random sample from a ['(1, @) 
distribution. 
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(a) Show that the random variable (2/0) >>, X; has a x?-distribution with 2n 
degrees of freedom. 


b) Using the random variable in part (a) as a pivot random variable, find a 
& 
(1 — a)100% confidence interval for 0. 


(c) Obtain the confidence interval in part (b) for the data of Exercise 4.1.1 and 
compare it with the interval you obtained in Exercise 4.2.2. 


4.2.5. In Exercise 4.1.2, the weights of 26 professional baseball pitchers were given. 
From the same data set, the weights of 33 professional baseball hitters (not pitchers) 
are given below. Assume that the data sets are independent of one another. 


155 155 160 160 160 166 170 #175 175 #175 180 185) 185 
185 185 185 185 185 190 190 190 190 190 195 195 195 
195 200 205 207 210 211 230 


Use expression (4.2.13) to find a 95% confidence interval for the difference in mean 
weights between the pitches and the hitters. Which group (on the average) appears 
to be heavier? Why would this be so? 

(The sample means and variances for the weights of the pitchers and hitters are, 
respectively, Pitchers 201, 305.68 and Hitters 185.4, 298.13.) 


4.2.6. In the baseball data set discussed in the last exercise, it was found that out 
of the 59 baseball players, 15 were left-handed. Is this odd, since the proportion of 
left-handed males in America is about 11%? Answer by using (4.2.7) to construct 
a 95% approximate confidence interval for p, the proportion of left-handed baseball 
players. 


4.2.7. Let X be the mean of a random sample of size n from a distribution that: is 
N(u,9). Find n such that P(X —1< p< X +1) = 0.90, approximately. 


4.2.8. Let a random sample of size 17 from the normal distribution N (ju, 07) yield 
Z = 4.7 and s? = 5.76. Determine a 90% confidence interval for ju. 


4.2.9. Let X denote the mean of a random sample of size n from a distribution that 
has mean pz and variance a? = 10. Find n so that the probability is approximately 
0.954 that the random interval (X — 4, X + 4) includes p. 


4.2.10. Let X1, X2,...,X9 be a random sample of size 9 from a distribution that 
is N(p, 07). 


(a) Ifo is known, find the length of a 95% confidence interval for jv if this interval 
is based on the random variable V9(X — j1)/o. 


(b) If o is unknown, find the expected value of the length of a 95% confidence 
interval for p if this interval is based on the random variable /9(X — j:)/S. 
Hint: Write E(S) = (o/V/n— 1)E[((n — 1)S?/0?)/?]. 


(c) Compare these two answers. 
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4.2.11. Let X1, Xo,..., Xn, Xn+41 be a random sample of sizen+1, n> 1, froma 
distribution that is N(j,07). Let X = 7°) X;/n and S? = 0} (X; — X)?/(n— 1). 
Find the constant c so that the statistic c(X — Xy+1)/S has a ¢t-distribution. If 
n = 8, determine k such that P(X —kS < X9 < X +kS) = 0.80. The observed 
interval (¥ — ks, Z+ ks) is often called an 80% prediction interval for Xo. 


4.2.12. Let Y be b(300, p). If the observed value of Y is y = 75, find an approximate 
90% confidence interval for p. 


4.2.13. Let X be the mean of a random sample of size n from a distribution that is 
N(,07), where the positive variance o? is known. Because (2) — ®(—2) = 0.954, 
find, for each pz, ci() and c2(p) such that P[ci(u) < X < c2(u)| = 0.954. Note 
that ci(w) and co(y) are increasing functions of jz. Solve for the respective functions 
d,(Z) and d2(Z); thus, we also have that P[d2(X) < p < di(X)] = 0.954. Compare 
this with the answer obtained previously in the text. 


4.2.14. Let X denote the mean of a random sample of size 25 from a gamma-type 
distribution with a = 4 and @ > 0. Use the Central Limit Theorem to find an 
approximate 0.954 confidence interval for jz, the mean of the gamma distribution. 
Hint: Use the random variable (X — 43)/(46?/25)1/? = 5X/28 — 10. 


4.2.15. Let % be the observed mean of a random sample of size n from a distribution 
having mean jz and known variance o?. Find n so that F— 0/4 to ¥+ 0/4 is an 
approximate 95% confidence interval for ju. 


4.2.16. Assume a binomial model for a certain random variable. If we desire a 90% 
confidence interval for p that is at most 0.02 in length, find n. 


Hint: Note that \/(y/n)(1 — y/n) < 4/($)(1 — $). 
4.2.17. It is known that a random variable X has a Poisson distribution with 
parameter p. A sample of 200 observations from this distribution has a mean equal 
to 3.4. Construct an approximate 90% confidence interval for p. 


4.2.18. Let X1, X2,...,X» be arandom sample from N(y, 07), where both param- 
eters ys and o? are unknown. A confidence interval for o? can be found as follows. 
We know that (n — 1)$?/o? is a random variable with a x?(n — 1) distribution. 
Thus we can find constants a and b so that P((n — 1)$?/o? < b) = 0.975 and 
P(a < (n—1)S?/o? < b) = 0.95. 


(a) Show that this second probability statement can be written as 


P((n — 1)S?/b < 0? < (n— 1)S?/a) = 0.95. 


(b) If n =9 and s? = 7.93, find a 95% confidence interval for o?. 


c) If w is known, how would you modify the preceding procedure for finding a 
rd g 
confidence interval for 07? 


222 Some Elementary Statistical Inferences 


4.2.19. Let X), X2,..., Xn be a random sample from a gamma distribution with 
known parameter a = 3 and unknown @ > 0. Discuss the construction of a confi- 
dence interval for (. 

Hint: What is the distribution of 25>) X;/3? Follow the procedure outlined in 
Exercise 4.2.18. 


4.2.20. When 100 tacks were thrown on a table, 60 of them landed point up. 
Obtain a 95% confidence interval for the probability that a tack of this type lands 
point up. Assume independence. 


4.2.21. Let two independent random samples, each of size 10, from two normal 
distributions N(1,07) and N(2,07) yield F = 4.8, s? = 8.64, 7 = 5.6, 52 = 7.88. 
Find a 95% confidence interval for 4 — plo. 


4.2.22. Let two independent random variables, Y; and Y2, with binomial distribu- 
tions that have parameters ny = ng = 100, pi, and po, respectively, be observed 
to be equal to y; = 50 and yg = 40. Determine an approximate 90% confidence 
interval for p; — po. 

4.2.23. Discuss the problem of finding a confidence interval for the difference 4 — p12 
between the two means of two normal distributions if the variances o7 and 0} are 
known but not necessarily equal. 


4.2.24. Discuss Exercise 4.2.23 when it is assumed that the variances are unknown 
and unequal. This is a very difficult problem, and the discussion should point out 
exactly where the difficulty lies. If, however, the variances are unknown but their 
ratio 07/03 is a known constant k, then a statistic that is a T random variable can 
again be used. Why? 


4.2.25. To illustrate Exercise 4.2.24, let X 1, X2,...,X9 and Yj, Y2,...,Yi2 rep- 
resent two independent random samples from the respective normal distributions 
N(11, 07) and N(12, 03). It is given that 0? = 303, but of is unknown. Define a 
random variable that has a t-distribution that can be used to find a 95% confidence 


interval for tu — jue. 


4.2.26. Let X and Y be the means of two independent random samples, each of size 
n, from the respective distributions N(1,07) and N(p2,07), where the common 
variance is known. Find n such that 

P(X —Y —o/5 < ps — pe < X —Y +0/5) = 0.90. 


4.2.27. Let X1, Xo,...,Xp and Yj, Y2,..., Ym be two independent random samples 
from the respective normal distributions N(i1,07) and N(j2,03), where the four 
parameters are unknown. To construct a confidence interval for the ratio, o7/03, of 
the variances, form the quotient of the two independent ? variables, each divided 
by its degrees of freedom, namely, 


m—1)S2 
Salm) _ sto} 


— ODN im a1 St/ot! 
1 


where S? and $3 are the respective sample variances. 
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(a) What kind of distribution does F’' have? 


(b) From the appropriate table, a and b can be found so that P(F' < b) = 0.975 
and P(a < F < b) = 0.95. 


(c) Rewrite the second probability statement as 


2 2 2 

Big eee 

2 2 2 

Sz 9 S5 

The observed values, s7 and s3, can be inserted in these inequalities to provide 
a 95% confidence interval for 0? /03. 


4.3 Confidence Intervals for Parameters of Dis- 
crete Distributions 


In this section, we outline a procedure that can be used to obtain exact confidence 
intervals for the parameters of discrete random variables. Let X1, X2,..., Xn be a 
random sample on a discrete random variable X with pmf p(x;@), 6 € ©, where 
Q is an interval of real numbers. Let T = T(X1, X2,...,Xn) be an estimator of 0 
with cdf F(t; 6). Assume that F(t; @) is a nonincreasing and continuous function 
of @ for every t in the support of 7. Let a, > 0 and a2 > 0 be given such that 
a =a, + a2 < 0.50. Let @ and 8 be the solutions of the equations 


Fr(T-;9) =1—ag and Fr(T;0) =a, (4.3.1) 


where T— is the statistic whose support lags by one value of T’s support. For 
instance, if t; < t;41 are consecutive support values of T’,, then T = t;+, if and only 
if T— = t;. Under these conditions, the interval (0,0) is a confidence interval for 0 
with confidence coefficient of at least 1 — a. We sketch a proof of this below, but, 
for now, we present two examples. 

In general, iterative algorithms are needed to solve equations (4.3.1). In practice, 
the function F(T; @) is often strictly decreasing and continuous in 0, so a simple 
algorithm often suffices. We illustrate the examples below by using the simple 
bisection algorithm, which we now briefly discuss. 


Remark 4.3.1 (Bisection Algorithm). Suppose we want to solve the equation 
g(x) = d, where g(x) is strictly decreasing. Assume on a given step of the algorithm 
that a < b bracket the solution; i-e., g(a) > d and g(b) < d. Let c = (a+b)/2. Then 
on the next step of the algorithm, the new bracket values a and b are determined 
by 


if(g(c) > d) then {a-—candb+« bd} 
if(g(c) <d) then {a—aandb«<c}. 


The algorithm continues until a — b < €, where € > 0 is a specified tolerance. m 
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Example 4.3.1 (Confidence Interval for a Bernoulli Proportion). Let X have a 
Bernoulli distribution with @ as the probability of success. Let Q = (0,1). Suppose 
X 1, X2,...,Xn is arandom sample on X. As our point estimator of 6, we consider 
X, which is the sample proportion of successes. The cdf of nX is binomial(n.6). 
Thus 


Fy(z;0) = P(nX < nz) 


Se he: x (") 63(1—6)”-4 


id ! 
n! 7 = 
=e ny _ 5) n—-(0F+1) gf 4.3.2 

| Dinara tO? 8?) 
where the last equality, involving the incomplete (-function, follows from Exercise 
4.3.1. By the fundamental theorem of calculus and expression (4.3.2), 


d n! 


wo x9) = —Gain— ae +! 


grt, 6 n—(nt+1) . 
76 (1 — 8) <0; 


hence, F¥(Z; 4) is a strictly decreasing function of 6, for each F. Next, let a1, a2 > 0 
be specified constants such that a; + ag < 1/2 and let @ and @ solve the equations 


F3(X-;0) =1—a2 and Fy(X;6) = a1. (4.3.3) 


Then (0,6) is a confidence interval for 0 with confidence coefficient at least 1 — a, 
where @ = a; + a2. These equations can be solved iteratively, as discussed in the 
following numerical illustration. 


Numerical Illustration. Suppose n = 30, = 0.60, and a; = az = 0.05 Because 
the support of the binomial consists of integers and n¥ = 18, we can write the first 


equation in (4.3.3) as 
17 


S- (") (1 —)"-4 = 0.95. 


j=0 


Let bin(n, p) denote a random variable with binomial distribution with parameters 
n and p. Because P(bin(30,0.4) < 17) = 0.9787 and P(bin(30,0.45) < 17) = 
0.9286, the values 0.4 and 0.45 bracket the solution to the first equation. We used 
the R command pbinom to do these computations. Using these bracket values 
as input to the R function binomci.r (see Appendix B) the solution to the first 
equation is @ = 0.434. In the same way, because P(bin(30, 0.7) < 18) = 0.1593 and 
P(bin(30,0.8) < 18) = 0.0094, the values 0.7 and 0.8 bracket the solution to the 
second equation. This leads to the solution 0 = 0.750. Thus the confidence interval 
is (0.434, 0.750), with a confidence of at least 90%. For comparison, the asymptotic 
90% confidence interval of expression (4.2.7) is (0.453, 0.747); see Exercise 4.3.2. m 
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Example 4.3.2 (Confidence Interval for the Mean of a Poisson Distribution). Let 
X 1, X2,...,Xn be a random sample on a random variable X which has a Poisson 
distribution with mean 6. Let X = n~!57""_, X; be our point estimator of 6. As 
with the Bernoulli confidence interval in the last example, we can work with nX, 
which, in this case, has a Poisson distribution with mean n6. The cdf of X is 


ne 


Fez) = e” 


1 co 
— nT ot q 4.3.4 
mesa I, pee een) 


where the integral equation is obtained in Exercise 4.3.4. From expression (4.3.4), 
we immediately have 


£ P(t: 9) = 


nz —nd 
7 (nb)P™e"™” <0. 


—n 
I(nz + 1) 
Therefore, Fy-(%;@) is a strictly decreasing function of @ for every fixed %. Hence, 
as discussed above, for a1,@2 >0 such that a, + a2 < 1/2, the confidence interval 
is given by (0,6), where 


6)I 
. eo a = Pe a2 (4.3.5) 
j=0 
nX DV i 
@)I 
ee inf) = Qy. (4.3.6) 
; J 
j=0 


The confidence coefficient of the interval (0, 0) is at least 1-a = 1—(a,+ a2). As 
with the Bernoulli proportion, these equations can be solved iteratively. 


Numerical Illustration. Suppose n = 25 and the realized value of X is F = 5; 
hence, n= = 125. We select ay = ag = 0.05. Then, by (4.3.5) and (4.3.6), our 
confidence interval solves the equations 


124 . 
Q)I 
ett) = 0.95 (4.3.7) 
j=0 ; 
125 aN 4 
9) 
eng nf) = 0.05. (4.3.8) 
= j 
j= 


As with the Bernoulli confidence interval, we use the simple bisection algorithm to 
solve these equations. Let poi(a,@) denote the probability that a Poisson random 
variable with mean @ is less than or equal to x. Using a simple computer package, 
we have poi(124, 25-4) = 0.9912 and poi(124,25-4.4) = 0.9145. Thus, 0 = 4 
and 6 = 4.4 bracket the solution to the first equation. The simple R function 
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poissonci.r given in Appendix B returns the solution @ = 4.287. For the second 
equation, poi(125, 25-5.5) = 0.1528 and poi(125, 25-6) = 0.0204. Using the bracket 
values 5.5 and 6, poissonci.r obtains the solution 9 = 5.8. So the confidence 
interval is (4.287,5.8), with confidence at least 90%. Note that the confidence 
interval is right-skewed, similar to the Poisson distribution. m 


A brief sketch of the theory behind this confidence interval follows. Consider 
the general setup in the first paragraph of this section, where T is an estimator of 
the unknown parameter @ and F'p(t;@) is the cdf of T. Define 


sup{@ : F(T; 6) > ay} (4.3.9) 
inf{@: Pp(T-;0) <1—ag}. (4.3.10) 


I 


Is ol 


Hence, we have 


0>0 => Fr(T;0) <a 
0<0 => Fr(T-;0) >1-az. 


These implications lead to 
Pi@<0<6| = 1-Pl{a<o}U{e>9}] 
= 1-P<96]-Pla>9 
1 — P[Fr(T-;6) > 1— a9] — P[Fr(T;@) < ay] 


1—a, — a2, 


IV IV 


where the last inequality is evident from equations (4.3.9) and (4.3.10). A rigorous 
proof can be based on Exercise 4.8.13; see page 425 of Shao (1998) for details. 


EXERCISES 


4.3.1. Using Exercise 3.3.22, show that 


fees ata (Sora 


w=k 
where 0 < p< 1, and k and n are positive integers such that k < n. 


4.3.2. In Example 4.3.1, verify the result for the asymptotic confidence interval for 
0. 


4.3.3. Suppose X1, X2,..., X19 is arandom sample on a random variable X which 
has a Poisson distribution with mean @. Say the realized value of the sample mean 
is 0.5; ie., n= = 5. Suppose we want to compute the confidence interval (0,0) as 
determined by equations (4.3.5) and (4.3.6). Using Table I in Appendix C, show 
that 0.2 and 0.3 bracket @ and that 0.9 and 1.0 bracket 9. If R is available, use the 
R function poissonci.r to compute the solutions to the equations. 


4.3.4. This exercise obtains a useful identity for the cdf of a Poisson cdf. 
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(a) Use Exercise 3.3.5 to show that this identity is true: 


co 


A” - a _)? 
—— ave “dr = y e*—, 
P(n) Jy j 


j=n 
for \ > 0 and n a positive integer. 


Hint: Just consider a Poisson process on the unit interval with mean . Let 
W,, be the waiting time until the nth event. Then the left side is P(W,, < 1). 
Why? 


(b) Obtain the identity used in Example 4.3.2, by making the transformation 
z = Ax in the above integral. 


4.4 Order Statistics 


In this section the notion of an order statistic is defined and some of its simple 
properties are investigated. These statistics have in recent times come to play an 
important role in statistical inference partly because some of their properties do not 
depend upon the distribution from which the random sample is obtained. 

Let X 1, X2,...,X» denote a random sample from a distribution of the contin- 
uous type having a pdf f(a) that has support S = (a,b), where —co <a <b < ow. 
Let Y, be the smallest of these X;, Y2 the next X; in order of magnitude,..., and 
Y, the largest of X;. That is, Y; < Yo <--- < Y, represent X1, X2,...,Xn when 


the latter are arranged in ascending order of magnitude. We call Y;, i =1,2,...,n, 
the ith order statistic of the random sample X1, Xo,...,X,. Then the joint pdf of 
Y1, Y2,..-, Yn is given in the following theorem. 


Theorem 4.4.1. Using the above notation, let Yj < Yo <--- < Y, denote the 
n order statistics based on the random sample X1,X2,...,Xy from a continuous 
distribution with pdf f(x) and support (a,b). Then the joint pdf of Y1,Y2,...,Yn is 
given by 


G(Y1, Yay ++. 


! sag eens 
tie) -{ Ne f(Yn) ede SO Ue SO eg 4) 


Proof: Note that the support of X1, X2,..., Xn can be partitioned into n! mutually 
disjoint sets which map onto the support of Yi, Yo,..., Yn, namely, {(y1, y2,---;Yn) : 
a<yi <Yyo<-+++<Yn < b}. One of these n! sets isa < a1 < 4g <-++ << an <b, 
and the others can be found by permuting the n zs in all possible ways. The 
transformation associated with the one listed is 71 = y,,%2 = Yo,.--;2n = Yn, 
which has a Jacobian equal to 1. However, the Jacobian of each of the other 
transformations is either +1. Thus 


Glyn yas--+stn) = oily) flue) Flom) 


_ J mf(y)f@2)--fYn) a<yr<yo<c<yn <b 
0 elsewhere, 
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as was to be proved. 


Example 4.4.1. Let X denote a random variable of the continuous type with a pdf 
f(x) that is positive and continuous, with support S = (a,b), -~co <a<b<o. 
The distribution function F(a) of X may be written 


=f Hwjaw, a<a<b. 


Ifa<a, F(x) =0; andifb< a2, F(#) =1. Thus there is a unique median m of the 
distribution with F(m) = 4. Let X;, X2, X3 denote a random sample from this 
distribution and let Y; < Y2 < Y3 denote the order statistics of the sample. Note 
that Y2 is the sample median. We compute the probability that Yo < m. The joint 
pdf of the three order statistics is 


_ Jf 6f(y)flye)flys) a<yi<yo<ys<b 
Gyr, Yas 93) = { 0 elsewhere. 


The pdf of Y2 is then 


b y2 
h(y2) = 6f(y2) ff f(y) f (ys) dyrdys 
= ( Fue) Fwe)lt - F(y2)] a<yo<b 
elsewhere. 
Accordingly, 
POG <m) = 6 f CFy)Flye) — (Flue? Fv2)} 
- [F(y)? (Fe) BY" 1 
=e ‘oc ~ ee = 


Hence, for this situation, the median of the sample median Y2 is the population 
median m. @ 


Once it is observed that 


[Fer 1 #(w) dw = eo a > 0, 
and that ‘ i 
[Petru aw = =A" goo, 


it is easy to express the marginal pdf of any order statistic, say Y;,, in terms of F(x) 
and f(a). This is done by evaluating the integral 


Uk y2 
K(Yk) =f -f [- [ nf (ya) f(y2)- >> FY) dyn: dynza dyr +++ dyp—1- 
Uk Un 
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The result is 


wie { eae (oa TT — F(ye)I"" Fyn) a< ye <b (4.4.2) 


elsewhere. 


Example 4.4.2. Let Y; < Yo < Y3 < Y4 denote the order statistics of a random 
sample of size 4 from a distribution having pdf 


2x O<a<l 
f(z) = { 0 elsewhere. 


We express the pdf of Y3 in terms of f(x) and F(x) and then compute P($ < Y3). 
Here F(x) = 2”, provided that 0 < x < 1, so that 


4! /,.2)2 2 
_ J sr(y3) (1 — y3)(2ys) O<y3 <1 
g3(ys) = { 0 elsewhere. 


Thus 


l| 


uf 
243 
24(y? — y2) dys = —. 
[, (y3 y3) Y3 256 


Finally, the joint pdf of any two order statistics, say Y; < Yj, is easily expressed 
in terms of F(a) and f(a). We have 


Yi Yo Ys U5 b b 
a a Vi Yj-2 7 U5 Yn-1 


x f (Yn) dyn +++ dyj4i1dyj—1- ++ dyizidyi - ++ dys_1. 


Since, for y > 0, 


[FW — Fe Fle) de 


it is found that 


eos Pw) Fs) -— Fa) 
919 Yir¥) = 4  x[L— F(ys)I" f(y) fyy) a<yi<yjy<b 
0 elsewhere. 
(4.4.3) 


Remark 4.4.1 (Heuristic Derivation). There is an easy method of remembering 
the pdf of a vector of order statistics such as the one given in formula (4.4.3). The 
probability P(y; < Yi < ys + Ai, yy < Yj < yj + Aj), where A; and A, are small, 
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can be approximated by the following multinomial probability. In n independent 
trials, i— 1 outcomes must be less than y; [an event that has probability p; = F'(y;) 
on each trial]; 7 — i — 1 outcomes must be between y; + A; and y; [an event with 
approximate probability po = F'(y;) — F(y;) on each trial]; n — 7 outcomes must be 
greater than y; +A, [an event with approximate probability p3 = 1— F(y,;) on each 
trial]; one outcome must be between y; and y; + A; [an event with approximate 
probability pa = f(y;)A; on each trial]; and, finally, one outcome must be between 
y; and y; + A; [an event with approximate probability ps = f(y;)Aj on each trial]. 
This multinomial probability is 


a i-1, j-i-1._ n-j 
Gat (negro eee 


which is 9i,;(yi,yj)A:A;, where g:,;(yi,y;) is given in expression (4.4.3). m 


Certain functions of the order statistics Y,, Y2,...,Y, are important statistics 
themselves. A few of these are (a) Y;, — Y1, which is called the range of the random 
sample; (b) (Yi + Y,,)/2, which is called the midrange of the random sample; and 
(c) if n is odd, ¥(n41)/2, which is called the median of the random sample. 


Example 4.4.3. Let Y,, Yo, Y3 be the order statistics of a random sample of size 
3 from a distribution having pdf 


se) ={ l O<e< 7 


0 elsewhere. 


We seek the pdf of the sample range Z; = Y3 — Y;. Since F(a) = x, 0< a <1, the 
joint pdf of Y; and Y3 is 


_f 6ys-m) O<y<ys<1 
gis(y1,¥3) = { 0 elsewhere. 


In addition to Z, = Y3 — Yj, let Z2 = Y3. The functions z; = y3 — y1, z2 = y3 have 
respective inverses y, = 22 — 21, y3 = 22, so that the corresponding Jacobian of the 
one-to-one transformation is 


Oyr Oy = 
J = Oz Oz2 = 1 1 = =| 
Oys — Oys ; 
21 Oz2 0 1 


Thus the joint pdf of Z, and Z> is 


h( ie |—1|621 =621 O< m4 <2<1 
i aa elsewhere. 


Accordingly, the pdf of the range 7; = Y3 — Y; of the random sample of size 3 is 


h (z j= Jy, 621 dzg = 621(1 — 21) 0<2<1 
= 0 elsewhere. 
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4.4.1 Quantiles 


Let X be a random variable with a continuous cdf F(a). For 0 < p < 1, define 
the pth quantile of X to be & = F~'(p). For example, .5, the median of X, is 
the 0.5 quantile. Let X,, X2,...,X, be a random sample from the distribution of 
X and let Y; < Yo <.--- < Y, be the corresponding order statistics. Let k be the 
greatest integer less than or equal to [p(n + 1)]. We next define an estimator of &, 
after making the following observation. The area under the pdf f(a) to the left of 
Y;, is F(Y;,). The expected value of this area is 


b 
E(F(¥%:)) = : F(vx)ox (vn) dye, 


where gz(yx) is the pdf of Y, given in expression (4.4.2). If, in this integral, we 
make a change of variables through the transformation z = F'(y,), we have 


n! 


Comparing this to the integral of a beta pdf, we see that it is equal to 


nki(n — k)! k 
E(F(Y;)) = —————-?_————- = ——.. 
(F%s)) (kK-Din—-khln+l! ntl 
On the average, there is k/(n + 1) of the total area to the left of Y;. Because 
p = k/(n +1), it seems reasonable to take Y; as an estimator of the quantile &. 
Hence, we call Y; the pth sample quantile It is also called the 100pth percentile 
of the sample. 


Remark 4.4.2. Some statisticians define sample quantiles slightly differently from 
what we have. For one modification with 1/(n +1) < p < n/(n +1), if (n+ 1)/p 
is not equal to an integer, then the pth quantile of the sample may be defined as 
follows. Write (n+ 1)p =k+ 1, where k = [(n + 1)p| and r is a proper fraction, 
using the weighted average. Then the pth quantile of the sample is the weighted 
average 

(L=r)¥~p + rYe41, 


which is an estimator of the pth quantile. As n becomes large, however, all these 
modified definitions are essentially the same. 


Sample quantiles are useful descriptive statistics. For instance, if Y; is the pth 
quantile of the sample, then we know that approximately p100% of the data are less 
than or equal to Y; and approximately (1 — p)100% of the data are greater than or 
equal to Y;. Next we discuss two statistical applications of quantiles. 

A five-number summary of the data consist of the following five sample quan- 
tiles: the minimum (Y;), the first quartile (Y.25(n41)), the median (Y50/n41)), the 
third quartile (Y.75(n41)), and the maximum (Y,,). Note that the median given is for 
odd sample sizes. In the case that n is even, we use the traditional [Y;,/2+Y(n/2)+1]/2 
as our estimator of the median £5. For this section, we use the notation Q,, Qa, 
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and @3 to denote, respectively, the first quartile, median, and third quartile of the 
sample. 

The five-number summary divides the data into their quartiles, offering a sim- 
ple and easily interpretable description of the data. Five-number summaries were 
made popular by the work of the late Professor John Tukey [see Tukey (1977) and 
Mosteller and Tukey (1977)]. He used slightly different quantities in place of the first 
and third quartiles which he called hinges. We prefer to use the sample quartiles. 


Example 4.4.4. The following data are the ordered realizations of a random sample 
of size 15 on a random variable X. 


56 70 89 94 96 101 102 102 
102. 105 106 108 110 113 = 116 


For these data, since n + 1 = 16, the realizations of the five-number summary are 
yi = 56, Q, = ys = 94, Qo = yg = 102, Q3 = yo = 108, and y 15 = 116. Hence, 
based on the five-number summary, the data range from 56 to 116; the middle 50% 
of the data range from 94 to 108; and the middle of the data occurred at 102. m 


The five-number summary is the basis for a useful and quick plot of the data. 
This is called a boxplot of the data. The box encloses the middle 50% of the 
data and a line segment is usually used to indicate the median. The extreme order 
statistics, however, are very sensitive to outlying points. So care must be used in 
placing these on the plot. We make use of the box and whisker plots defined by 
John Tukey. In order to define this plot, we need to define a potential outlier. Let 
h = 1.5(Q3 — Q1) and define the lower fence (LF) and the upper fence (UF) by 


LF =Qi—h and UF=Q3+h. (4.4.4) 


Points that lie outside the fences, i.e., outside the interval (LF,UF), are called 
potential outliers and they are denoted by the symbol “0” on the boxplot. The 
whiskers then protrude from the sides of the box to what are called the adjacent 
points, which are the points within the fences but closest to the fences. Exercise 
4.4.2 shows that the probability of an observation from a normal distribution being 
a potential outlier is 0.006977. 


Example 4.4.5 (Example 4.4.4, Continued). Consider the data given in Example 
4.4.4. For these data, h = 1.5(108 — 94) = 21, LF = 73, and UF = 129. Hence the 
observations 56 and 70 are potential outliers. There are no outliers on the high side 
of the data. The lower adjacent point is 89. Hence the boxplot of data is given by 
Panel A of Figure 4.4.1. 

Note that the point 56 is over 2h from Q;. Some statisticians call such a point 
an “outlier” and label it with a symbol other than “O,” but we do not make this 
distinction. @ 


In practice, we often assume that the data follow a certain distribution. For 
example, we may assume that X,,...,X, are a random sample from a normal 
distribution with unknown mean and variance. Thus the form of the distribution 
of X is known, but the specific parameters are not. Such an assumption needs to 
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Figure 4.4.1: Boxplot and quantile plots for the data of Example 4.4.4. 


be checked and there are many statistical tests which do so; see D’Agostino and 
Stephens (1986) for a thorough discussion of such tests. As our second statistical 
application of quantiles, we discuss one such diagnostic plot in this regard. 

We consider the location and scale family. Suppose X is a random variable 
with cdf F((a# — a)/b), where F(x) is known but a and b > 0 may not be. Let 
Z = (X —a)/b; then Z has cdf F(z). Let 0 < p < 1 and let €x,, be the pth quantile 
of X. Let €z, be the pth quantile of Z = (X — a)/b. Because F(z) is known, €z,, 
is known. But 


p= PX sexs =P|z< a 
from which we have the linear relationship 
Exp = bez yp +4. (4.4.5) 


Thus, if X has a cdf of the form of F(a — a)/b), then the quantiles of X are 
linearly related to the quantiles of Z. Of course, in practice, we do not know the 
quantiles of X, but we can estimate them. Let X),...,X,, be arandom sample from 
the distribution of X and let Y; < --- < Y, be the order statistics. For k = 1,...,n, 
let py = k/(n+1). Then Y; is an estimator of €x,»,. Denote the corresponding 
quantiles of the cdf F(z) by £z,», = F~'(px). The plot of Y, versus £7», is called 
a q—q plot, as it plots one set of quantiles from the sample against another set 
from the theoretical cdf F(z). Based on the above discussion, the linearity of such 
a plot indicates that the cdf of X is of the form F'((x — a)/b). 


Example 4.4.6 (Example 4.4.5, Continued). Panels B, C, and D of Figure 4.4.1 
contain g—q plots of the data of Example 4.4.4 for three different distributions. 
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The quantiles of a standard normal random variable are used for the plot in Panel 
B. Hence, as described above, this is the plot of Y; versus ®~'(k/(n + 1)), for 
k = 1,2,...,n. For Panel C, the population quantiles of the standard Laplace 
distribution are used; that is, the density of Z is f(z) = (1/2)e7!*!, co < z < oo. 
For Panel D, the quantiles were generated from an exponential distribution with 
density f(z) = e~*, 0 < z < ov, zero elsewhere. The generation of these quantiles 
is discussed in Exercise 4.4.1. 

The plot farthest from linearity is that of Panel D. Note that this plot gives 
an indication of a more correct distribution. For the points to lie on a line, the 
lower quantiles of Z must be spread out as are the higher quantiles; i.e., symmetric 
distributions may be more appropriate. The plots in Panels B and C are more 
linear than that of Panel D, but they still contain some curvature. Of the two, 
Panel C appears to be more linear. Actually, the data were generated from a 
Laplace distribution, so one would expect that Panel C would be the most linear of 
the three plots. 

Many computer packages have commands to obtain the population quantiles 
used in this example. In Appendix B, the R function qqplotc4s2 obtains the 
normal, Laplace, and exponential quantiles used for Figure 4.4.1. It also obtains an 
R version of the figure. m 


The q—gq plot using normal quantiles is often called a normal q—q plot. 


4.4.2 Confidence Intervals for Quantiles 


Let X be a continuous random variable with cdf F(x). For 0 < p < 1, define the 
100pth distribution percentile to be €j, where F(€,) = p. For a sample of size n on 
X, let Y; < Yo < +--+ < Y, be the order statistics. Let k = [(n + 1)p]. Then the 
100pth sample percentile Y;, is a point estimate of €). 

We now derive a distribution free confidence interval for €,, meaning it is a 
confidence interval for €, which is free of any assumptions about F(x) other than 
it is of the continuous type. Let 7 < [(n+1)p] < j, and consider the order statistics 
Y; < Yj and the event Y; < €) < Y;. For the ith order statistic Y; to be less than 
€p, it must be true that at least 7 of the X values are less than €,. Moreover, for 
the jth order statistic to be greater than €,, fewer than j of the X values are less 
than €,. To put this in the context of a binomial distribution, the probability of 
success is P(X < &,) = F(&)) = p. Further, the event Y; < & < Yj; is equivalent to 
obtaining between 7 (inclusive) and j (exclusive) successes in n independent trials. 
Thus, taking probabilities, we have 


P< <¥y)=3 (*\ora-2y. (4.4.6) 


wet 


When particular values of n, 7, and j are specified, this probability can be computed. 
By this procedure, suppose that it has been found that y = P(Y; < & < Y;). Then 
the probability is y that the random interval (Y;, Y;) includes the quantile of order 
p. If the experimental values of Y; and Y; are, respectively, y; and y;, the interval 
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(yi, yj) serves as a 1007% confidence interval for &,, the quantile of order p. We use 
this in the next example to find a confidence interval for the median. 


Example 4.4.7 (Confidence Interval for the Median). Let X be a continuous ran- 
dom variable with cdf F(a). Let €:;2 denote the median of F(); i-e., €)/2 solves 
F(€,/2) = 1/2. Suppose X1,Xo,...,Xn is a random sample from the distribution 
of X with corresponding order statistics Yj < Yo <--- < Y,. As before, let Qe 
denote the sample median, which is a point estimator of €1/2. Select a, so that 
0<a<1. Take cy/2 to be the a/2th quantile of a binomial b(n, 1/2) distribution; 
that is, P[S < cy/2] = a/2, where S is distributed b(n, 1/2). Then note also that 
P[S > n— €g/2] = a/2. (Because of the discreteness of the binomial distribu- 
tion, either take a value of a for which these probabilities are correct or change the 
equalities to approximations.) Thus it follows from expression (4.4.6) that 


PUYeaj2t1 < €1/2 < Yn—cay2] = 1— a. (4.4.7) 


Hence, when the sample is drawn, if yc, ,.+1 and Yn—c,/, are the realized values of 


the order statistics Keg and Yn—ca/2 then the interval 


(Veyja Gs Vraoxja) (4.4.8) 


is a (1 — a)100% confidence interval for €,2. 

To illustrate this confidence interval, consider the data of Example 4.4.4. Sup- 
pose we want an 88% confidence interval for €;/2. Then a/2 = 0.060. Then cy/2 = 4 
because P[S < 4] = 0.059, where the distribution of S is binomial with n = 15 and 
p= 0.5. Therefore, an 887% confidence interval for €/2 is (ys, y11) = (96, 106). m 


Note that because of the discreteness of the binomial distribution, only certain 
confidence levels are possible for this confidence interval for the median. If we fur- 
ther assume that f(a) is symmetric about €, Chapter 10 presents other distribution 
free confidence intervals where this discreteness is much less of a problem. 


EXERCISES 


4.4.1. Obtain closed-form expressions for the distribution quantiles based on the 
exponential and Laplace distributions as discussed in Example 4.4.6. 


4.4.2. Obtain the probability that an observation is a potential outlier for the 
following distributions. 


(a) The underlying distribution is normal. 


(b) The underlying distribution is logistic; that is, the pdf is given by 


ee” 


F@) = Gap 


—00o <2 < OO. (4.4.9) 


(c) The underlying distribution is Laplace, with the pdf 


1 ; 
f(z) = ae -0 <£ <0. (4.4.10) 
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4.4.3. Consider the sample of data: 


13 5 202 15 99 4 67 £83 36 11 301 
23 213 40 66 106 78 69 166 84 64 


(a) Obtain the five-number summary of these data. 
(b) Determine if there are any outliers. 


(c) Boxplot the data. Comment on the plot. 


4.4.4. Consider the data in Exercise 4.4.3. Obtain the normal q—gq plot for these 
data. Does the plot suggest that the underlying distribution is normal? Use the 
plot to determine, if any, what quantiles associated with a different theoretical 
distribution would lead to a more linear plot. Then obtain the plot. 


4.4.5. Let Y; < Yo < Y3 < Y4 be the order statistics of a random sample of size 
4 from the distribution having pdf f(x) = e~*, 0 < a < o, zero elsewhere. Find 
P(Y4 > 3). 


4.4.6. Let X 1, X2, X3 be a random sample from a distribution of the continuous 
type having pdf f(x) = 2a, 0 < x < 1, zero elsewhere. 


(a) Compute the probability that the smallest of X1, X2, X3 exceeds the median 
of the distribution. 


(b) If Y1 < Yo < Y3 are the order statistics, find the correlation between Y2 and 
¥5. 


4.4.7. Let f(x) = z; x = 1,2,3,4,5,6, zero elsewhere, be the pmf of a distribution 
of the discrete type. Show that the pmf of the smallest observation of a random 
sample of size 5 from this distribution is 


7-\° 6-y\° 
= = at HD ds SO 
gi(y1) ( 6 ) ( 6 > Yl 14) 


zero elsewhere. Note that in this exercise the random sample is from a distribution 
of the discrete type. All formulas in the text were derived under the assumption 
that the random sample is from a distribution of the continuous type and are not 
applicable. Why? 


4.4.8. Let Y; < Yo < Y3 < Y4 < Ys denote the order statistics of a random sample 
of size 5 from a distribution having pdf f(a) = e~*, 0 < a < ov, zero elsewhere. 
Show that 7, = Y2 and Zy = Y4 — Y2 are independent. 

Hint: First find the joint pdf of Y2 and Y4. 


4.4.9. Let Y; < Yo <--- < Y, be the order statistics of a random sample of size n 
from a distribution with pdf f(a) = 1, 0 < x < 1, zero elsewhere. Show that the 
kth order statistic Y; has a beta pdf with parameters a=k and G@=n—-—k+1. 
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4.4.10. Let Y; < Yo <--- < Y, be the order statistics from a Weibull distribution, 
Exercise 3.3.26. Find the distribution function and pdf of Yj. 


4.4.11. Find the probability that the range of a random sample of size 4 from the 
uniform distribution having the pdf f(z) = 1, 0 < a < 1, zero elsewhere, is less 
than 4. 


4.4.12. Let Y; < Yo < Y3 be the order statistics of a random sample of size 3 from 
a distribution having the pdf f(x) = 27, 0 < x < 1, zero elsewhere. Show that 
Z1 = Y1/Y2, Z2 = Y2/Y3, and Z3 = Y3 are mutually independent. 


4.4.13. Suppose a random sample of size 2 is obtained from a distribution that has 
pdf f(a) = 2(1—2), 0 <a <1, zero elsewhere. Compute the probability that one 
sample observation is at least twice as large as the other. 


4.4.14. Let Y; < Y2 < Y3 denote the order statistics of a random sample of size 
3 from a distribution with pdf f(z) = 1, 0 < x < 1, zero elsewhere. Let Z = 
(Yi + Y3)/2 be the midrange of the sample. Find the pdf of Z. 


4.4.15. Let Y; < Yo denote the order statistics of a random sample of size 2 from 
N(0, 07). 


(a) Show that E(¥1) = —o/,/r. 
Hint: Evaluate E(Y;) by using the joint pdf of Y; and Y2 and first integrating 
on Yi. 


(b) Find the covariance of Y; and Y2. 


4.4.16. Let Y; < Y2 be the order statistics of a random sample of size 2 from a 
distribution of the continuous type which has pdf f(a) such that f(x) > 0, provided 
that « > 0, and f(a) = 0 elsewhere. Show that the independence of Z; = Y; and 
Z2 = Y2 — Y; characterizes the gamma pdf f(«), which has parameters @ = 1 and 
38> 0. That is, show that Y; and Y2 are independent if and only if f(a) is the pdf 
of a ['(1, 8) distribution. 

Hint: Use the change-of-variable technique to find the joint pdf of 7, and Z2 from 
that of Y; and Yj. Accept the fact that the functional equation h(0)h(a + y) = 
h(a)h(y) has the solution h(a) = cye*”, where c, and c2 are constants. 


4.4.17. Let Y, < Yo < Y3 < Y4 be the order statistics of a random sample of size 
n = 4 from a distribution with pdf f(x) = 2x, 0 < a < 1, zero elsewhere. 


(a) Find the joint pdf of Y3 and Y4. 
(b) Find the conditional pdf of Y3, given Y4 = ys. 
(c) Evaluate E(Y3|y4). 


4.4.18. Two numbers are selected at random from the interval (0,1). If these 
values are uniformly and independently distributed, by cutting the interval at these 
numbers, compute the probability that the three resulting line segments can form 
a triangle. 
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4.4.19. Let X and Y denote independent random variables with respective proba- 
bility density functions f(x) = 2x, 0 < x < 1, zero elsewhere, and g(y) = 3y?, 0 < 
y <1, zero elsewhere. Let U = min(X,Y) and V = max(X,Y). Find the joint pdf 
of U and V. 

Hint: Here the two inverse transformations are given by « = u, y = v and 
L=vV,y=u. 

4.4.20. Let the joint pdf of X and Y be f(«,y) = #a(@+y), 0<a<1,0<y<1, 
zero elsewhere. Let U = min(X,Y) and V = max(X,Y). Find the joint pdf of U 
and V. 


4.4.21. Let X1, Xo,...,Xp be a random sample from a distribution of either type. 
A measure of spread is Gini’s mean difference 


6-5 Sx xi/("). (4.4.11) 


j=2 i=1 


(a) Ifnm = 10, find aj, a2,...,a19 so that G = ea ajY;, where Y1, Y2,..., Yio are 
the order statistics of the sample. 


(b) Show that E(G) = 20/,/z if the sample arises from the normal distribution 
N(,07). 


4.4.22. Let Y; < Yo <--- < Y,, be the order statistics of a random sample of size n 
from the exponential distribution with pdf f(a) = e7~*, 0 < a < cw, zero elsewhere. 


(a) Show that 2; = nY1, Z2 = (n—1)(Y2—YV1), Z3 = (n— 2)(¥3 — Ya),.--,2n = 
Y, — Yn—1 are independent and that each Z; has the exponential distribution. 


(b) Demonstrate that all linear functions of Yi, Y2,...,¥n, such as )>7 aiYi, can 
be expressed as linear functions of independent random variables. 


4.4.23. In the Program Evaluation and Review Technique (PERT), we are inter- 
ested in the total time to complete a project that is comprised of a large number of 
subprojects. For illustration, let X,, X2, X3 be three independent random times for 
three subprojects. If these subprojects are in series (the first one must be completed 
before the second starts, etc.), then we are interested in the sum Y = X,+X2+X3. 
If these are in parallel (can be worked on simultaneously), then we are interested in 
Z = max(X,, X2, X3). In the case each of these random variables has the uniform 
distribution with pdf f(a) = 1, 0 < a < 1, zero elsewhere, find (a) the pdf of Y 
and (b) the pdf of Z. 


4.4.24. Let Y, denote the nth order statistic of a random sample of size n from 
a distribution of the continuous type. Find the smallest value of n for which the 
inequality P(£o.9 < Y,) > 0.75 is true. 


4.4.25. Let Yi < Yo < Y3 < Y4 < Ys denote the order statistics of a random sample 
of size 5 from a distribution of the continuous type. Compute: 
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(a) POS < fog < Ys). 
(b) PY < foun < Ys). 
(c) P(¥4 < £0.80 < ¥5). 


4.4.26. Compute P(Y3 < £95 < Y7) if ¥1 <--- < Yo are the order statistics of a 
random sample of size 9 from a distribution of the continuous type. 


4.4.27. Find the smallest value of n for which P(Y, < £05 < Yn) > 0.99, where 
Y, <--:< Y, are the order statistics of a random sample of size n from a distribu- 
tion of the continuous type. 


4.4.28. Let Y; < Y2 denote the order statistics of a random sample of size 2 from 
a distribution that is N(u,07), where o? is known. 


(a) Show that P(Y; <  < Y2) = 4 and compute the expected value of the 
random length Y2 — Yj. 


(b) If X is the mean of this sample, find the constant c that solves the equation 


P(X —co < uw < X+co) = 4, and compare the length of this random interval 


with the expected value of that of part (a). 


4.4.29. Let yi < yo < y3 be the observed values of the order statistics of a random 
sample of size n = 3 from a continuous type distribution. Without knowing these 
values, a statistician is given these values in a random order, and she wants to 
select the largest; but once she refuses an observation, she cannot go back. Clearly, 
if she selects the first one, her probability of getting the largest is 1/3. Instead, she 
decides to use the following algorithm: She looks at the first but refuses it and then 
takes the second if it is larger than the first, or else she takes the third. Show that 
this algorithm has probability of 1/2 of selecting the largest. 


4.4.30. Refer to Exercise 4.1.1. Using expression (4.4.8), obtain a confidence inter- 
val (with confidence close to 90%) for the median lifetime of a motor. What does 
the interval mean? 


4.4.31. Let Y; < Yo <--- < Y, denote the order statistics of a random sample of 
size n from a distribution that has pdf f(x) = 327/6°, 0 < x < @, zero elsewhere. 


(a) Show that P(c < Y,/@ < 1)=1-—c", where0<c <1. 


(b) Ifn is 4 and if the observed value of Y4 is 2.3, what is a 95% confidence interval 
for 6? 


4.4.32. In Exercises 4.1.2 and 4.2.5 samples of the weights of professional baseball 
pitchers and hitters are displayed. Obtain comparison (on the same real line) box- 
plots of the two data sets. Comment on the plots. In particular, how similar are 
the interquartile ranges? 
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4.5 Introduction to Hypothesis Testing 


Point estimation and confidence intervals are useful statistical inference procedures. 
Another type of inference that is frequently used concerns tests of hypotheses. As 
in Sections 4.1 through 4.3, suppose our interest centers on a random variable X 
that has density function f(#;0), where 6 € 2. Suppose we think, due to theory 
or a preliminary experiment, that 6 € wo or 0 € w,, where wp and wy are disjoint 
subsets of Q and wo Uw, = 2. We label these hypotheses as 


Ho : 6 € wo versus Hy: 8 € wy. (4.5.1) 


The hypothesis Hp is referred to as the null hypothesis, while H;, is referred to as 
the alternative hypothesis. Often the null hypothesis represents no change or no 
difference from the past, while the alternative represents change or difference. The 
alternative is often referred to as the research worker’s hypothesis. The decision 
rule to take Ho or H, is based on a sample Xj,...,X, from the distribution of X 
and, hence, the decision could be wrong. For instance, we could decide that 4 € w 
when really 0 € wo or we could decide that 0 € wo when, in fact, 0 © w 1. We label 
these errors Type I and Type II errors, respectively, later in this section. As we 
show in Chapter 8, a careful analysis of these errors can lead in certain situations 
to optimal decision rules. In this section, though, we simply want to introduce the 
elements of hypothesis testing. To set ideas, consider the following example. 


Example 4.5.1 (Zea mays Data). In 1878 Charles Darwin recorded some data 
on the heights of Zea mays plants to determine what effect cross-fertilization or 
self-fertilization had on the height of Zea mays. The experiment was to select one 
cross-fertilized plant and one self-fertilized plant, grow them in the same pot, and 
then later measure their heights. An interesting hypothesis for this example would 
be that the cross-fertilized plants are generally taller than the self-fertilized plants. 
This is the alternative hypothesis, i.e., the research worker’s hypothesis. The null 
hypothesis is that the plants generally grow to the same height regardless of whether 
they were self- or cross-fertilized. Data for 15 pots were recorded. 

We represent the data as (Yi, Z1),...,(Yis, Z15), where Y; and Z; are the heights 
of the cross-fertilized and self-fertilized plants, respectively, in the ith pot. Let 
X; = Y; — Z;. Due to growing in the same pot, Y; and Z; may be dependent ran- 
dom variables, but it seems appropriate to assume independence between pots, i.e., 
independence between the paired random vectors. So we assume that X1,..., X15 
form a random sample. As a tentative model, consider 


X;=pt+es, $= 15444515; 


where the random variables e; are iid with continuous density f(x). For this model, 
there is no loss in generality in assuming that the mean of e; is 0, for, otherwise, we 
can simply redefine . Hence, E(X;) = yw. Further, the density of X; is fx (a; 4) = 
f(x—). In practice, the goodness of the model is always a concern and diagnostics 
based on the data would be run to confirm the quality of the model. 

If p = E(X;) = 0, then E(Y;) = E(Z;); ie., on average, the cross-fertilized 
plants grow to the same height as the self-fertilized plants. While, if u > 0 then 
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Table 4.5.1: 2 x 2 Decision Table for a Hypothesis Test 


an True State of Nature 


Type T Exvor 
Type TT Error 


E(Y;) > E(Z;); ie., on average the cross-fertilized plants are taller than the self- 
fertilized plants. Under this model, our hypotheses are 


Ho: 4 =0 versus Hy: p> 0. (4.5.2) 


Hence, wo = {0} represents no difference in the treatments, while w; = (0,00) 
represents that the mean height of cross-fertilized Zea mays exceeds the mean height 
of self-fertilized Zea mays. 


To complete the testing structure for the general problem described at the be- 
ginning of this section, we need to discuss decision rules. Recall that X,,..., Xn 
is a random sample from the distribution of a random variable X which has den- 
sity f(a;), where 6 € Q. Consider testing the hypotheses Hp : 0 € wo versus 
Ay: 6 € wy, where w) Uw; = 2. Denote the space of the sample by D; that is, 
D = space {(X1,...,Xn)}. A test of Hp versus H; is based on a subset C' of D. 
This set C is called the critical region and its corresponding decision rule (test) 
is 


Reject Hp (Accept Hy) ~~ if (X4,...,Xn) EC (4.5.3) 
Retain Hp (Reject Hy) — if (X1,..., Xn) € C°. 


For a given critical region, the 2 x 2 decision table as shown in Table 4.5.1, 
summarizes the results of the hypothesis test in terms of the true state of nature. 
Besides the correct decisions, two errors can occur. A Type I error occurs if Ho is 
rejected when it is true, while a Type II error occurs if Hp is accepted when Hj is 
true. 

The goal, of course, is to select a critical region from all possible critical regions 
which minimizes the probabilities of these errors. In general, this is not possible. 
The probabilities of these errors often have a see saw effect. This can be seen 
immediately in an extreme case. Simply let C = ¢. With this critical region, 
we would never reject Ho, so the probability of Type I error would be 0, but the 
probability of Type II error is 1. Often we consider Type I error to be the worse 
of the two errors. We then proceed by selecting critical regions which bound the 
probability of Type I error and then among these critical regions we try to select 
one which minimizes the probability of Type II error. 


Definition 4.5.1. We say a critical region C is of size a if 


a = max P[(X1,...,Xn) € C]. (4.5.4) 
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Over all critical regions of size a, we want to consider critical regions which 
have lower probabilities of Type II error. We also can look at the complement of 
a Type IJ error, namely, rejecting Hp when Hj is true, which is a correct decision, 
as marked in Table 4.5.1. Since we desire to maximize the probability of this latter 
decision, we want the probability of it to be as large as possible. That is, for @ € w1, 
we want to maximize 


1 — Po[Type II Error] = Po[(X1,...,Xn) € C]. 


The probability on the right side of this equation is called the power of the test 
at @. It is the probability that the test detects the alternative 6 when 6 © w is 
the true parameter. So minimizing the probability of Type II error is equivalent to 
maximizing power. 

We define the power function of a critical region to be 


AOS Pal (By VEC Vem. (4.5.5) 


Hence, given two critical regions C, and C2, which are both of size a, C, is better 
than C2 if yc, (0) > yc,(@) for all 6 € w;. In Chapter 8, we obtain optimal critical 
regions for specific situations. In this section, we want to illustrate these concepts 
of hypotheses testing with several examples. 


Example 4.5.2 (Test for a Binomial Proportion of Success). Let X be a Bernoulli 
random variable with probability of success p. Suppose we want to test, at size a, 


Ho: p= po versus Hy: p< po, (4.5.6) 


where po is specified. As an illustration, suppose “success” is dying from a certain 
disease and po is the probability of dying with some standard treatment. A new 
treatment is used on several (randomly chosen) patients, and it is hoped that the 
probability of dying under this new treatment is less than po. Let X1,...,Xn be 
a random sample from the distribution of X and let S = 7'_, X; be the total 
number of successes in the sample. An intuitive decision rule (critical region) is 


Reject Ho in favor of Hy if S<k, (4.5.7) 


where & is such that a = Py,[S < k]. Since S has a b(n, po) distribution under 
Ho, k is determined by a = P,,[S < k]. Because the binomial distribution is 
discrete, however, it is likely that there is no integer k which solves this equation. 
For example, suppose n = 20, pp = 0.7, and a = 0.15. Then under Ho, S$ has a 
binomial 6(20, 0.7) distribution. Hence, computationally, Py, [S < 11] = 0.1133 and 
Py,(S < 12] = 0.2277. Hence, erring on the conservative side, we would probably 
choose k to be 11 and a = 0.1133. As n increases, this is less of a problem; see, also, 
the later discussion on p-values. In general, the power of the test for the hypotheses 
(4.5.6) is 

y(p) =Pp[S <k], p< po. (4.5.8) 


The curve labeled Test 1 in Figure 4.5.1 is the power function for the case n = 20, 
po = 0.7, and a = 0.1133. Notice that the power function is decreasing. The 
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power is higher to detect the alternative p = 0.2 than p = 0.6. In Section 8.2, we 
prove in general the monotonicity of the power function for binomial tests of these 
hypotheses. Using this monotonicity, we extend our test to the more general null 
hypothesis Hp : p > po rather than simply Ho : p = po. Using the same decision 
rule as we used for the hypotheses (4.5.6), the definition of the size of a test (4.5.4), 
and the monotonicity of the power curve, we have 


max P,[S < k] = P,,[S < k] =a, 
P2Po 


i.e., the same size as for the original null hypothesis. 


0.8 + 


02+ Test 1: size a= 0.113 


Figure 4.5.1: Power curves for tests 1 and 2; see Example 4.5.2. 


Denote by Test 1 the test for the situation with n = 20, po = 0.70, and size 
a = 0.1133. Suppose we have a second test (Test 2) with an increased size. How 
does the power function of Test 2 compare to Test 1? As an example, suppose 
for Test 2, we select @ = 0.2277. Hence, for Test 2, we reject Ho if S < 12. 
Figure 4.5.1 displays the resulting power function. Note that while Test 2 has a 
higher probability of committing a Type I error, it also has a higher power at each 
alternative p < 0.7. Exercise 4.5.7 shows this is true for these binomial tests. It is 
true in general; that is, if the size of the test increases, power does too. For this 
example, the R function binpower.r of Appendix B produces a version of Figure 
4.5.1. & 


Remark 4.5.1 (Nomenclature). Since in Example 4.5.2, the first null hypothesis 
Ho: p= po completely specifies the underlying distribution, it is called a simple 
hypothesis. Most hypotheses, such as H; : p < po, are composite hypotheses, 
because they are composed of many simple hypotheses and hence do not completely 
specify the distribution. 

As we study more and more statistics, we find out that often other names are 
used for the size, a, of the critical region. Frequently, a is also called the signifi- 
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cance level of the test associated with that critical region. Moreover, sometimes 
a is called the “maximum of probabilities of committing an error of Type I” and 
the “maximum of the power of the test when Ho is true.” It is disconcerting to the 
student to discover that there are so many names for the same thing. However, all 
of them are used in the statistical literature, and we feel obligated to point out this 
fact. ml 


The test in the last example is based on the exact distribution of its test statistic, 
ie., the binomial distribution. Often we cannot obtain the distribution of the test 
statistic in closed form. As with approximate confidence intervals, however, we can 
frequently appeal to the Central Limit Theorem to obtain an approximate test; see 
Theorem 4.2.1. Such is the case for the next example. 


Example 4.5.3 (Large Sample Test for the Mean). Let X be a random variable 
with mean pz and finite variance a7. We want to test the hypotheses 


Ho: = po versus Hy: > bo, (4.5.9) 


where [Uo is specified. To illustrate, suppose jig is the mean level on a standardized 
test of students who have been taught a course by a standard method of teaching. 
Suppose it is hoped that a new method which incorporates computers has a mean 
level w > to, where p = E(X) and X is the score of a student taught by the new 
method. This conjecture is tested by having n students (randomly selected) taught 
under this new method. 

Let X1,...,X, be a random sample from the distribution of X and denote the 
sample mean and variance by X and S?, respectively. Because X is an unbiased 
estimate of yu, an intuitive decision rule is given by 


Reject Ho in favor of H; if X is much larger than po. (4.5.10) 


In general, the distribution of the sample mean cannot be obtained in closed form. 
In Example 4.5.4, under the strong assumption of normality for the distribution of 
X, we obtain an exact test. For now, the Central Limit Theorem (Theorem 4.2.1) 
shows that the distribution of (X — y)/(S/./n) is approximately N(0,1). Using 
this, we obtain a test with an approximate size a, with the decision rule 

Reject Ho in favor of Hy if S42 > zq. (4.5.11) 
The test is intuitive. To reject Ho, X must exceed pio by at least zS/./n. To 
approximate the power function of the test, we use the Central Limit Theorem. 
Upon substituting o for S, it readily follows that the approximate power function 
is 


ve) = P(X > po + 200 /V) 
=~ (A 2 ohn 2) 
1-0 (cq4 ow) 


= 6 (-< = as (4.5.12) 


oO 


2 
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So if we have some reasonable idea of what a equals, we can compute the approxi- 
mate power function. As Exercise 4.5.1 shows, this approximate power function is 
strictly increasing in ju, so as in the last example, we can change the null hypotheses 
to 

Hg: po < po versus Hy: > Uo. (4.5.13) 


Our asymptotic test has approximate size a for these hypotheses. 


Example 4.5.4 (Test for 4, Under Normality). Let X have a N(, 07) distribution. 
As in Example 4.5.3, consider the hypotheses 


Ho: [6 = bo versus Hy: > Mo, (4.5.14) 


where jig is specified. Assume that the desired size of the test is a, for0<a< 1, 
Suppose X,,...,Xp is a random sample from a N(y,07) distribution. Let X and 
S$? denote the sample mean and variance, respectively. Our intuitive rejection rule 
is to reject Ho in favor of H, if X is much larger than jij. Unlike Example 4.5.3, we 
now know the distribution of the statistic X. In particular, by Part (d) of Theorem 
3.6.1, under Hp the statistic T = (X — o)/(S/Vn) has a t-distribution with n — 1 
degrees of freedom. Using the distribution of T’, it follows that this rejection rule 
has exact level a: 


Reject Hp in favor of H, if T = ae eee (4.5.15) 
where ty,n—1 is the upper a critical point of a ¢-distribution with nm — 1 degrees of 
freedom; i.e., a = P(T > tan—1). This is often called the t-test of Hp : fs = Lo. 

Note the differences between this rejection rule and the large sample rule, (4.5.11). 
The large sample rule has approximate level a, while this has exact level a. Of 
course, we now have to assume that X has a normal distribution. In practice, we 
may not be willing to assume that the population is normal. Usually t-critical val- 
ues are larger than z-critical values; hence, the t-test is conservative relative to the 
large sample test. So, in practice, many statisticians often use the t-test. ™ 


Example 4.5.5 (Example 4.5.1, Continued). The data for Darwin’s experiment 
on Zea mays are recorded in Table 4.5.2. A boxplot and a normal q—q plot of the 
15 differences, x; = y; — 2;, are found in Figure 4.5.2. Based on these plots, we 
can see that there seem to be two outliers, Pots 2 and 15. In these two pots, the 
self-fertilized Zea mays are much taller than their cross-fertilized pairs. Except for 
these two outliers, the differences, y; — z;, are positive, indicating that the cross- 
fertilization leads to taller plants. We proceed to conduct a test of hypotheses 
(4.5.2), as discussed in Example 4.5.4. We use the decision rule given by (4.5.15) 
with a = 0.05. As Exercise 4.5.2 shows, the values of the sample mean and standard 
deviation for the differences, x;, are T = 2.62 and s, = 4.72. Hence the t-test 
statistic is 2.15, which exceeds the t-critical value, t.95,14 = 1.76. Thus we reject 
Ho and conclude that cross-fertilized Zea mays are on the average taller than self- 
fertilized Zea mays. Because of the outliers, normality of the error distribution is 
somewhat dubious, and we use the test in a conservative manner, as discussed at 
the end of Example 4.5.4. 
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Table 4.5.2: Plant Growth 


2 3 4 5 6 iG 8 
12.000 21.000 22.000 19.125 21.500 22.125 20.375 
20.375 20.000 20.000 18.375 18.625 18.625 15.250 

10 11 12 13 14 15 
21.625 23.250 21.000 22.125 23.000 12.000 
18.000 16.250 18.000 12.750 15.500 18.000 


Panel B 


—Self 
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° 
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Figure 4.5.2: Boxplot and normal q—q plot for the data of Example 4.5.5. 


EXERCISES 


4.5.1. Show that the approximate power function given in expression (4.5.12) of Ex- 
ample 4.5.3 is a strictly increasing function of w. Show then that the test discussed 
in this example has approximate size a for testing 


Ho: pb < fo versus Hy: > Lo. 


4.5.2. For the Darwin data tabled in Example 4.5.5, verify that the Student t-test 
statistic is 2.15. 


4.5.3. Let X have a pdf of the form f(x;0) = 62°~!, 0 < x < 1, zero elsewhere, 
where 0 € {0:6 = 1,2}. To test the simple hypothesis Hp : 6 = 1 against the 
alternative simple hypothesis H; : @ = 2, use a random sample Xj, X2 of size n = 2 
and define the critical region to be C = {(21,22) : - < x14}. Find the power 
function of the test. 


4.5.4. Let X have a binomial distribution with the number of trials n = 10 and 
with p either 1/4 or 1/2. The simple hypothesis Hp : p = - is rejected, and the 
alternative simple hypothesis Hy : p = + is accepted, if the observed value of Xj, a 
random sample of size 1, is less than or equal to 3. Find the significance level and 
the power of the test. 
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4.5.5. Let X,,X2 be a random sample of size n = 2 from the distribution having 
pdf f(x;0@) = (1/0)e-*/", 0 < x < 0, zero elsewhere. We reject Ho : 6 = 2 and 
accept H, : 6 = 1 if the observed values of X1, X2, say 71,22, are such that 


Ff (a1; 2) f (x25 2) 
f (e131) f (wa; 1) 


Here Q = {0: 6 = 1,2}. Find the significance level of the test and the power of the 
test when Hp is false. 


1 


re 
— 2 


4.5.6. Consider the tests Test 1 and Test 2 for the situation discussed in Example 
4.5.2. Consider the test which rejects Ho if S < 10. Find the level of significance 
for this test and sketch its power curve as in Figure 4.5.1. 


4.5.7. Consider the situation described in Example 4.5.2. Suppose we have two 
tests A and B defined as follows. For Test A, Ho is rejected if S < ka, while for 
Test B, Ho is rejected if S < kg. If Test A has a higher level of significance than 
Test B, show that Test A has higher power than Test B at each alternative. 


4.5.8. Let us say the life of a tire in miles, say X, is normally distributed with mean 
@ and standard deviation 5000. Past experience indicates that 6 = 30,000. The 
manufacturer claims that the tires made by a new process have mean 9 > 30,000. 
It is possible that 6 = 35,000. Check his claim by testing Hp : 0 = 30,000 against 
A, : 8 > 30,000. We observe n independent values of X, say 21,...,2%, and we 
reject Ho (thus accept H,) if and only if Z > c. Determine n and c so that the power 
function 7(@) of the test has the values 7(30,000) = 0.01 and 7(35,000) = 0.98. 


4.5.9. Let X have a Poisson distribution with mean 6. Consider the simple hy- 
pothesis Hy : 0 = 4 and the alternative composite hypothesis H, : 0 < 4. Thus 
Q={0:0<0< 4}. Let X1,...,Xi2 denote a random sample of size 12 from this 
distribution. We reject Ho if and only if the observed value of Y = X1+---+Xy2 < 2. 
If 7(@) is the power function of the test, find the powers 7($), ¥(4), ¥(4), ¥(4), 


and (+5). Sketch the graph of 7(@). What is the significance level of the test? 


4.5.10. Let Y have a binomial distribution with parameters n and p. We reject 
Ho: p= 4 and accept H, : p> 4 if Y >c. Find n and c to give a power function 
¥(p) which is such that 7(5) = 0.10 and 7(2) = 0.95, approximately. 


4.5.11. Let Y; < Yo < Y3 < Y4 be the order statistics of a random sample of size 
n = 4 from a distribution with pdf f(a;0) = 1/0, 0 < a < @, zero elsewhere, where 
0 < @. The hypothesis Ho : 6 = 1 is rejected and H; : 6 > 1 is accepted if the 
observed Y4 > c. 


(a) Find the constant c so that the significance level is a = 0.05. 
(b) Determine the power function of the test. 


4.5.12. Let X 1, X2,...,Xg be a random sample of size n = 8 from a Poisson 
distribution with mean p. Reject the simple null hypothesis Hp : = 0.5 and 
accept Hy : > 0.5 if the observed sum )7*_, 2; > 8. 
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(a) Compute the significance level a of the test. 
(b) Find the power function y(j:) of the test as a sum of Poisson probabilities. 
(c) Using Table I of Appendix C, determine 7(0.75), y(1), and (1.25). 


4.5.13. Let p denote the probability that, for a particular tennis player, the first 
serve is good. Since p = 0.40, this player decided to take lessons in order to increase 
p. When the lessons are completed, the hypothesis Ho : p = 0.40 is tested against 
A, : p > 0.40 based on n = 25 trials. Let y equal the number of first serves that 
are good, and let the critical region be defined by C = {y: y > 13}. 


(a) Determine a = P(Y > 13;p = 0.40). 


(b) Find 6 = P(Y < 13) when p = 0.60; that is, @ = P(Y < 12; p = 0.60) so 
that 1 — @ is the power at p = 0.60. 


4.6 Additional Comments About Statistical Tests 


All of the alternative hypotheses considered in Section 4.5 were one-sided hy- 
potheses. For illustration, in Exercise 4.5.8 we tested Hp : w = 30,000 against 
the one-sided alternative Hy : w > 30,000, where yz is the mean of a normal dis- 
tribution having standard deviation 0 = 5000. Perhaps in this situation, though, 
we think the manufacturer’s process has changed but are unsure of the direction. 
That is, we are interested in the alternative H; : ys € 30,000. In this section, we 
further explore hypotheses testing and we begin with the construction of a test for 
a two-sided alternative involving the mean of a random variable. 


Example 4.6.1 (Large Sample Two-Sided Test for the Mean). In order to see how 
to construct a test for a two-sided alternative, reconsider Example 4.5.3, where we 
constructed a large sample one-sided test for the mean of a random variable. As 
in Example 4.5.3, let X be a random variable with mean jp and finite variance a7. 
Here, though, we want to test 


Ho: [6 = fo versus Hy: ww # po, (4.6.1) 


where [Uo is specified. Let X1,...,X, be a random sample from the distribution of 
X and denote the sample mean and variance by X and S?, respectively. For the 
one-sided test, we rejected Ho if X was too large; hence, for the hypotheses (4.6.1), 
we use the decision rule 


Reject Ho in favor of Hy if X < hor X >k, (4.6.2) 


where h and k are such that a = Py,[X < h or X > k]. Clearly, h < k; hence, we 
have 


a = Py,[X < hor X > k] = Py, [X < h] + Pu,[X > kl. 
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Since, at least for large samples, the distribution of X is symmetrically distributed 
about j#g, under Ho, an intuitive rule is to divide a equally between the two terms 
on the right side of the above expression; that is, h and k are chosen by 


Py, [X < h] =a/2 and Py,[X > k] = a/2. (4.6.3) 


From Theorem 4.2.1, it follows that (X — 9)/($//7) is approximately N(0, 1). 
This and (4.6.3) lead to the approximate decision rule 


X=p0 


Reject Ho in favor of Hy if Slvn 


Sof (4.6.4) 


Upon substituting o for S, it readily follows that the approximate power function 
is 


Pe < Po - Zq/20//n) oe P(X = bo + Zq/20//n) 
© pee = ‘n/2) +t ee + za/2] , (4.6.5) 


y(H) 


oO 


where ®(z) is the cdf of a standard normal random variable; see (3.4.10). So if 
we have some reasonable idea of what a equals, we can compute the approximate 
power function. Note that the derivative of the power function is 


vn jo (ae + aja) - 9 (ee 


oO oO on 


(Ku) = = “a/2) , (4.6.6) 


where ¢(z) is the pdf of a standard normal random variable. Note that y(j) has 
a critical value at wo. As Exercise 4.6.2 shows, this gives the minimum of y(y). 
Further, 7() is strictly decreasing for jz < uo and strictly increasing for 4 > jo. 


Consider again the situation at the beginning of this section. Suppose we want 
to test 
Ho: = 30,000 versus Hy : pp ~ 30,000. (4.6.7) 


Suppose n = 20 and a = 0.01. Then the rejection rule (4.6.4) becomes 


Reject Ho in favor of Hy if 


xX — 
ated > 2.575. (4.6.8) 
Figure 4.6.1 shows the power curve for this test when o = 5000, as in Exercise 
4.5.8, is substituted in for S$. For comparison, the power curve for the test with 
level a@ = 0.05 is also shown; see Exercise 4.6.1. 

The two-sided test for the mean is approximate. If we assume that X has a 
normal distribution, then, as Exercise 4.6.3 shows, the following test has exact size 
a for testing Hp : = po versus Hy: uF Lo: 


Reject Hp in favor of Hy if 


A | > tayanat: (4.6.9) 


It too has a bowl-shaped power curve similar to Figure 4.6.1, although it is not as 
easy to show; see Lehmann (1986). 
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Figure 4.6.1: Power curves for the tests of the hypotheses (4.6.7). 


There exists a relationship between two-sided tests and confidence intervals. 
Consider the two-sided t-test (4.6.9). Here, we use the rejection rule with “if and 
only if” replacing “if.” Hence, in terms of acceptance, we have 


Accept Hp if and only if fo — ta/2n—-15/V/n < X < po + taan—15/VM. 
But this is easily shown to be 
Accept Ho if and only if po € (X — ta/an—18//n, X + ta/2n-18//n); (4.6.10) 


that is, we accept Ho at significance level a if and only if jo is in the (1 — a)100% 
confidence interval for 4. Equivalently, we reject Ho at significance level a if and 
only if fio is not in the (1 — a)100% confidence interval for 1. This is true for all 
the two-sided tests and hypotheses discussed in this text. There is also a similar 
relationship between one-sided tests and one-sided confidence intervals. 

Once we recognize this relationship between confidence intervals and tests of 
hypothesis, we can use all those statistics that we used to construct confidence 
intervals to test hypotheses, not only against two-sided alternatives but one-sided 
ones as well. Without listing all of these in a table, we present enough of them so 
that the principle can be understood. 


Example 4.6.2. Let independent random samples be taken from N(j11,07) and 
N (12,07), respectively. Say these have the respective sample characteristics n1, 
X, S? and no, Y, SZ. Let n =n, + ne denote the combined sample size and let 
S = [(n1 — 1)S7 + (nz — 1)S3]/(n — 2), (4.2.11), be the pooled estimator of the 
common variance. At a = 0.05, reject Ho : 41 = 2 and accept the one-sided 
alternative Hy : 1 > po if 

xX-—Y-—O 

T= SS > £05, n-2, 
Spy /t+4 


uf 2 
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because, under Ho : f41 = M2, T has a t(n — 2)-distribution. A rigorous development 
of this test is given in Example 8.3.1. @ 


Example 4.6.3. Say X is b(1,p). Consider testing Ho : p = po against Hy : p< Po- 
Let X,...,Xp be a random sample from the distribution of X and let p= X. To 
test Ho versus H1, we use either 


Bi ee or es oe  _ 


po(1 — po)/n p(l—p)/n 


If n is large, both Z, and Z2 have approximate standard normal distributions pro- 
vided that Ho : p = po is true. Hence, if c is set at —1.645, then the approximate 
significance level is a = 0.05. Some statisticians use Z, and others Z2. We do 
not have strong preferences one way or the other because the two methods provide 
about the same numerical results. As one might suspect, using Z; provides better 
probabilities for power calculations if the true p is close to po, while Z2 is better 
if Ho is clearly false. However, with a two-sided alternative hypothesis, Z2 does 
provide a better relationship with the confidence interval for p. That is, |Z2| < za/2 
is equivalent to pp being in the interval from 
p- Za/2 ma) to p+ Za/2 ma) P) 


which is the interval that provides a (1 — a)100% approximate confidence interval 
for p as considered in Section 4.2. m 


In closing this section, we introduce the concepts of randomized tests and 
p-values through an example and remarks that follow the example. 


Example 4.6.4. Let X,, X2,...,X19 be a random sample of size n = 10 from a 
Poisson distribution with mean 6. A critical region for testing Hp : 9 = 0.1 against 
A, :0> 0.1 is given by Y = eu Xj; > 3. The statistic Y has a Poisson distribution 
with mean 106. Thus, with 0 = 0.1 so that the mean of Y is 1, the significance level 
of the test is 


P(Y >3)=1-—P(Y < 2) =1—0.920 = 0.080. 
If the critical region defined by se x; > 4 is used, the significance level is 
a=P(Y >4)=1-P(Y <3)=1-0.981 = 0.019. 


For instance, if a significance level of about a = 0.05, say, is desired, most statisti- 
cians would use one of these tests; that is, they would adjust the significance level 
to that of one of these convenient tests. However, a significance level of a = 0.05 
can be achieved in the following way. Let W have a Bernoulli distribution with 
probability of success equal to 


0.050—0.019 31 
Paha = 
( ) = 9930-0019 > Gl 
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Assume that W is selected independently of the sample. Consider the rejection rule 
Reject Ho if 7}° a; > 4 or if y° a; = 3 and W =1. 
The significance level of this rule is 


Puy (¥ 2 4)+ Pu ({¥ =3}N{W=1}) = Pu(¥ 2 4) 
+ Py,(Y =3)P(W =1) 


1 
= 0.019+ 0.0615 = 0.05; 


hence, the decision rule has exactly level 0.05. The process of performing the 
auxiliary experiment to decide whether to reject or not when Y = 3 is sometimes 
referred to as a randomized test. m 


Remark 4.6.1 (Observed Significance Level). Not many statisticians like random- 
ized tests in practice, because the use of them means that two statisticians could 
make the same assumptions, observe the same data, apply the same test, and yet 
make different decisions. Hence, they usually adjust their significance level so as 
not to randomize. As a matter of fact, many statisticians report what are com- 
monly called observed significance levels or p-values (for probability values). 
For illustration, if in Example 4.6.4 the observed Y is y = 4, the p-value is 0.019; 
and if it is y = 3, the p-value is 0.080. That is, the p-value is the observed “tail” 
probability of a statistic being at least as extreme as the particular observed value 
when Ho is true. Hence, more generally, if Y = u(X1, X2,...,Xn) is the statistic 
to be used in a test of Ho and if the critical region is of the form 


u(a1,%2,---,2n) <¢, 
an observed value u(x1,22,-..,%n,) = d means that the 
p-value = Py,(Y < d). 


That is, if G(y) is the distribution function of Y = u(X1, X2,...,Xn), provided 
that Ho is true, the p-value is equal to G(d) in this case. However, G(Y), in the 
continuous case, is uniformly distributed on the unit interval, so an observed value 
G(d) < 0.05 is equivalent to selecting c, so that 


PH, [u(X1, Xo, tae An) < C| = 0.05 


and observing that d < c. Most computer programs automatically print out the 
p-value of a test. m 


Example 4.6.5. Let X1,X2,...,X25 be a random sample from N(p,0? = 4). 
To test Ho : w = 77 against the one-sided alternative hypothesis Hy : uw < 77, 
say we observe the 25 values and determine that = = 76.1. The variance of X is 
o?/n = 4/25 = 0.16; so we know that Z = (X — 77)/0.4 is N(0,1) provided that 
jt = 77. Since the observed value of this test statistic is z = (76.1—77)/0.4 = —2.25, 
the p-value of the test is 6(—2.25) = 1 — 0.988 = 0.012. Accordingly, if we were 
using a significance level of a = 0.05, we would reject Hp and accept Hy : wu < 77 
because 0.012 < 0.05. m 
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EXERCISES 


4.6.1. For the test at level 0.05 of the hypotheses given by (4.6.1) with wo = 30,000 
and n = 20, obtain the power function, (use ¢ = 5000). Evaluate the power 
function for the following values: uw = 25,000; 27,500; 30,000; 32,500; and 35,000. 
Then sketch this power function and see if it agrees with Figure 4.6.1. 


4.6.2. Consider the power function 7(j) and its derivative 7/(j1) given by (4.6.5) 
and (4.6.6). Show that 7/(j1) is strictly negative for 2 < yo and strictly positive for 
> Ho. 


4.6.3. Show that the test defined by 4.6.9 has exact size a for testing Hp: uw = Lo 
versus Hy: fu # [Mo. 


4.6.4. Consider the one-sided t-test for Ho : 2 = wo versus Ha, : & > po con- 
structed in Example 4.5.4 and the two-sided t-test for t-test for Ho : js = Uo versus 
Ay: 4 uo given in (4.6.9). Assume that both tests are of size a. Show that for 
Lt > plo, the power function of the one-sided test is larger than the power function 
of the two-sided test. 


4.6.5. Assume that the weight of cereal in a “10-ounce box” is N(u,07). To test 
Ho : 4 = 10.1 against Hy : w > 10.1, we take a random sample of size n = 16 and 
observe that = 10.4 and s = 0.4. 


(a) Do we accept or reject Hp at the 5% significance level? 
(b) What is the approximate p-value of this test? 


4.6.6. Each of 51 golfers hit three golf balls of brand X and three golf balls of brand 
Y in a random order. Let X; and Y; equal the averages of the distances traveled 
by the brand X and brand Y golf balls hit by the ith golfer, 7 = 1,2,...,51. Let 
W,=X,-Yi, i=1,2,...,51. Test Ho: pw = 0 against Hy : uw > 0, where pw 
is the mean of the differences. If @ = 2.07 and s%, = 84.63, would Ho be accepted 
or rejected at an a = 0.05 significance level? What is the p-value of this test? 


4.6.7. Among the data collected for the World Health Organization air quality 
monitoring project is a measure of suspended particles in we/m*. Let X and Y equal 
the concentration of suspended particles in wg/m? in the city center (commercial 
district) for Melbourne and Houston, respectively. Using n = 13 observations of X 
and m = 16 observations of Y, we test Ho : ux = py against Hy: ux < py. 


(a) Define the test statistic and critical region, assuming that the unknown vari- 
ances are equal. Let a = 0.05. 


(b) If @ = 72.9, s, = 25.6, ¥ = 81.7, and sy = 28.3, calculate the value of the 
test statistic and state your conclusion. 


4.6.8. Let p equal the proportion of drivers who use a seat belt in a country that 
does not have a mandatory seat belt law. It was claimed that p = 0.14. An 
advertising campaign was conducted to increase this proportion. Two months after 
the campaign, y = 104 out of a random sample of n = 590 drivers were wearing 
their seat belts. Was the campaign successful? 
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(a) Define the null and alternative hypotheses. 
(b) Define a critical region with an a = 0.01 significance level. 


(c) Determine the approximate p-value and state your conclusion. 


4.6.9. In Exercise 4.2.18 we found a confidence interval for the variance o? using 


the variance $? of a random sample of size n arising from N(y, 07), where the mean 
uw is unknown. In testing Ho : 0? = 03 against H, : 0? > 02, use the critical region 
defined by (n — 1)$?/o% > c. That is, reject Hp and accept Hy if $2 > co?/(n—1). 
If n = 13 and the significance level a = 0.025, determine c. 


4.6.10. In Exercise 4.2.27, in finding a confidence interval for the ratio of the 
variances of two normal distributions, we used a statistic 97/53, which has an F- 
distribution when those two variances are equal. If we denote that statistic by F, 
we can test Ho : 07? = 03 against H, : 07 > o% using the critical region F > c. If 


n= 13, m=11, and a = 0.05, find c. 


4.7 Chi-Square Tests 


In this section we introduce tests of statistical hypotheses called chi-square tests. 
A test of this sort was originally proposed by Karl Pearson in 1900, and it provided 
one of the earlier methods of statistical inference. 

Let the random variable X; be N(ji,07), i= 1,2,...,n, and let X1, Xo,...,Xn 
be mutually independent. Thus the joint pdf of these variables is 


1 1 Xi [i 7 
sae |- 9D (254). -WO << Ow. 


0102°*''On 


The random variable that is defined by the exponent (apart from the coefficient 
—4) is 07 [(Xi — wi) /oi]?, and this random variable has a x?(n) distribution. In 
Section 3.5 we generalized this joint normal distribution of probability to n random 
variables that are dependent and we called the distribution a multivariate normal 
distribution. In Section 9.8, we show that a certain exponent in the joint pdf (apart 
from a coefficient of —1/2) defines a random variable that is y?(n). This fact is the 
mathematical basis of the chi-square tests. 

Let us now discuss some random variables that have approximate chi-square 
distributions. Let X, be b(n, pi). Consider the random variable 


X1— np 
Jnpi(l — pi) 


which has, as n — oo, an approximate N(0,1) distribution (see Theorem 4.2.1). 
Furthermore, as discussed in Example 5.3.6, the distribution of Y? is approximately 
x7(1). Let Xp = n — X, and let pp = 1—p,. Let Q; = Y*. Then Q; may be 
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written as 
(X, — np)? (X,—npi)? (X1 — np)? 
Qa = ——__- FF Ot 
npi(1 — pr) np n(1— pr) 
Xi - 2 Xo — 2 
= Poe isi) (4.7.1) 
NP1 np2 


because (Xy — npi)? = (n — X2—n+ np)? = (X2 —np2)?. This result can be 
generalized as follows. 

Let X1, X2,...,X%_1 have a multinomial distribution with the parameters n 
and pi,...,PR—1, aS in Section 3.1. Let X, = n — (X1 +--+: + Xpz_-1) and let 
pe = 1—(pi+--:+ppx-1). Define Q,-1 by 


k 


a Baty) 
Qr-1 = >. (i = mpi)" : 


np; 
j=l Pi 


It is proved in a more advanced course that, as n — oo, Q,z-1 has an approximate 
x?(k — 1) distribution. Some writers caution the user of this approximation to be 
certain that n is large enough so that each np;, 7 = 1,2,...,k, is at least equal 
to 5. In any case, it is important to realize that Q,—1 does not have a chi-square 
distribution, only an approximate chi-square distribution. 

The random variable Q,—; may serve as the basis of the tests of certain statis- 
tical hypotheses which we now discuss. Let the sample space A of a random ex- 
periment be the union of a finite number & of mutually disjoint sets A, Ag,..., Ag. 
Furthermore, let P(A;) = p;, i = 1,2,...,k, where py = 1 — pi — +--+ — pr-i, 
so that p; is the probability that the outcome of the random experiment is an 
element of the set A;. The random experiment is to be repeated n indepen- 
dent times and X; represents the number of times the outcome is an element 
of set A;. That is, Xy,Xo,...,X, = n — X, —--- — Xp_ 1 are the frequen- 
cies with which the outcome is, respectively, an element of A;, Ag,..., Az. Then 
the joint pmf of X), X2,...,X,-1 is the multinomial pmf with the parameters 
nN, P1,---,Pk—-1- Consider the simple hypothesis (concerning this multinomial pmf) 
Ho : p1 = pio, P2 = P20,---,Pk—-1 = Pr—1,0 (Pk = Peo = 1 — pio — ++ — Pk-1,0), 
where pio,.-.,Pk—1,0 are specified numbers. It is desired to test Hp against all 
alternatives. 

If the hypothesis Ho is true, the random variable 


has an approximate chi-square distribution with k — 1 degrees of freedom. Since, 
when Hp is true, npjo is the expected value of X;, one would feel intuitively that 
observed values of Q,—1 should not be too large if Hp is true. With this in mind, 
we may use Table II of Appendix C, with k — 1 degrees of freedom, and find c so 
that P(Qx-1 > c) = a, where a is the desired significance level of the test. If, then, 
the hypothesis Ho is rejected when the observed value of Q,—1 is at least as great 
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as c, the test of Hp has a significance level that is approximately equal to a. This 
is frequently called a goodness-of-fit test. Some illustrative examples follow. 


Example 4.7.1. One of the first six positive integers is to be chosen by a random 
experiment (perhaps by the cast of a die). Let A; = {w: x =i}, 7=1,2,...,6. The 
hypothesis Hp : P(A;) = pio = z, i= 1,2,...,6, is tested, at the approximate 5% 
significance level, against all alternatives. To make the test, the random experiment 
is repeated under the same conditions, 60 independent times. In this example, k = 6 
and npio 60(z) 10, 1 = 1,2,...,6. Let X; denote the frequency with which 
the random experiment terminates with the outcome in A;, i = 1,2,...,6, and let 
Qs = Hee — 10)?/10. If Ho is true, Table II, with k —- 1 = 6-1 = 5 degrees 
of freedom, shows that we have P(Qs5 > 11.1) = 0.05. Now suppose that the 
experimental frequencies of A;, A2,..., Ag are, respectively, 13, 19, 11, 8, 5, and 4. 
The observed value of Qs is 


(3-0), (oH), (i=) =P, GHP , Ge 

oe 8 ge ae 
Since 15.6 > 11.1, the hypothesis P(A;) = z; i = 1,2,...,6, is rejected at the 
(approximate) 5% significance level. m 


Example 4.7.2. A point is to be selected from the unit interval {x :0 <a < 1} 
by a random process. Let Ay = {m:0<a< $}, A2={x: 4 <a < $}, A= 
{x: - <a< 3}, and Ay = {x: < <a <1}. Let the probabilities p;, i = 1,2,3,4, 
assigned to these sets under the hypothesis be determined by the pdf 27, 0< a <1, 
zero elsewhere. Then these probabilities are, respectively, 


alN 


1/4 
= =, i = 3 = & = 
ro = [ 2cdx= 7g, P2= 7s P30= 7s Ps = 
0 


Thus the hypothesis to be tested is that p,,p2,p3, and pa = 1 — p, — p2 — p3 have 
the preceding values in a multinomial distribution with k = 4. This hypothesis is 
to be tested at an approximate 0.025 significance level by repeating the random 
experiment n = 80 independent times under the same conditions. Here the npg for 
i = 1,2,3,4, are, respectively, 5, 15, 25, and 35. Suppose the observed frequencies 
of Ay, Ag, A3, and Ay are 6, 18, 20, and 36, respectively. Then the observed value 
of Q3 = 0} (Xi — npio)?/(npio) is 


(6—5)? (18-15)? (20-25)? (36-35)? 64 

5 € 15 a 25 a 35 35 oe 
approximately. From Table II, with 4— 1 = 3 degrees of freedom, the value cor- 
responding to a 0.025 significance level is c = 9.35. Since the observed value of 
Q3 is less than 9.35, the hypothesis is accepted at the (approximate) 0.025 level of 
significance. 


Thus far we have used the chi-square test when the hypothesis Ho is a simple 
hypothesis. More often we encounter hypotheses Ho in which the multinomial prob- 
abilities p1,p2,...,px are not completely specified by the hypothesis Ho. That is, 
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under Ho, these probabilities are functions of unknown parameters. For an illustra- 
tion, suppose that a certain random variable Y can take on any real value. Let us 
partition the space {y : —oo < y < co} into k mutually disjoint sets A,, Ao,..., Ar 
so that the events A,, Ao,..., A, are mutually exclusive and exhaustive. Let Ho be 
the hypothesis that Y is N(j,07) with yz and o? unspecified. Then each 


iL 2 2 . 
a exp|—(y — 2o°|dy, 71=1,2,...,k, 
Pp I, ae pl-(y — #)°/20°] dy 


is a function of the unknown parameters yz and o?. Suppose that we take a random 
sample Yj,...,Y, of size n from this distribution. If we let X; denote the frequency 
of Aj, i=1,2,...,k, so that X; + X2+---+ X, =n, the random variable 


k 


ene 
C455 pi) 


WD: 
i=l Pi 


cannot be computed once X1,..., Xx have been observed, since each p;, and hence 
Qr—1, is a function of 4 and a”. Accordingly, choose the values of js and o? that 
minimize Q,—1. These values depend upon the observed X; = 71,...,X, = ®% and 
are called minimum chi-square estimates of js and a”. These point estimates of 
p and o? enable us to compute numerically the estimates of each p;. Accordingly, 
if these values are used, Qz_1 can be computed once Yj, Y2,...,¥n, and hence 
X 1, X2,...,Xx, are observed. However, a very important aspect of the fact, which 
we accept without proof, is that now Q;,_1 is approximately y?(k — 3). That is, the 
number of degrees of freedom of the approximate chi-square distribution of Q,—1 is 
reduced by one for each parameter estimated by the observed data. This statement 
applies not only to the problem at hand but also to more general situations. Two 
examples are now be given. The first of these examples deals with the test of the 
hypothesis that two multinomial distributions are the same. 


Remark 4.7.1. In many cases, such as that involving the mean yw and the variance 
o? of anormal distribution, minimum chi-square estimates are difficult to compute. 
Other estimates, such as the maximum likelihood estimates (Chapter 6), @ = Y 
and 02 =V= (n — 1)S?/n, are used to evaluate p; and Qz_1. In general, Qx—1 
is not minimized by maximum likelihood estimates, and thus its computed value 
is somewhat greater than it would be if minimum chi-square estimates are used. 
Hence, when comparing it to a critical value listed in the chi-square table with k—3 
degrees of freedom, there is a greater chance of rejection than there would be if the 
actual minimum of Q,_1 is used. Accordingly, the approximate significance level of 
such a test is somewhat higher than the value found in the table. This modification 
should be kept in mind and, if at all possible, each p; should be estimated using the 
frequencies X,,..., Xz rather than directly using the observations Yj, Y2,..., Yn of 
the random sample. 


Example 4.7.3. In this example, we consider two multinomial distributions with 
parameters n;,P1;,P2j,---,Prj and j = 1,2, respectively. Let X;;, i = 1,2,...,k, 
j = 1,2, represent the corresponding frequencies. If n; and nz are large and the 


258 Some Elementary Statistical Inferences 


observations from one distribution are independent of those from the other, the 


random variable 
a ra Sao tab 


N5Pij 


is the sum of two independent anes variables each of which we treat as though it 
were y7(k — 1); that is, the random variable is approximately y?(2k — 2). Consider 
the hypothesis 

Ho : pir = P12, P21 = P22,--+,Pki = Pk, 


where each p;, = pi2z, 1 = 1,2,...,k, is unspecified. Thus we need point estimates 
of these parameters. The maximum likelihood estimator of pj; = pj2, based upon 
the frequencies Xj;, is (Xi1 + Xi2)/(n1 + ne), i = 1,2,...,k. Note that we need 
only k — 1 point estimates, because we have a point estimate of pri = pro once we 
have point estimates of the first k — 1 probabilities. In accordance with the fact 
that has been stated, the random variable 


“(Xj — ny[(Xin + Xia)/(m +02) 
dd, njl(Xi + Xi2)/(na + n2)] 


has an approximate y? distribution with 2k —2—(k—1) = k—1 degrees of freedom. 
Thus we are able to test the hypothesis that two multinomial distributions are the 
same; this hypothesis is rejected when the computed value of this random variable 
is at least as great as an appropriate number from Table II, with & — 1 degrees of 
freedom. This test is often called the chi-square test for homogeneity, (the null is 
equivalent to homogeneous distributions). ™ 


The second example deals with the subject of contingency tables. 


Example 4.7.4. Let the result of a random experiment be classified by two at- 
tributes (such as the color of the hair and the color of the eyes). That is, one 
attribute of the outcome is one and only one of certain mutually exclusive and 
exhaustive events, say A,,A2,...,Aq; and the other attribute of the outcome is 
also one and only one of certain mutually exclusive and exhaustive events, say 
By, Bo,..., Bo. Let Pig = P(A; N B;), = Die oe oh j => Wh 2s tees:Os The random 
experiment is repeated n independent times and X;; denotes the frequency of the 
event A;M B;. Since there are k = ab such events as A; 1 B;, the random variable 


Oar = Son Kanes)? 


nN 
g=l1 i=l Pij 


has an approximate chi-square distribution with ab—1 degrees of freedom, provided 
that n is large. Suppose that we wish to test the independence of the A and the B 
attributes, i.e., the hypothesis Hp : P(A; N Bj) = P(A;i)P(B;), i= 1,2,...,q f= 
1,2,...,0. Let us denote P(A;) by p;. and P(B;) by p.;. It follows that 


Di. = Sp Pj = Sp and 5 ->p, =Yn. 


g=li=1 
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Then the hypothesis can be formulated as Ho : pij = pi.pj, 1 = 1,2,...,a; 7 = 
1,2,...,6. To test Ho, we can use Qap_-1 with pj; replaced by p;.p.j;. But if 
pi. 7 = 1,2,...,a, and p;, j = 1,2,...,b, are unknown, as they frequently are 
in applications, we cannot compute Q,y—1 once the frequencies are observed. In 
such a case, we estimate these unknown parameters by 


b 
pi. = Au, where X;. = SOX, fori =1,2,...,a 
j=l 


and 
pj = 2, where Xj = S~Xj;, for j =1,2,...,0. 
4=1 


Since)". pi. = 5 p.j = 1, we have estimated only a—1+b—1 = a+b—2 parameters. 
So if these estimates are used in Qap_1, with pi; = pi.p.j, then, according to the 
rule that has been stated in this section, the random variable 


° n(X;,/n)(Xj/n)? 
rye n(Xi./n)(X5/n) 


j=l i=l 


has an approximate chi-square distribution with ab—1—(a+b-—2) = (a—1)(b—-1) 
degrees of freedom provided that Ho is true. The hypothesis Ho is then rejected if 
the computed value of this statistic exceeds the constant c, where c is selected from 
Table II so that the test has the desired significance level a. This is the chi-square 
test for independence. 


In each of the four examples of this section, we have indicated that the statistic 
used to test the hypothesis Hp has an approximate chi-square distribution, provided 
that n is sufficiently large and Hp is true. To compute the power of any of these tests 
for values of the parameters not described by Ho, we need the distribution of the 
statistic when Ho is not true. In each of these cases, the statistic has an approximate 
distribution called a noncentral chi-square distribution. The noncentral chi- 
square distribution is discussed later in Section 9.3. 


EXERCISES 


4.7.1. A number is to be selected from the interval {7:0 < a < 2} by a random 
process. Let A; = {a : (¢-—1)/2 < a < i/2}, 4 = 1,2,3, and let Ay = {a : 
3 <a < 2}. For i = 1,2,3,4, suppose a certain hypothesis assigns probabilities 
pio to these sets in accordance with pj = ate —a)dx, i = 1,2,3,4. This 
hypothesis (concerning the multinomial pdf with k = 4) is to be tested at the 5% 
level of significance by a chi-square test. If the observed frequencies of the sets 
A;, i = 1,2,3,4, are respectively, 30, 30, 10, 10, would Hop be accepted at the 


(approximate) 5% level of significance? 
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4.7.2. Define the sets Ay = {% :-co <u <0}, Aj ={e@:i-2<a<i-I]}, 
i=2,...,7, and Ag = {4:6 < & < oo}. A certain hypothesis assigns probabilities 
pio to these sets A; in accordance with 


1 a 
i0 = ——e —~——_| dr, i=1,2,...,7,8. 
= i, 22m “| 24) 


This hypothesis (concerning the multinomial pdf with k = 8) is to be tested, at the 
5% level of significance, by a chi-square test. If the observed frequencies of the sets 
A;, i = 1,2,...,8, are, respectively, 60, 96, 140, 210, 172, 160, 88, and 74, would 
Ho be accepted at the (approximate) 5% level of significance? 


4.7.3. A die was cast n = 120 independent times and the following data resulted: 


SpotsUp }1 2 3 4 #5 6 
Frequency |b 20 20 20 20 40-6 


If we use a chi-square test, for what values of b would the hypothesis that the die 
is unbiased be rejected at the 0.025 significance level? 


4.7.4. Consider the problem from genetics of crossing two types of peas. The 
Mendelian theory states that the probabilities of the classifications (a) round and 
yellow, (b) wrinkled and yellow, (c) round and green, and (d) wrinkled and green 
are 7g, ta -, and a respectively. If, from 160 independent observations, the 
observed frequencies of these respective classifications are 86, 35, 26, and 13, are 
these data consistent with the Mendelian theory? That is, test, with a = 0.01, the 
hypothesis that the respective probabilities are and ce 
4.7.5. Two different teaching procedures were used on two different groups of stu- 
dents. Each group contained 100 students of about the same ability. At the end of 
the term, an evaluating team assigned a letter grade to each student. The results 


were tabulated as follows. 


2 3 3 
16’ 16’ 16? 


Grade 
Group A B C DF Total 
I 15 25 32 17 11 ~=# 100 
II 9 18 29 28 16 100 


If we consider these data to be independent observations from two respective multi- 
nomial distributions with k = 5, test at the 5% significance level the hypothesis 
that the two distributions are the same (and hence the two teaching procedures are 
equally effective). 


4.7.6. Let the result of a random experiment be classified as one of the mutually 
exclusive and exhaustive ways A,, A2,A3 and also as one of the mutually exclu- 
sive and exhaustive ways B,, Bz, B3,B4. Two hundred independent trials of the 
experiment result in the following data: 


| | Bi Bo Bs Bg 
10 21 15 6 


11 27) «621° «13 
19 27 24 


4.8. The Method of Monte Carlo 261 


Test, at the 0.05 significance level, the hypothesis of independence of the A attribute 
and the B attribute, namely, Ho : P(A; B;) = P(A;)P(B;), i = 1,2,3 and 
j = 1,2,3,4, against the alternative of dependence. 


4.7.7. A certain genetic model suggests that the probabilities of a particular trino- 
mial distribution are, respectively, p; = p?, po = 2p(1—p), and p3 = (1—p)?, where 
O<p<l. If X1, Xo, X3 represent the respective frequencies in n independent trials, 
explain how we could check on the adequacy of the genetic model. 


4.7.8. Let the result of a random experiment be classified as one of the mutually 
exclusive and exhaustive ways A;, Az, A3 and also as one of the mutually exhaustive 
ways B,, Bo, Bs, By. Say that 180 independent trials of the experiment result in 
the following frequencies: 


i ee 


ap | 
[As [15+ 3k 15 +k [15k 15 — 3k 


where k is one of the integers 0,1,2,3,4,5. What is the smallest value of k that 
leads to the rejection of the independence of the A attribute and the B attribute 
at the a = 0.05 significance level? 


4.7.9. It is proposed to fit the Poisson distribution to the following data: 


x 0 1 2 3 3<2 
Frequency | 20 40 16 18 6 


(a) Compute the corresponding chi-square goodness-of-fit statistic. 
Hint: In computing the mean, treat 3< a as a= 4. 


(b) How many degrees of freedom are associated with this chi-square? 


(c) Do these data result in the rejection of the Poisson model at the a = 0.05 
significance level? 


4.8 The Method of Monte Carlo 


In this section we introduce the concept of generating observations from a speci- 
fied distribution or sample. This is often called Monte Carlo generation. This 
technique has been used for simulating complicated processes and investigating fi- 
nite sample properties of statistical methodology for some time now. In the last 20 
years, however, this has become a very important concept in modern statistics in 
the realm of inference based on the bootstrap (resampling) and modern Bayesian 
methods. We repeatedly make use of this concept throughout the book. 

For the most part, a generator of random uniform observations is all that is 
needed. It is not easy to construct a device which generates random uniform obser- 
vations. However, there has been considerable work done in this area, not only in 
the construction of such generators, but in the testing of their accuracy as well. 
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Most statistical software packages have reliable uniform generators. We make 
use of this fact in the text. For the examples and exercises, we often use simple 
algorithms written in R code (Ihaka and Gentleman, 1996), which are almost seif- 
explanatory. Most of these additional R functions can be found in Appendix B. 
The package R is freeware and runs on most platforms. Besides R, there are other 
excellent statistical computing packages such as S-PLUS and Maple which can be 
easily used. 

Suppose then we have a device capable of generating a stream of independent 
and identically distributed observations from a uniform (0,1) distribution. For 
example, the following command generates 10 such observations in the language R: 
runif (10). In this command the r stands for random, the unif stands for uniform, 
the 10 stands for the number of observations requested, and the lack of additional 
arguments means that the standard uniform (0,1) generator is used. 

For observations from a discrete distribution, often a uniform generator suffices. 
For a simple example, consider an experiment where a fair six-sided die is rolled 
and the random variable X is 1 if the upface is a “low number,” namely {1,2}; 
otherwise, X = 0. Note that the mean of X is wy = 1/3. If U has a uniform (0, 1) 
distribution, then X can be realized as 


yf 1 fo<vsif 
~ | 0 if1/3<U <1. 


Using the command above, we used the following R code to generate 10 observations 
from this experiment: 


n = 10 

u = runif(n) 

x = rep(0,n) 

cut = 1/3 

for(i in i:n){if(uli] <= cut){x[i]=1}} 
x 


The following table displays the results. 


ui | 0.4743 0.7891 0.5550 0.9693 0.0299 
Li 0 0 0 0 1 


ui | 0.8425 0.6012 0.1009 0.0545 0.4677 
Ls 0 0 1 1 0 


Note that observations form a realization of a random sample Xj,...,Xi9 drawn 
from the distribution of X. For these 10 observations, the realized value of the 
statistic X is % = 0.3. 


Example 4.8.1 (Estimation of 7). Consider the experiment where a pair of num- 
bers (U1, Uz) is chosen at random in the unit square, as shown in Figure 4.8.1; that 
is, U; and U2 are iid uniform (0,1) random variables. Since the point is chosen at 
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random, the probability of (U,,U2) lying within the unit circle is 7/4. Let X be 
the random variable, 


xy J if U7? +U3 <1 
0 otherwise. 


0.5 5 


0.0 


0.0 0.5 1.0 
Figure 4.8.1: Unit square with the first quadrant of the unit circle, Example 4.8.1. 


Hence the mean of X is w = 7/4. Now suppose 7 is unknown. One way of 
estimating 7 is to repeat the experiment n independent times, hence, obtaining a 
random sample X1,...,Xp, on X. The statistic 4X is an unbiased estimator of 7. 
In Appendix B, a simple R routine, piest, is found which repeats the experiment 
n times and returns the estimate of 7. Figure 4.8.1 shows 20 realizations of this 
experiment. Note that of the 20 points, 15 fall within the unit circle. Hence our 
estimate of a is 4(15/20) = 3.00. We ran this code for various values of n with the 
following results: 


n 100 500 1000 10,000 100,000 
AE 3.24 3.072 3.1382 3.1388 3.13828 


1.96-4,/Z —z)/n | 0.308 0.148 0.102 0.032 0.010 


We can use the large sample confidence interval derived in Section 4.2 to estimate 
the error of estimation. The corresponding 95% confidence interval for 7 is 


(4z ~ 1.96 - 44/Z(1 — B)/n, 45 +:1.96- 4/70 — 7) /n) (4.8.1) 


The last row of the above table contains the error part of the confidence intervals. 
Notice that all five confidence intervals trapped the true value of 7. 
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What about continuous random variables? For these we have the following 
theorem: 


Theorem 4.8.1. Suppose the random variable U has a uniform (0,1) distribution. 
Let F be a continuous distribution function. Then the random variable X = F~1(U) 
has distribution function F. 


Proof: Recall from the definition of a uniform distribution that U has the distri- 
bution function Fy(u) = u for u € (0,1). Using this and the distribution-function 
technique and assuming that F(x) is strictly monotone, the distribution function 
of X is 


P[IX <a] = P[F'(U) <2] 


which proves the theorem. 


In the proof, we assumed that F'(#) was strictly monotone. As Exercise 4.8.13 
shows, we can weaken this. 

We can use this theorem to generate realizations (observations) of many different 
random variables. Suppose X has the exponential distribution with parameter 
with the pdf (3.3.2). Suppose we have a uniform generator and we want to generate 
a realization of X. The distribution function of X is 


Pia)si-e™, 2>0, 
Hence the inverse of the distribution function is given by 
F-'(u) = —(1/A)log(l—u), O<u<1. (4.8.2) 


So if U has uniform (0,1) distribution, then X = —(1/A)log(1 — U) has an expo- 
nential distribution with pdf (3.3.2). For instance, suppose A = 1 and our uniform 
generator generated the following stream of uniform observations: 


0.473, 0.858, 0.501, 0.676, 0.240. 
Then the corresponding stream of exponential observations is 
0.641, 1.95, 0.696, 1.13, 0.274. 


As the next example shows, we can generate Poisson realizations using this expo- 
nential generation. 


Example 4.8.2 (Simulating Poisson Processes). Let X be the number of occur- 
rences of an event over a unit of time and assume that it has a Poisson distribution 
with mean m = 4, (3.2.1). Let 71, To, T3,... be the interarrival times of the occur- 
rences. Recall from Remark 3.3.3 that 7), 7>,73,... are iid with an exponential \ 
distribution, (3.3.2). Note that X = k if and only if 74_, 7; < land 4) Tj > 1. 
Using this fact and the generation of exponential (A) variates discussed above, the 
following algorithm generates a realization of X (assume that the uniforms gener- 
ated are independent of one another). 
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Set X =0 and T =0. 

Generate U uniform (0,1) and let Y = —(1/A) log(1 — UV). 
Set T=T+Y. 

If T > 1, output X; 

else set X = X +1 and go to step 2. 


hon Soh 


The program poisrand found in Appendix B provides an R coding of this algorithm 
for generating n simulations of a Poisson distribution with parameter \. As an 
illustration, we obtained 1000 realizations from a Poisson distribution with \ = 
5 by running R with the command temp = poisrand(1000,5). This stores the 
realizations in the vector temp. The sample average of these realizations is found 
by the command mean(temp). In our case, the realized mean was 4.895. m 


Example 4.8.3 (Monte Carlo Integration). Suppose we want to obtain the integral 
i. g(x) dz for a continuous function g over the closed and bounded interval |a, }}. 
If the antiderivative of g does not exist, then numerical integration is in order. A 
simple numerical technique is the method of Monte Carlo. We can write the integral 
as 


b b 
J o(eae =a) | ola) de = (0 a Elg(X)) 


where X has the uniform (a,b) distribution. The Monte Carlo technique is then to 
generate a random sample Xj,...,X,, of size n from the uniform (a, b) distribution 


and compute Y; = (b— a)g(X;). Then Y is an unbiased estimator of Ci g(x) dz. @ 


Example 4.8.4 (Estimation of 7 by Monte Carlo Integration). For a numerical 
example, reconsider the estimation of 7. Instead of the experiment described in 
Example 4.8.1, we use the method of Monte Carlo integration. Let g(a) = 4/1 — x? 
for 0 <a <1. Then 


where X has the uniform (0,1) distribution. Hence we need to generate a random 
sample X),...,X, from the uniform (0,1) distribution and form Y; = 4/1 — X?. 
Then Y is a unbiased estimator of 7. Note that Y is estimating a mean, so the 
large sample confidence interval (4.2.6) derived in Example 4.2.2 for means can be 
used to estimate the error of estimation. Recall that this 95% confidence interval is 
given by 


(y — 1.96s//n, 9 + 1.96s/Vn), 


where s is the value of the sample standard deviation. The table below gives the 
results for estimates of 7 for various runs of different sample sizes along with the 
confidence intervals. 


100 1000 10,000 100,000 
3.217849 3.103322 3.135465 3.142066 


3.054664 3.046330 3.118080 3.136535 
3.381034 3.160314 3.152850 3.147597 
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Note that for each experiment the confidence interval trapped 7. See Appendix B, 
piest2, for the actual code used for the computation. m 


Numerical integration techniques have made great strides over the last 20 years. 
But the simplicity of integration by Monte Carlo still makes it a powerful technique. 

As Theorem 4.8.1 shows, if we can obtain F'(w) in closed form, then we can 
easily generate observations with cdf Fy. In many cases where this is not possible, 
techniques have been developed to generate observations. Note that the normal 
distribution serves as an example of such a case, and, in the next example, we show 
how to generate normal observations. In Section 4.8.1, we discuss an algorithm 
which can be adapted for many of these cases. 


Example 4.8.5 (Generating Normal Observations). To simulate normal variables, 
Box and Muller (1958) suggested the following procedure. Let Yi, Y2 be a random 
sample from the uniform distribution over 0 < y < 1. Define X; and X2 by 


X, = (—2logY,)'/? cos(2r¥2), 
Xp = (—-2log¥,)'/? sin(2r¥). 


This transformation is one-to-one and maps {(yi,y2):0< yr <1, 0 < yo < 1} 
onto {(#1,%2) : —co < 41 < CO, —00 < £2 < oo} except for sets involving 7, = 0 
and 22 = 0, which have probability zero. The inverse transformation is given by 


a? 4) 
? 


Y1 = eXp (- 5) 


2 
— arctan —. 
2a Ly 


Y2 


This has the Jacobian 


2 2 2 2 
hahaa (- i “2) Lois (-4 a — 


7 D 2 
- —x9/ x? 1/ax1 
(27)(1 + 23/27) (27)(1 + 23/27) 
2 2 2 2 
—(1+ 23/2?) exp (-35=) —exp (-35*) 
7 (2m)(1 + 23/23) 7 2m 


Since the joint pdf of Y; and Y2 is 1 on 0 < y; < 1,0 < yg < 1, and zero elsewhere, 
the joint pdf of X, and X2 is 


2 2 
exp(—1E2) 


Qn : 


—-wO <%< Ww, -W<%]_< Ow. 


That is, X, and X2 are independent, standard normal random variables. One of the 
most commonly used normal generators is a variant of the above procedure called 
the Marsaglia and Bray (1964) algorithm; see Exercise 4.8.21. 
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Observations from a contaminated normal distribution, discussed in Section 
3.4.1, can easily be generated using a normal generator and a uniform generator. 
We close this section by estimating via Monte Carlo the significance level of a t-test 
when the underlying distribution is a contaminated normal. 


Example 4.8.6. Let X be a random variable with mean jz and consider the hy- 
potheses 
Hy: » =0 versus Hy: p> 0. (4.8.3) 


Suppose we decide to base this test on a sample of size n = 20 from the distribution 
of X, using the t-test with rejection rule 


Reject Hp: w =0 in favor of Hy: > Oift > to519 = 1.729, (4.8.4) 


where t = Z/(s/./20) and % and s are the sample mean and standard deviation, 
respectively. If X has a normal distribution, then this test has level 0.05. But what 
if X does not have a normal distribution? In particular, for this example, suppose 
X has the contaminated normal distribution given by (3.4.14) with « = 0.25 and 
Oc = 25; that is, 75% of the time an observation is generated by a standard normal 
distribution, while 25% of the time it is generated by a normal distribution with 
mean 0 and standard deviation 25. Hence the mean of X is 0, so Ho is true. 
To obtain the exact significance level of the test would be quite complicated. We 
would have to obtain the distribution of t when X has this contaminated normal 
distribution. As an alternative, we estimate the level (and the error of estimation) 
by simulation. Let N be the number of simulations. The following algorithm gives 
the steps of our simulation: 


1. Set k =1, 7=0. 

2. Simulate a random sample of size 20 from the distribution of X. 

3. Based on this sample, compute the test statistic t. 

4. If t > 1.729, increase I by 1. 

5. If k = N; go to step 6; else increase k by 1 and go to step 2. 

6. Compute @ = I/N and the approximate error = 1.96,/a(1 — @)/N. 


Then @ is our simulated estimate of a and the half-width of a confidence interval 
for @ serves as our estimate of the error of estimation. 

The routine empalphacn, found in Appendix B, provides R code for this algo- 
rithm. When we ran it for N = 10,000 we obtained the results: 


95% Cl for a 


10,000 0.0412 0.0039 | (0.0373, 0.0451) 


Based on these results, the t-test appears to be slightly conservative when the sample 
is drawn from this contaminated normal distribution. 
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4.8.1 Accept—Reject Generation Algorithm 


In this section, we develop the accept—reject procedure that can often be used to 
simulate random variables whose inverse cdf cannot be obtained in closed form. Let 
X be a continuous random variable with pdf f(x). For this discussion, we call this 
pdf the target pdf. Suppose it is relatively easy to generate an observation of the 
random variable Y which has pdf g(a) and that for some constant M we have 


f(a) < Mg(a), -w<a<wm. (4.8.5) 


We call g(a) the instrumental pdf. For clarity, we write the accept—reject as an 
algorithm: 


Algorithm 4.8.1 (Accept—Reject Algorithm). Let f(x) be a pdf. Suppose that Y 
is a random variable with pdf g(y), U is a random variable with a uniform(0, 1) 
distribution, Y and U are independent, and (4.8.5) holds. The following algorithm 
generates a random variable X with pdf f(x). 


1. Generate Y and U. 
2. IfU< eee then take X = Y. Otherwise return to step 1. 
3. X has pdf f(x). 


Proof of the validity of the algorithm: Let —oo < x < oo. Then 


P[X <a] = Ply salu < 


£X) 
= the 
fe. ee du| o(y)dy 
2. i f(y) (MOD) 4, | oy)ay 


f(y) 
en gly)dy 
= Jo Tastu) coke! (4.8.6) 


F 
Le ee away 


[ f(y) dy. (4.8.7) 


Hence, by differentiating both sides, we find that the pdf of X is f(x). m 


As Exercise 4.8.14 shows, from step (4.8.6) of the proof, we can ignore normal- 
izing constants of the two pdfs f(x) and g(x). For example, if f(x) = kh(a) and 
g(x) = ct(x) for constants c and k, then we can use the rule 


h(x) < Mot(x), -oo<4<o, (4.8.8) 
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and change the ratio in step 2 of the algorithm to U < h(Y)/[Mot(Y)]. This often 
simplifies the use of the accept-reject algorithm. 

As an example of the accept-reject algorithm, consider simulating a I'(a, (3) 
distribution. There are several approaches to generating gamma observations; see, 
for instance, Kennedy and Gentle (1980). We present the approach discussed in 
Robert and Casella (1999). Recall if X has a P(a,1) distribution, then the random 
variable 3X has a T'(a, 3) distribution. So without loss of generality, we can assume 
that @ = 1. If @ is an integer, then by Theorem 3.3.2, X = eee Y;, where the Yjs 
are iid T'(1,1). In this case, by expression (4.8.2), we see that the inverse cdf of Y; 
is easily written in closed form, and, hence, X is easy to generate. Thus the only 
remaining case is when a is not an integer. 

Assume then that X has a T'(a, 1) distribution, where a is not an integer. Let Y 
have a T'({a], 1/b) distribution, where b < 1 is chosen later and, as usual, [a] means 
the greatest integer less than or equal to a. To establish rule (4.8.8), consider the 
ratio, with h(a) and t(a) proportional to the pdfs of « and y, respectively, given by 

J plligerle-t 1 (4.8.9) 
t(x) 
where we have ignored some of the normalizing constants. We next determine the 
constant b. 
As Exercise 4.8.15 shows, the derivative of expression (4.8.9) is 


“5 lo] po— lo] e—(1—b)@ — p-lale—C—)/(q — fol) — 2(1 — b)Jz2- 91-1, (4.8.10) 
o 


which has a maximum critical value at « = (a — [a])/(1 — 6). Hence, using the 
maximum of h(a) /t(x), 


h(e) — ta) |e lal] 
ays fed . (4.8.11) 


Now, we need to find our choice of b. Differentiating the right side of this inequality 
with respect to b, we get, as Exercise 4.8.16 shows, 


d,_ 7 _ _, | la] —ab 

© p-lel(y — pylel-@ = —p-lel(y — pylel-@ | k= 0 4.8.12 

yt 6) a syehe |, (4.8.12) 
which has a critical value at b = [a]l/a < 1. As shown in that exercise, this 


value of 6 provides a minimum of the right side of expression (4.8.11). Thus, if we 
take b = [a]/a < 1, then equality (4.8.11) holds and it is the tightest inequality 
possible. The final value of M is the right side of expression (4.8.11) evaluated at 
b=[al/a <1. 

The following example offers a simpler derivation for a normal generator where 
the instrumental pdf is the pdf of a Cauchy random variable. 


Example 4.8.7. Suppose that X is a normally distributed random variable with 
pdf ¢(a) = (27)~'/? exp{—a?/2} and Y has a Cauchy distribution with pdf g(x) = 
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nm 1(1+a7)~'. As Exercise 4.8.9 shows, the Cauchy distribution is easy to simulate 
because its inverse cdf is a known function. Ignoring normalizing constants, the 
ratio to bound is 

f(x) 


—— « (1+27) exp{—2?/2}, —0o <x < 00. (4.8.13) 
g(x) 


As Exercise 4.8.17 shows, the derivative of this ratio is —x#exp{—x?/2}(x? — 1), 
which has critical values at +1. These values provide maxima to (4.8.13). Hence, 


(1 + 2”) exp{—2x?/2} < 2exp{—1/2} = 1.213, 
so M = 1.213. 


One result of the proof of Algorithm 4.8.1 is that the probability of acceptance 
in the algorithm is M~+. This follows immediately from the denominator factor in 
step (4.8.6) of the proof. Note, however, that this holds only for properly normed 
pdfs. For instance, in the last example, the maximum value of the ratio of properly 
normed pdfs is 


T 
—— 2 exp{—1/2} = 1.52. 
a 2exp{-1/2} 


Hence, 1/M = 1.52~! = 0.66. Therefore, the probability that the algorithm accepts 
is 0.66. 


EXERCISES 


4.8.1. Prove the converse of Theorem MCT. That is, let X be a random variable 
with a continuous cdf F(a). Assume that F(a) is strictly increasing on the space 
of X. Consider the random variable Z = F(X). Show that Z has a uniform 
distribution on the interval (0, 1). 

4.8.2. Recall that log 2 = i oH dx. Hence, by using a uniform(0,1) generator, 
approximate log 2. Obtain an error of estimation in terms of a large sample 95% 
confidence interval. If you have access to the statistical package R, write an R 
function for the estimate and the error of estimation. Obtain your estimate for 
10,000 simulations and compare it to the true value. 


4.8.3. Similar to Exercise 4.8.2 but now approximate i ars exp {—$t?} dt. 
4.8.4. Suppose X is a random variable with the pdf fx(x) = b-!f((a — a)/b), 
where b > 0. Suppose we can generate observations from f(z). Explain how we can 
generate observations from fx (2). 


4.8.5. Determine a method to generate random observations for the logistic pdf, 
(4.4.9). If access is available, write an R function which returns a random sample 
of observations from a logistic distribution. 
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4.8.6. Determine a method to generate random observations for the following pdf: 


for 4dr? O<a<l 
a Gj elsewhere. 


If access is available, write an R function which returns a random sample of obser- 
vations from this pdf. 


4.8.7. Determine a method to generate random observations for the Laplace pdf, 
(4.4.10). If access is available, write an R function which returns a random sample 
of observations from a Laplace distribution. 


4.8.8. Determine a method to generate random observations for the extreme-valued 
pdf which is given by 


f(x) =exp{x—e*}, -cwo<u<m. (4.8.14) 


If access is available, write an R function which returns a random sample of obser- 
vations from an extreme-valued distribution. 


4.8.9. Determine a method to generate random observations for the Cauchy dis- 
tribution with pdf 
1 
Fe) = amy’ 


If access is available, write an R function which returns a random sample of obser- 
vation from a Cauchy distribution. 


—0 <2 < OO. (4.8.15) 


4.8.10. Suppose we are interested in a particular Weibull distribution with pdf 
f(z) = A3r2e-*"/" 0 <a < 00 
: 0 elsewhere. 


Determine a method to generate random observations from this Weibull distribu- 
tion. If access is available, write an R function which returns a random sample of 
observation from a Weibull distribution. 

Hint: Find F~'(u). 


4.8.11. Consider the situation in Example 4.8.6 with the hypotheses (4.8.3). Write 
an algorithm which simulates the power of the test (4.8.4) to detect the alternative 
j. = 0.5 under the same contaminated normal distribution as in the example. If 
access is available, modify the R function empalphacn(N) to simulate this power 
and to obtain an estimate of the error of estimation. 


4.8.12. For the last exercise, write an algorithm to simulate the significance level 
and power to detect the alternative 4, = 0.5 for the test (4.8.4) when the underling 
distribution is the logistic distribution (4.4.9). 


4.8.13. For the proof of Theorem 4.8.1, we assumed that the cdf was strictly in- 
creasing over its support. Consider a random variable X with cdf F'(«) which is 
not strictly increasing. Define as the inverse of F(x) the function 


F*(u) =inf{a: F(x) >u}, O<u<l. 
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Let U have a uniform (0,1) distribution. Prove that the random variable F~'(U) 
has cdf F(a). 


4.8.14. Show that the discussion at the end of the proof of Algorithm 4.8.1 does 
not need to use normalizing constants for the accept—reject algorithm to be true. 


4.8.15. Verify the derivative in expression (4.8.10) and show that the function 
(4.8.9) attains a maximum at the critical value 7 = (a — [a])/(1 — 8). 


4.8.16. Derive expression (4.8.12) and show that the resulting critical value b = 
[a]/a < 1 gives a minimum of the function which is the right side of expression 
(4.8.11). 


4.8.17. Show that the derivative of the ratio in expression (4.8.13) is given by the 
function —x exp{—a?/2}(x? — 1) with critical values +1. Show that the critical 
values provide maxima for expression (4.8.13). 


4.8.18. Consider the pdf 


oe bce" Ueeed 
T=) 0 elsewhere, 


for BG > 1. 
(a) Use Theorem 4.8.1 to generate an observation from this pdf. 
(b) Use the accept—reject algorithm to generate an observation from this pdf. 


4.8.19. Proceeding similar to Example 4.8.7, use the accept-—reject algorithm to 
generate an observation from a ¢ distribution with r > 1 degrees of freedom when 
g(a) is the Cauchy pdf. 


4.8.20. For a > 0 and @ > 0, consider the following accept—reject algorithm: 
1. Generate U; and U2 iid uniform(0,1) random variables. Set Vi; = Uc and 
Y= un! 
2. Set W=V,+ Vo. If W <1, set X = V|/W; else go to step 1. 
3. Deliver X. 


Show that X has a beta distribution with parameters a and (3, (3.3.5). See Kennedy 
and Gentle (1980). 


4.8.21. Consider the following algorithm: 
1. Generate U and V independent uniform (—1,1) random variables. 
2. Set W =U? +V?. 
3. If W > 1 go to step 1. 
4. Set Z = \/(—2logW)/W and let X; = UZ and X2 =VZ. 


Show that the random variables X; and X92 are iid with a common N(0, 1) distri- 
bution. This algorithm was proposed by Marsaglia and Bray (1964). 
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4.9 Bootstrap Procedures 


In the last section, we introduced the method of Monte Carlo and discussed several 
of its applications. In the last few years, however, Monte Carlo procedures have 
become increasingly used in statistical inference. In this section, we present the 
bootstrap, one of these procedures. We concentrate on confidence intervals and tests 
for one- and two-sample problems in this section. 


4.9.1 Percentile Bootstrap Confidence Intervals 


Let X be a random variable of the continuous type with pdf ae (x; 9), for 9 € Q. 
Suppose X = (Xj, X2,..., Xp) is a random sample on X and 6 = a(x ) is a point 
estimator of 6. The vector notation, X, proves useful in this section. In Sections 4.2 
and 4.3, we discussed the problem of obtaining confidence intervals for 6 in certain 
situations. In this section, we discuss a general method called the percentile 
bootstrap procedure, which is a resampling procedure. It was proposed by Efron 
(1979). Informative discussions of such procedures can be found in the books by 
Efron and Tibshirani (1993) and Davison and Hinkley (1997). 
To motivate the procedure, suppose for the moment that 


@ has a N(O, oz) distribution. (4.9.1) 


Then as in Section 4.2, a (1 — a)100% confidence interval for @ is (Or, 6u), where 
6, =0- gol) gn and 6y =0— Zl Don, (4.9.2) 


and z‘ denotes the 100th percentile of a standard normal random variable; i.e., 
2 = 6-1(y), where © is the cdf of a N(0,1) random variable (see also Exercise 
4.9.4). We have gone to a superscript notation here to avoid confusion with the 
usual subscript notation on critical values. 7 7 
Now suppose that 6 and o@ are realizations from the sample and @; and Oy are 


calculated as in (4.9.2). Next suppose that * is a random variable with a N(@, 0) 
distribution. Then, by (4.9.2), 


P(* <0,) =P (* =e 20-9) = a/2. (4.9.3) 


Likewise, P(O < 6u) = 1-(a/2). Therefore, 6, and Oy are the $100th and 
(1 — $)100th percentiles of the distribution of 6*. That is, the percentiles of the 
N(O, oz) distribution form the (1 — a)100% confidence interval for 6. 

We want our final procedure to be quite general, so the normality assumption 
(4.9.1) is definitely not desired and, in Remark 4.9.1, we do show that this assump- 
tion is not necessary. So, in general, let H(t) denote the cdf of 0. 

In practice, though, we do not know the function H(t). Hence the above con- 
fidence interval defined by statement (4.9.3) cannot be obtained. But suppose we 
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could take an infinite number of samples Xj, X2,...; obtain = 0(X*) for each 
sample X*; and then form the histogram of these estimates 6*. The percentiles 
of this histogram would be the confidence interval defined by expression (4.9.3). 
Since we only have one sample, this is impossible. It is, however, the idea behind 
bootstrap procedures. 

Bootstrap procedures simply resample from the empirical distribution defined 
by the one sample. The sampling is done at random and with replacement and 
the resamples are all of size n, the size of the original sample. That is, suppose 
x’ = (@1,%2,...,%) denotes the realization of the sample. Let F,, denote the 
empirical distribution function of the sample. Recall that B, is a discrete cdf which 
puts mass n~/ at each point x; and that F;,(2) is an estimator of F(x). Then a 
bootstrap sample is a random sample, say x*’ = (a7},23,...,2%), drawn from F,. 
As Exercise 4.9.1 shows, E(x*) = Zand V(x?) =n7! S_, (ai—7)?. At first glance, 
this resampling the sample seems like it would not work. But our only information 
on sampling variability is within the sample itself, and by resampling the sample 
we are simulating this variability. 

We now give an algorithm which obtains a bootstrap confidence interval. For 
clarity, we present a formal algorithm, which can be readily coded into languages 
such as R. Let x! = (21, %2,.-.,2%n) be the realization of a random sample drawn 
from a cdf F(a; 6), 0 € Q. Let @bea point estimator of #. Let B, an integer, denote 
the number of bootstrap replications, i.e., the number of resamples. In practice, B 
is often 3000 or more. 


1. Set j= 1. 
2. While 7 < B, do steps 2-5. 


3. Let x} be a random sample of size n drawn from the sample x. That is, the 
observations xj are drawn at random from 21, %2,...,%, with replacement. 


n~ 


4. Let 6% = 6(x*). 


5. Replace j by 7 +1. 


6. Let Ory < am Sees a denote the ordered values of 6%, 65, zo6 6%. Let 
m = [(a/2)B], where [-] denotes the greatest integer function. Form the 
interval ~~ 

(Fm)> Giang) (4.9.4) 
that is, obtain the $100% and (1 — $)100% percentiles of the sampling dis- 
tribution of 6*,0%,..., 0%. 


The interval in (4.9.4) is called the percentile bootstrap confidence interval for 
0. 

In step 6, the subscripted parenthetical notation is a common notation for order 
statistics (Section 4.4), which is handy in this section. 


4.9. Bootstrap Procedures 275 


Example 4.9.1. In this example, we sample from a known distribution, but, in 
practice, the distribution is usually unknown. Let X 1, X2,...,X, be a random 
sample from a ['(1, 3) distribution. Since the mean of this distribution is 6, the 
sample average X is an unbiased estimator of 3. In this example, X serves as our 
point estimator of G. The following 20 data points are the realizations (rounded) 
of a random sample of size n = 20 from a I'(1, 100) distribution: 


131.7 182.7 73.3 10.7 150.4 42.3 22.2 17.9 264.0 154.4 
4.3 265.6 61.9 10.8 488 225 88 150.6 103.0 85.9 


The value of X for this sample is = 90.59, which is our point estimate of (. 
For illustration, we generated one bootstrap sample of these data. This ordered 
bootstrap sample is 


43 43 4.3 10.8 10.8 10.8 10.8 17.9 22.5 42.3 
48.8 48.8 85.9 131.7 131.7 150.4 1544 1544 264.0 265.6 


As Exercise 4.9.1 shows, in general, the sample mean of a bootstrap sample is 
an unbiased estimator of original sample mean %. The sample mean of this par- 
ticular bootstrap sample is Z* = 78.725. We wrote an R function to generate 
bootstrap samples and the percentile confidence interval above; see the program 
percentciboot.s of Appendix B. Figure 4.9.1 displays a histogram of 3000 %*s for 
the above sample. The sample mean of these 3000 values is 90.13, close to F = 90.59. 
Our program also obtained a 90% (bootstrap percentile) confidence interval given 
by (61.655, 120.48), which the reader can locate on the figure. It did trap yw = 100. 
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Figure 4.9.1: Histogram of the 3000 bootstrap Z*s. The 90% bootstrap confidence 
interval is (61.655, 120.48). 


Exercise 4.9.2 shows that if we are sampling from a I'(1, 3) distribution, then the 
interval (2nX/[y3,,]"~(¢/?)), 2nX /[x3,,](/)) is an exact (1 — a)100% confidence 
interval for @. Note that, in keeping with our superscript notation for critical 
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values, [3,,]( denotes the y100% percentile of a x? distribution with 2n degrees 
of freedom. The 90% confidence interval for our sample is (64.99, 136.69). m 


Remark 4.9.1. Briefly, we show that the normal assumption on the distribution 
of 6, (4.9.1), is transparent to the argument. Suppose H is the cdf of @ and that H 
depends on 6. Then, using Theorem 4.8.1, we can find an increasing transformation 
¢@ = m(@) such that the distribution of é = m(0) is N(¢,02), where 6 = m(6) 
and o? is some variance. For example, take the transformation to be m(@) = 
F>1(H(@)), where F.(x) is the cdf of a N(¢,07) distribution. Then, as above, 
( — 20-4/2)¢,, 6 — 2(¢/2)¢.) is a (1 — a)100% confidence interval for ¢. But note 
that 


l-a = P [o- Z0-WDg ch< o- z@/)g,)] 
—- Pp [m—1(6 20-9.) <0<m"(b— 2@/g,)] . (4.9.5) 
Hence, (m=!(g—z0-/2)6,), m71($—2(¢/2)a,)) is a (1—a) 100% confidence interval 


for 6. Now suppose fT is the cdf H with a realization 6 substituted in for 0, i.e., 
analogous to the N(06, o4) distribution above. Suppose 6* is a random variable with 


cdf H. Let $= m(0) and ¢* = m(6*). We have 
P G < m"($¢— zii-a/2)g,)) ee lo" 2 a= zii-a/%)g,] 


ae 
Oc 


p = ow) < -s0-) _ a/2, 


similar to (4.9.3). Therefore, m~!(6 — 2@-®/2)a,) is the $100th percentile of the 
cdf H. Likewise, m-!(¢ — z(¢/2)a,) is the (1 — $)100th percentile of the cdf H. 
Therefore, in the general case too, the percentiles of the distribution of H form the 
confidence interval for 0. m 


What about the validity of a bootstrap confidence interval? Davison and Hink- 
ley (1997) discuss the theory behind the bootstrap in Chapter 2 of their book. 
Under some general conditions, they show that the bootstrap confidence interval is 
asymptotically valid. 

One way of improving the bootstrap is to use a pivot random variable, a variable 
whose distribution is free of other parameters. For instance, in the last example, 
instead of using X, use X /@z, where 6x = S/n and S = [S\(X;—X)?/(n—-1)]'?; 
that is, adjust X by its standard error. This is discussed in Exercise 4.9.5. Other 
improvements are discussed in the two books cited earlier. 


4.9.2 Bootstrap Testing Procedures 


Bootstrap procedures can also be used effectively in testing hypotheses. We begin 
by discussing these procedures for two-sample problems, which cover many of the 
nuances of the use of the bootstrap in testing. 
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Consider a two-sample location problem; that is, X’ = (X1, Xo,...,Xn,) is 
a random sample from a distribution with cdf F(a) and Y’ = (Yi, Y2,..-, Yn.) 
is a random sample from a distribution with the cdf F(a — A), where A € R. 
The parameter A is the shift in locations between the two samples. Hence A can 
be written as the difference in location parameters. In particular, assuming that 
the means py and j1x exist, we have A = py — x. We consider the one-sided 
hypotheses given by 
Ho: A=O versus H,: A>0O. (4.9.6) 


As our test statistic, we take the difference in sample means, i.e., 
V=Y-X. (4.9.7) 


Our decision rule is to reject Hp if V > c. As is often done in practice, we base 
our decision on the p-value of the test. Recall if the samples result in the values 
U1, %2,--.,%n, and Yi, Y2,---,;Yn. With realized sample means 7 and J, respectively, 
then the p-value of the test is 


P= Pu(V =F). (4.9.8) 


Our goal is a bootstrap estimate of the p-value. But, unlike the last section, 
the bootstraps here have to be performed when Hp is true. An easy way to do this 
is to combine the samples into one large sample and then to resample at random 
and with replacement the combined sample into two samples, one of size n; (new 
xs) and one of size ng (new ys). Hence the resampling is performed under one 
distribution; i.e., Ho is true. Let B be a positive integer and let v = 7 —Z@. Our 
bootstrap algorithm is 


1. Combine the samples into one sample: z’ = (x’, y’). 
2. Set j =1. 
3. While 7 < B, do steps 3-6. 


4. Obtain a random sample with replacement of size n; from z. Call the sample 


af 


_ * * * —* 
x" = (xj, 03,...,27%,). Compute Tj. 


5. Obtain a random sample with replacement of size nz from z. Call the sample 
y”’ = (yj, Y3,--->Yn,)- Compute 7. 


6. Compute vj = Yj — Tj. 


7. The bootstrap estimated p-value is given by 


B * 
ee ee 
= 4.9.9 
= (4.9.9) 
Note that the theory cited above for the bootstrap confidence intervals covers this 
testing situation also. Hence, this bootstrap p-value is valid. 
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Example 4.9.2. For illustration, we generated data sets from a contaminated 
normal distribution. Let W be a random variable with the contaminated normal 
distribution (3.4.14) with proportion of contamination ¢ = 0.20 and o, = 4. Thirty 
independent observations W,,W2,...,W30 were generated from this distribution. 
Then we let X; = 10W;+100 for 1 <i < 15 and Y; = 10Wj415 +120 for 1 <i < 15. 
Hence the true shift parameter is A = 20. The actual (rounded) data are 


X variates 
94.2 111.3 90.0 99.7 116.8 92.2 166.0 95.7 
109.3 106.0 111.7 111.9 111.6 146.4 103.9 

Y variates 
125.5 107.1 67.9 98.2 128.6 123.5 116.5 1438.2 
120.3 118.6 105.0 111.8 129.3 1380.8 139.8 


Based on the comparison boxplots below, the scales of the two data sets appear to 
be the same, while the y-variates (Sample 2) appear to be shifted to the right of 
x-variates (Sample 1). 


Sample i aa | +]== * 0) 
Sample 2 inlet! I + fasSso-S> 
4+--------- 4+--------- 4+--------- 4+--------- +--------- +------ C3 
60 80 100 120 140 160 


There are three outliers in the data sets. 

Our test statistic for these data is vu = 97 — F = 117.74— 111.11 = 6.63. Comput- 
ing with the R program boottesttwo.s found in Appendix B, we performed the 
bootstrap algorithm given above for B = 3000 bootstrap replications. The boot- 
strap p-value was p* = 0.169. This means that (0.169)(3000) = 507 of the bootstrap 
test statistics exceeded the value of the test statistic. Furthermore, these bootstrap 
values were generated under Hp. In practice, Ho would generally not be rejected 
for a p-value this high. In Figure 4.9.2, we display a histogram of the 3000 values 
of the bootstrap test statistic that were obtained. The relative area to the right of 
the value of the test statistic, 6.63, is approximately equal to p*. 

For comparison purposes, we used the two-sample “pooled” t-test discussed in 
Example 4.6.2 to test these hypotheses. As the reader can obtain in Exercise 4.9.7, 
for these data, t = 0.93 with a p-value of 0.18, which is quite close to the bootstrap 
p-value. 


The above test uses the difference in sample means as the test statistic. Certainly 
other test statistics could be used. Exercise 4.9.6 asks the reader to obtain the 
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Figure 4.9.2: Histogram of the 3000 bootstrap v*s. Locate the value of the test 
statistic v = ¥ — F = 6.63 on the horizontal axis. The area (proportional to overall 
area) to the right is the p-value of the bootstrap test. 


bootstrap test based on the difference in sample medians. Often, as with confidence 
intervals, standardizing the test statistic by a scale estimator improves the bootstrap 
test. 

The bootstrap test described above for the two-sample problem is analogous to 
permutation tests. In the permutation test, the test statistic is calculated for all 
possible samples of xs and ys drawn without replacement from the combined data. 
Often, it is approximated by Monte Carlo methods, in which case it is quite similar 
to the bootstrap test except, in the case of the bootstrap, the sampling is done with 
replacement; see Exercise 4.9.9. Usually, the permutation tests and the bootstrap 
tests give very similar solutions; see Efron and Tibshirani (1993) for discussion. 

As our second testing situation, consider a one-sample location problem. Sup- 
pose X1, X9,...,X, is a random sample from a continuous cdf F(x) with finite 
mean jt. Suppose we want to test the hypotheses 


Ho: 4 = fo versus Hy: > po, 
where jug is specified. As a test statistic we use X with the decision rule 
Reject Ho in favor of Hy if X is too large. 


Let 41, %2,...,%p be the realization of the random sample. We base our decision 
on the p-value of the test, namely, 


p= Py. [|X > ZI, 


where Z is the realized value of the sample average when the sample is drawn. Our 
bootstrap test is to obtain a bootstrap estimate of this p-value. At first glance, one 
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might proceed by bootstrapping the statistic X. But note that the p-value must 
be estimated under Ho. One way of assuring Hp is true is instead of bootstrapping 
%1,2,...,2%y is to bootstrap the values: 


a= 2 —-T+po, 1=1,2,...,n. (4.9.10) 


Our bootstrap procedure is to randomly sample with replacement from 21, z2,..., Zn- 
Letting z* be such an observation, it is easy to see that E(z*) = fo; see Exercise 
4.9.10. Hence, using the z;s, the bootstrap resampling is performed under Ho. 

To be precise, here is our algorithm to compute this bootstrap test. Let B bea 
positive integer. 


1. Form the vector of shifted observations: z’ = (21, 22,...,2n), where z; = 
HS et Lo. 


2. Set j =1. 
3. While 7 < B, do steps 3-5. 


4. Obtain a random sample with replacement of size n from z. Call the sample 
z;. Compute its sample mean Z;. 


5. j is replaced by 7 + 1. 
6. The bootstrap estimated p-value is given by 


ja1t2; 2B} 
—— 


~~ 


(4.9.11) 


The theory discussed for the bootstrap confidence intervals remains valid for this 
testing situation also. 


Example 4.9.3. To illustrate the bootstrap test described in the last paragraph, 
consider the following data set. We generated n = 20 observations X; = 10W;+100, 
where W; has a contaminated normal distribution with proportion of contamination 
20% and o, = 4. Suppose we are interested in testing 


Ho: = 90 versus Hy: ps > 90. 


Because the true mean of X; is 100, the null hypothesis is false. The data generated 
are 


119.7 104.1 92.8 854 1086 93.4 67.1 884 101.0 97.2 
95.4 77.2 100.0 114.2 150.3 102.3 105.8 107.5 0.9 94.1 


The sample mean of these values is ¥ = 95.27, which exceeds 90, but is it signifi- 
cantly over 90? We wrote an R function to perform the algorithm described above, 
bootstrapping the values z; = x; — 95.27+ 90; see the program boottestonemean of 
Appendix B. We obtained 3000 values 2}, which are displayed in the histogram in 
Figure 4.9.3. The mean of these 3000 values is 89.96, which is quite close to 90. Of 
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Figure 4.9.3: Histogram of the 3000 bootstrap Z*s discussed in Example 4.9.3. 
The bootstrap p-value is the area (relative to the total area) under the histogram 
to right of the 95.27. 


these 3000 values, 563 exceeded &% = 95.27; hence, the p-value of the bootstrap test 
is 0.188. The fraction of the total area which is to the right of 95.27 in Figure 4.9.3 is 
approximately equal to 0.188. Such a high p-value is usually deemed nonsignificant; 
hence, the null hypothesis would not be rejected. 

For comparison, the reader is asked to show in Exercise 4.9.11 that the value of 
the one-sample t-test is ¢ = 0.84, which has a p-value of 0.20. A test based on the 
median is discussed in Exercise 4.9.12. @ 


EXERCISES 
4.9.1. Let 21,%2,...,2%, be the values of a random sample. A bootstrap sample, 
x” = (a7, 03,..., 0%), isarandom sample of 71, %2,...,%», drawn with replacement. 
(a) Show that x%,23,...,2* are iid with common cdf F,, the empirical cdf of 
H1,U2,.-+,Un- 


(b) Show that E(x*) = 7. 
(c) If n is odd, show that median {27} = 2((n41)/2)- 
(d) Show that V(at) =n7* 7", (a; - F). 
4.9.2. Let X1,X2,...,X,, be a random sample from a ['(1, 3) distribution. 


(a) Show that the confidence interval (2n.X /(x3,,)¢~(¢/?)), 2nX /(x3,,)°¢/?)) is an 
exact (1 — a)100% confidence interval for (. 
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(b) Using part (a), show that the 90% confidence interval for the data of Example 
4.9.1 is (64.99, 136.69). 


4.9.3. Consider the situation discussed in Example 4.9.1. Suppose we want to 
estimate the median of X; using the sample median. 


(a) Determine the median for a I'(1, 3) distribution. 


(b) The algorithm for the bootstrap percentile confidence intervals is general 
and hence can be used for the median. Rewrite the R code in program 
percentciboot.s of Appendix B so the median is the estimator. Using the 
sample given in the example, obtain a 90% bootstrap percentile confidence 
interval for the median. Did it trap the true median in this case? 


4.9.4. Suppose X1, X2,..., Xp is a random sample drawn from a N(ju,07) distri- 
bution. As discussed in Example 4.2.1, the pivot random variable for a confidence 
interval is oe 
X—p 
S/n? 


where X and S$ are the sample mean and standard deviation, respectively. Recall 
by Theorem 3.6.1 that t has a Student t-distribution with n— 1 degrees of freedom; 
hence, its distribution is free of all parameters for this normal situation. In the 
notation of this section, 1, denotes the y100% percentile of a t-distribution with 
n—1 degrees of freedom. Using this notation, show that a (1 — a)100% confidence 


interval for py is 


t (4.9.12) 


z- pa-/2) 5 e_ io) ; (4.9.13) 
( vn oe 


n 


4.9.5. Frequently, the bootstrap percentile confidence interval can be improved if 
the estimator @ is standardized by an estimate of scale. To illustrate this, consider a 


bootstrap for a confidence interval for the mean. Let 27, 73,...,77, be a bootstrap 
sample drawn from the sample x1, %2,...,€p. Consider the bootstrap pivot [analog 
of (4.9.12)]: 

as (4.9.14) 


st//n 
where Z* =n! 5°", a7 and 


n 


s? = (n—-1) 1S (at — 3). 


1=1 


(a) Rewrite the percentile bootstrap confidence interval algorithm using the mean 


and collecting t* for 7 = 1,2,...,B. Form the interval 
845 
(z- pare) 5 rior) (4.9.15) 


where t*( = ty*B))} that is, order the tjs and pick off the quantiles. 
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(b) Rewrite the R program percentciboot.s of Appendix B and use it to find 
a 90% confidence interval for 4 for the data in Example 4.9.3. Use 3000 
bootstraps. 


(c) Compare your confidence interval in the last part with the nonstandardized 
bootstrap confidence interval based on the program percentciboot.s of Ap- 
pendix B. 


4.9.6. Consider the algorithm for a two-sample bootstrap test given in Section 
4.9.2. 


(a) Rewrite the algorithm for the bootstrap test based on the difference in medi- 
ans. 


(b) Consider the data in Example 4.9.2. By substituting the difference in medians 
for the difference in means in the R program boottesttwo.s of Appendix B, 
obtain the bootstrap test for the algorithm of part (a). 


(c) Obtain the estimated p-value of your test for B = 3000 and compare it to the 
estimated p-value of 0.063 which the authors obtained. 


4.9.7. Consider the data of Example 4.9.2. The two-sample t-test of Example 4.6.2 
can be used to test these hypotheses. The test is not exact here (why?), but it is 
an approximate test. Show that the value of the test statistic is t = 0.93, with an 
approximate p-value of 0.18. 


4.9.8. In Example 4.9.3, suppose we are testing the two-sided hypotheses, 
Ho: w= 90 versus Hy: uw #90. 
(a) Determine the bootstrap p-value for this situation. 


(b) Rewrite the R program boottestonemean of Appendix B to obtain this p- 
value. 


(c) Compute the p-value based on 3000 bootstraps. 


4.9.9. Consider the following permutation test for the two-sample problem with 
hypotheses (4.9.6). Let x’ = (a1,%2,...,%n,) and y’ = (y1,Y2,---;Yn.) be the 
realizations of the two random samples. The test statistic is the difference in sample 
means 7 — Z. The estimated p-value of the test is calculated as follows: 


1. Combine the data into one sample z’ = (x’,y’). 


2. Obtain all possible samples of size n; drawn without replacement from z. Each 
such sample automatically gives another sample of size ng, i.e., all elements 
of z not in the sample of size n;. There are M = (re) such samples. 


3. For each such sample j: 


(a) Label the sample of size n, by x* and label the sample of size ng by y*. 
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(b) Calculate v7 = y* — =. 
4. The estimated p-value is p* = #{v; > 9 —T}/M. 


(a) Suppose we have two samples each of size 3 which result in the realizations: 
x’ = (10,15,21) and y’ = (20,25,30). Determine the test statistic and the 
permutation test described above along with the p-value. 


(b) If we ignore distinct samples, then we can approximate the permutation test 
by using the bootstrap algorithm with resampling performed at random and 
without replacement. Modify the bootstrap program boottesttwo.s of Ap- 
pendix B to do this and obtain this approximate permutation test based on 
3000 resamples for the data of Example 4.9.2. 


(c) In general, what is the probability of having distinct samples in the approx- 
imate permutation test described in the last part? Assume that the original 
data are distinct values. 


4.9.10. Let z* be drawn at random from the discrete distribution which has mass 
n-" at each point z; = 2; — Z+ po, where (x1, 22,...,%n) is the realization of a 
random sample. Determine E(z*) and V(z*). 


4.9.11. For the situation described in Example 4.9.3, show that the value of the 
one-sample t-test is t = 0.84 and its associated p-value is 0.20. 


4.9.12. For the situation described in Example 4.9.3, obtain the bootstrap test 
based on medians. Use the same hypotheses; i.e., 


Hy: = 90 versus Hy: ps > 90. 


4.9.13. Consider the Darwin’s experiment on Zea mays discussed in Examples 4.5.1 
and 4.5.5. 


(a) Obtain a bootstrap test for this experimental data. Keep in mind that the 
data are recorded in pairs. Hence your resampling procedure must keep this 
dependence intact and still be under Ho. 


(b) Provided computational facilities exist, write an R program that executes your 
bootstrap test and compare its p-value with that found in Example 4.5.5. 


4.10 *Tolerance Limits for Distributions 


We propose now to investigate a problem that has something of the same flavor 
as that treated in Section 4.4. Specifically, can we compute the probability that a 
certain random interval includes (or covers) a preassigned percentage of the prob- 
ability of the distribution under consideration? And, by appropriate selection of 
the random interval, can we be led to an additional distribution free method of 
statistical inference? 
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Let X be a random variable with distribution function F(a) of the continuous 
type. Let Z = F(X). Then, as shown in Exercise 4.8.1, Z has a uniform(0, 1) 
distribution. That is, Z = F(X) has the pdf 


1 0<z<l1 
h{z) = { 0 elsewhere. 


Then, if 0 < p< 1, we have 


p 
PIF(X) < pl = dz =p. 
0 
Now F(a) = P(X < x). Since P(X = x) = 0, then F(z) is the fractional part of 
the probability for the distribution of X that is between —oo and «. If F(x) < p, 
then no more than 100p% of the probability for the distribution of X is between 
—oco and x. But recall P[F(X) < p|] = p. That is, the probability that the random 
variable Z = F(X) is less than or equal to p is precisely the probability that the 
random interval (—oo, X) contains no more than 100p% of the probability for the 
distribution. For example, if p = 0.70, the probability that the random interval 
(—oo, X) contains no more than 70% of the probability for the distribution is 0.70; 
and the probability that the random interval (—oo, X) contains more than 70% of 
the probability for the distribution is 1 — 0.70 = 0.30. 

We now consider certain functions of the order statistics. Let X ,X2,...,Xn 
denote a random sample of size n from a distribution that has a positive and con- 
tinuous pdf f(a) if and only if a < x < b, and let F(a) denote the associated distri- 
bution function. Consider the random variables F(X,), F(X2),...,F (Xn). These 
random variables are independent and each, in accordance with Exercise 4.8.1, has 
a uniform distribution on the interval (0,1). Thus, F(X1), F(X2),...,F(Xn) isa 
random sample of size n from a uniform distribution on the interval (0,1). Con- 
sider the order statistics of this random sample F'(X,), F(X2),...,F (Xn). Let 71 
be the smallest of these F'(X;), Z2 the next F(X;) in order of magnitude, ... , 
and Z,, the largest of F(X;). If Yi, Yo,..., Yn are the order statistics of the initial 
random sample X1, X9,...,Xn, the fact that F(a) is a nondecreasing (here, strictly 
increasing) function of x implies that 7, = F(Y1),Z. = F(Y2),...,Zn = F(Yn). 
Hence, it follows from (4.4.1) that the joint pdf of 21, Z2,..., Zn, is given by 


nm! O0< 2 <2 <:+++< an <1 
R215 22) -+-12n) = 0 elsewhere. 


This proves a special case of the following theorem. 


(4.10.1) 


Theorem 4.10.1. Let Yi, Y2,..., Yn denote the order statistics of a random sample 
of size n from a distribution of the continuous type that has pdf f(a) and cdf F(x). 
The joint pdf of the random variables Z; = F(Y;), i = 1,2,...,n, is given by 
expression (4.10.1). 


Because the distribution function of Z = F(X) is given by z, 0 < z < 1, it 
follows from (4.4.2) that the marginal pdf of Z, = F'(Y;) is the following beta pdf: 


nk QO<xu <1 


4.10.2 
elsewhere. ( ) 


n! ke 
he(zn) = { TTT ‘(1 — zx) 
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Moreover, from (4.4.3), the joint pdf of Z; = F(Y;) and Z; = F(Y;) is, with 7 < J, 
given by 


nee) (23-21)? es)" 0O<z<2:<1 
h(zi,2;)= 4 — DIG Dna aa (4.10.3) 
0 elsewhere. 

Consider the difference Z;-—Z; = F(Y;)—F(Yi), 1 < j. Now F(y;) = P(X < y;) 
and F(y;) = P(X < y;). Since P(X = y;) = P(X = y;) = 0, then the difference 
F (y;) —F(y:) is that fractional part of the probability for the distribution of X that 
is between y; and y;. Let p denote a positive proper fraction. If F(y;) — F(y:) > p, 
then at least 100p% of the probability for the distribution of X is between y; and 
y;. Let it be given that y = P[F(Y}) — F(¥Y) => p]. Then the random interval 
(Yi, Y;) has probability y of containing at least 100p% of the probability for the 
distribution of X. Now if y; and y; denote, respectively, observational values of 
Y; and Y;, the interval (y;,y;) either does or does not contain at least 100p% of 
the probability for the distribution of X. However, we refer to the interval (y;, y;) 
as a 1007% tolerance interval for 100p% of the probability for the distribution 
of X. In like vein, y; and y; are called the 1007% tolerance limits for 100p% the 
probability for the distribution of X. 

One way to compute the probability y = P[F(Y;)-—F(%) 
(4.10.3), which gives the joint pdf of Z; = F(Y;) and Z; = 
probability is then given by 


1l—p 1 
y= P(Z,; — Z; > p) =| | hag (Zi, 25) 42; dz;. 
0 ptzi 


> p] is to use equation 
F(Y;). The required 


Sometimes, this is a rather tedious computation. For this reason and also for the 
reason that coverages are important in distribution free statistical inference, we 
choose to introduce at this time the concept of coverage. 

Consider the random variables Wy = F(Yi) = 21, Wo = F(Y2) — F(%1) = 
Z2 — Z1, and W3 = F(Y3) — F(Y¥2) = Z3 — Zo,...,Wn = F(Yn) — F(Yn-1) = 
Zn — Zyn—1. The random variable W, is called a coverage of the random interval 
{x :—o0o <a < Y;} and the random variable W;, 1 = 2,3,...,n, is called a coverage 
of the random interval {x : Yi-1 < a < Y;}. We find that the joint pdf of the n 
coverages W,, W2,...,W,. First we note that the inverse functions of the associated 
transformation are given by 


i 
= ) w;, fori =1,2,...,n. 
j=l 


We also note that the Jacobian is equal to 1 and that the space of positive probability 
density is 

{(wi,We,.--,Wn):0< wi, t= 1,2,...,n, wr +--+ + Wn < I}. 
Since the joint pdf of 21, Z2,...,Zn is n!, O < 21 < zg < ++: < 2 < 1, zero 
elsewhere, the joint pdf of the n coverages is 


k(wi, sera 


a\= mn! O<w;, t=1,...,n, Wrt-:-Wn <1 
pert | 0 elsewhere. 
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Because the pdf k(w1,..., Wy) is symmetric in wi, w2,..., Wn, it is evident that the 
distribution of every sum of r, r < n, of these coverages W1,..., Wz» is exactly the 
same for each fixed value of r. For instance, if 7 < 7 and r = 7 — 7, the distribution 
of Z; — Z; = F(Y;) — F(¥i) = Wi41 + Wi42 +--+ + W; is exactly the same as that 
of Z;-; = F(Yj-i) =Wi + Wo+---+W;_;. But we know that the pdf of Z;_; is 
the beta pdf of the form 


P(n+1) j—i—1 n—Jjti 
ha\=) Tree OP Dee 
— 0 elsewhere. 


Consequently, F(Y;) — F(Y;) has this pdf and 


PUP(Y)) — Fi) 2H = f hy-alv) de. 


Example 4.10.1. Let Y, < Yo < --- < Y6 be the order statistics of a random 
sample of size 6 from a distribution of the continuous type. We want to use the 
observed interval (yi, y6) as a tolerance interval for 80% of the distribution. Then 


+ = PIF(Y) — F(%i) > 08] 
i= [300% —v) du, 
0 


because the integrand is the pdf of F'(Yg) — F(¥Yi). Accordingly, 
7 = 1— 6(0.8)° + 5(0.8)® = 0.34, 


approximately. That is, the observed values of Y; and Yg define a 34% tolerance 
interval for 80% the probability for the distribution. m 


Remark 4.10.1. Tolerance intervals are extremely important and often they are 
more desirable than confidence intervals. For illustration, consider a “fill” problem 
in which a manufacturer says that each container has at least 12 ounces of the 
product. Let X be the amount in a container. The company would be pleased to 
note that the interval (12.1, 12.3), for instance, is a 95% tolerance interval for 99% 
of the distribution of X. This would be true in this case, because the federal agency, 
the FDA, allows a very small fraction of the containers to be less than 12 ounces. m 


EXERCISES 


4.10.1. Let Y, and Y, be, respectively, the first and the nth order statistic of a 
random sample of size n from a distribution of the continuous type having cdf F(x). 
Find the smallest value of n such that P[F'(Y,,) — F(Y1) > 0.5] is at least 0.95. 


4.10.2. Let Y2 and Y,—-1 denote the second and the (n — 1)st order statistics of 
a random sample of size n from a distribution of the continuous type having a 
distribution function F(x). Compute P[F(Y,-1) — F(Y2) > pj, where 0 < p< 1. 
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4.10.3. Let Y; < Yo <--- < Y4g be the order statistics of a random sample of size 
48 from a distribution of the continuous type. We want to use the observed interval 
(ya, yas) as a 1007% tolerance interval for 75% of the distribution. 


(a) What is the value of 7? 


(b) Approximate the integral in part (a) by noting that it can be written as a par- 
tial sum of a binomial pdf, which in turn can be approximated by probabilities 
associated with a normal distribution (see Section 5.3). 


4.10.4. Let Yi < Yo <--- < Y, be the order statistics of a random sample of size 
n from a distribution of the continuous type having distribution function F(x). 


(a) What is the distribution of U = 1— F(Y;)? 
(b) Determine the distribution of V = F(Y,) — F(Y;) + F(%) — F(%4), where 
i<j. 


4.10.5. Let Y; < Yo <---: < Yio be the order statistics of a random sample from 
a continuous-type distribution with distribution function F(x). What is the joint 
distribution of V; = F(Y¥4) — F(Y2) and Vo = F(Yio) — F(¥e)? 


Chapter 5 


Consistency and Limiting 
Distributions 


In Chapter 4, we introduced some of the main concepts in statistical inference, 
namely, point estimation, confidence intervals, and hypothesis tests. The theory be- 
hind these procedures often depends on the distribution of a pivot random variable. 
For example, suppose X 1, X2,...,X, is a random sample on a random variable X 
which has a N(u, 0?) distribution. Denote the sample mean by X, = n~1! S7i_, Xi. 
Then the pivot random variable of interest is 


_ An 
—a/fn’ 


This random variable plays a key role in obtaining exact procedures for the con- 
fidence interval for 2 and for tests of hypotheses concerning yw. What if X does 
not have a normal distribution? In this case, in Chapter 4, we discussed inference 
procedures, which were quite similar to the exact procedures, but they were based 
on the “approximate” (as the sample size n gets large) distribution of Z,,. 

There are several types of convergence used in statistics, and in this chapter we 
discuss two of the most important: convergence in probability and convergence in 
distribution. These concepts provide structure to the “approximations” discussed 
in Chapter 4. Beyond this, though, these concepts play a crucial role in much of 
statistics and probability. We begin with convergence in probability. 


Zn, 


5.1 Convergence in Probability 


In this section, we formalize a way of saying that a sequence of random variables 
{X,,} is getting “close” to another random variable X, as n — oo. We will use this 
concept throughout the book. 


Definition 5.1.1. Let {X,} be a sequence of random variables and let X be a 
random variable defined on a sample space. We say that X, converges in prob- 
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ability to X if, for alle > 0, 


lim P[|X, — X| > «] =0, 
or equivalently, 
lim P[|X, — X|<«d=1. 


If so, we write 
ee, & 


If X, 4x , we often say that the mass of the difference X,, — X is converging 
to 0. In statistics, often the limiting random variable X is a constant; i.e., X is 
a degenerate random variable with all its mass at some constant a. In this case, 
we write X, 4 @ Also, as Exercise 5.1.1 shows, convergence of the real sequence 
Gn — a is equivalent to an, = a. 

One way of showing convergence in probability is to use Chebyshev’s Theorem 
(1.10.3). An illustration of this is given in the following proof. To emphasize the fact 
that we are working with sequences of random variables, we may place a subscript 
n on random variables, like X to read Xp. 


Theorem 5.1.1 (Weak Law of Large Numbers). Let {X,} be a sequence of tid 
random variables having common mean fp and variance a? < oo. Let Xn = 
ie og ie Then 

Xow 

Proof. From expression (2.8.3) of Example 2.8.1, the mean and variance of X,, are 
y and o?/n, respectively. Hence, by Chebyshev’s Theorem, we have for every € > 0, 


P[Xn— wl > = PlXn ~ nl > (evn/o)(o/Va)] < 5 0. 


This theorem says that all the mass of the distribution of X,, is converging to 1, 
as n — oo. In asense, for n large, Xp, is close to jz. But how close? For instance, if 
we were to estimate pz by X,, what can we say about the error of estimation? We 
answer this in Section 5.3. 

Actually, in a more advanced course, a Strong Law of Large Numbers is proved; 
see page 124 of Chung (1974). One result of this theorem is that we can weaken the 
hypothesis of Theorem 5.1.1 to the assumption that the random variables X; are 
independent and each has finite mean ps. Thus the Strong Law of Large Numbers 
is a first moment theorem, while the Weak Law requires the existence of the second 
moment. 

There are several theorems concerning convergence in probability which will 
be useful in the sequel. Together the next two theorems say that convergence in 
probability is closed under linearity. 


Theorem 5.1.2. Suppose Xn a X and Y;, 2 Y. Then Xn +Yn = X+Y. 
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Proof: Let € > 0 be given. Using the triangle inequality, we can write 


Since P is monotone relative to set containment, we have 


Pl|(Xn + Yn) -— (X+Y)] > €] Pl|Xn—- X|+|¥n —Y| 2 €] 


< 
< Pi x,—A|S e/2)+ Pll = ¥| 2S €72]. 


By the hypothesis of the theorem, the last two terms converge to 0, which gives us 
the desired result. m 


Theorem 5.1.3. Suppose Xn a X anda is a constant. Then aXn = ax. 


Proof: If a = 0, the result is immediate. Suppose a 4 0. Let « > 0. The result 
follows from these equalities: 


PllaXn — aX| 2 e| = Pllal|Xn — X| > €] = P[|Xn — X| 2 €/lal], 


and by hypotheses the last term goes to 0. m 


Theorem 5.1.4. Suppose Xy, *, a and the real function g is continuous ata. Then 
P 
g(Xn) > g(a). 


Proof: Let € > 0. Then since g is continuous at a, there exists a 6 > 0 such that if 
|a — a| < 6, then |g(a) — g(a)| < e. Thus 


lg(x) — g(a)| ze = |a—al > 0. 
Substituting X,, for x in the above implication, we obtain 
Pl|g(Xn) — g(a)| = €] < Pl|Xn — a] > 4). 
By the hypothesis, the last term goes to 0 as n — oo, which gives us the result. @ 


This theorem gives us many useful results. For instance, if X,, ie a, then 


x2 ae a2 
1/Xn x, 1/a, provided a 4 0 
ve, = Va, provided a > 0. 


Actually, in a more advanced class, it is shown that if X, *, X and gisa 


continuous function, then g(X,,) Z g(X); see page 104 of Tucker (1967). We make 
use of this in the next theorem. 


Theorem 5.1.5. Suppose Xn ua X and Y);, = Y. Then XnYn an Ys 
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Proof: Using the above results, we have 


1 1 1 


XnYn = ~X?4=Y2—=(X,-Y,) 
1 1 1 
4 xX? 42y?--(X-YYP=XY. o 
2 ”. 2 


Let us return to our discussion of sampling and statistics. Consider the situation 
where we have a random variable X whose distribution has an unknown parameter 
86 €Q. We seek a statistic based on a sample to estimate 6. In Definition 4.1.3 
of Chapter 4, we defined the property of unbiasedness for an estimator. We now 
introduce consistency: 


Definition 5.1.2 (Consistency). Let X be a random variable with cdf F(x, 0), 
0€Q. Let X1,...,Xp be a sample from the distribution of X and let T,, denote a 
statistic. We say T,, is a consistent estimator of 6 if 


nm 29, 


If X,,...,X, is a random sample from a distribution with finite mean pz and 
variance o”, then by the Weak Law of Large Numbers, the sample mean, Xp, is a 
consistent estimator of ju. 


Example 5.1.1 (Sample Variance). Let X1,...,X, denote a random sample from 
a distribution with mean py and variance 0. In Example 2.8.4, we showed that the 
sample variance is an unbiased estimator of ¢?. We now show that it is a consistent 
estimator of o?. Recall that Theorem 5.1.1 showed that X, ea js. To show that the 
sample variance converges in probability to 0”, assume further that E[X}] < 00, so 
that Var($?) < oo. Using the preceding results, we can show the following: 


1 = = n lic —2 
2 2 2 

= S ae = > X2_X 
Sn n—-1 ( ) (4 : :) 


t=1 


P 2 2 2 
2, 1. [B(X2) — 2] = 0, 
Hence the sample variance is a consistent estimator of ¢?. From the discussion 


above, we have immediately that S,, zs o; that is, the sample standard deviation is 
a consistent estimator of the population standard deviation. m 


Unlike the last example, sometimes we can obtain the convergence by using the 
distribution function. We illustrate this with the following example: 


Example 5.1.2 (Maximum of a Sample from a Uniform Distribution). Suppose 
X1,...,Xp is a random sample from a uniform(0,0) distribution. Suppose 6 is 
unknown. An intuitive estimate of @ is the maximum of the sample. Let Y, = 
max {X1,...,X,}. Exercise 5.1.4 shows that the cdf of Y,, is 


(t)= 4 (4)" O0<t<0 (5.1.1) 
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Hence the pdf of Y;, is 


mim-l Q<ct<é@ 


_l® 
fy, (t) = { 0 elsewhere. (5.1.2) 


Based on its pdf, it is easy to show that E(Y,,) = (n/(n+1))6. Thus, Y,, is a biased 
estimator of 0. Note, however, that ((m + 1)/n)Y, is an unbiased estimator of @. 


Further, based on the cdf of Y;,, it is easily seen that Y,, *6 and, hence, that the 
sample maximum is a consistent estimate of 6. Note that the unbiased estimator, 
((n + 1)/n)¥n, is also consistent. m 


To expand on Example 5.1.2, by the Weak Law of Large Numbers, Theorem 
5.1.1, it follows that X,, is a consistent estimator of 6/2, so 2X, is a consistent 
estimator of @. Note the difference in how we showed that Y,, and 2X y, converge to 
6 in probability. For Y,, we used the cdf of Y,,, but for 2X, we appealed to the Weak 
Law of Large Numbers. In fact, the cdf of 2X, is quite complicated for the uniform 
model. In many situations, the cdf of the statistic cannot be obtained, but we can 
appeal to asymptotic theory to establish the result. There are other estimators of 
0. Which is the “best” estimator? In future chapters we will be concerned with 
such questions. 

Consistency is a very important property for an estimator to have. It is a poor 
estimator that does not approach its target as the sample size gets large. Note that 
the same cannot be said for the property of unbiasedness. For example, instead of 
using the sample variance to estimate 07, suppose we use V = n~! S7i"_, (X;— X)?. 
Then V is consistent for a”, but it is biased, because E(V) = (n — 1)o?/n. Thus 
the bias of V is —o?/n, which vanishes as n — oo. 


EXERCISES 


5.1.1. Let {a,,} be a sequence of real numbers. Hence, we can also say that {a,,} 
is a sequence of constant (degenerate) random variables. Let a be a real number. 


Show that a, — a is equivalent to ay, Bi a. 
5.1.2. Let the random variable Y,, have a distribution that is b(n, p). 


(a) Prove that Y,,/n converges in probability to p. This result is one form of the 
weak law of large numbers. 


(b) Prove that 1 — Y,,/n converges in probability to 1 — p. 
(c) Prove that (Y;,/n)(1 — Y,,/n) converges in probability to p(1 — p). 


5.1.3. Let W,, denote a random variable with mean p and variance b/n?, where 
p > 0, w, and b are constants (not functions of n). Prove that W,, converges in 
probability to pu. 

Hint: Use Chebyshev’s inequality. 


5.1.4. Derive the cdf given in expression (5.1.1). 
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5.1.5. Let X1,...,X, be iid random variables with common pdf 


—(x—86) = 
i t>O@-w<4d<w (5.1.3) 


0 elsewhere. 


This pdf is called the shifted exponential. Let Y,, = min{Xj,...,X,}. Prove 
that Y,, — @ in probability, by first obtaining the cdf of Y;. 


5.1.6. Using the assumptions behind the confidence interval given in expression 


(4.2.9), show that 
pte pel a ae Fa. 
Ny ne Ny ng 


5.1.7. For Exercise 5.1.5, obtain the mean of Y,,. Is Y, an unbiased estimator of 
6? Obtain an unbiased estimator of 6 based on Y,,. 


5.2 Convergence in Distribution 


In the last section, we introduced the concept of convergence in probability. With 
this concept, we can formally say, for instance, that a statistic converges to a pa- 
rameter and, furthermore, in many situations we can show this without having to 
obtain the distribution function of the statistic. But how close is the statistic to the 
estimator? For instance, can we obtain the error of estimation with some credence? 
The method of convergence discussed in this section, in conjunction with earlier 
results, gives us affirmative answers to these questions. 


Definition 5.2.1 (Convergence in Distribution). Let {X,} be a sequence of random 
variables and let X be a random variable. Let Fx, and Fx be, respectively, the cdfs 
of X, and X. Let C(Fx) denote the set of all points where Fx is continuous. We 
say that X,, converges in distribution to X if 
lim Fy, (#) = Fx(a), for alla € C(Fx). 
We denote this convergence by 
eee 


Remark 5.2.1. This material on convergence in probability and in distribution 
comes under what statisticians and probabilists refer to as asymptotic theory. Of- 
ten, we say that the distribution of X is the asymptotic distribution or the 
limiting distribution of the sequence {X,,}. We might even refer informally to 
the asymptotics of certain situations. Moreover, for illustration, instead of saying 


Xn a , where X has a standard normal distribution, we may write 
Xn > N(0,1) 


as an abbreviated way of saying the same thing. Clearly, the right-hand member 
of this last expression is a distribution and not a random variable as it should be, 
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but we will make use of this convention. In addition, we may say that X, has 
a limiting standard normal distribution to mean that Xp, aaa 4 , where X has a 


standard normal random, or equivalently X,, AN. (0,1). = 


Motivation for considering only points of continuity of F'y is given by the fol- 
lowing simple example. Let X,, be a random variable with all its mass at 4 and let 
X be a random variable with all its mass at 0. Then, as Figure 5.2.1 shows, all the 
mass of X,, is converging to 0, i-e., the distribution of X. At the point of disconti- 
nuity of Fy, lim Fx, (0) =0 41 = Fx(0), while at continuity points x of F'y (i-e., 


,« #0), lim Fx, (a) = Fx (x). Hence, according to the definition, X, a ae 


F,,(x) 
A 
1+ EES 
aS > xX 
(0, 0) n! 


Figure 5.2.1: Cdf of X,, which has all its mass at n7!. 


Convergence in probability is a way of saying that a sequence of random variables 
X,, is getting close to another random variable X. On the other hand, convergence 
in distribution is only concerned with the cdfs Fy, and Fx. A simple example 
illustrates this. Let X be a continuous random variable with a pdf fx(x) which 
is symmetric about 0; ie., fx(—x2) = fx(x). Then it is easy to show that the 
density of the random variable —X is also fx (a). Thus, X and —X have the same 
distributions. Define the sequence of random variables X,, as 


—X ifn is even. (5.2.1) 


ee if n is odd 
Clearly, Fx, (~) = Fx (a) for all x in the support of X, so that X, 4X. On the 
other hand, the sequence X,, does not get close to X. In particular, X, A X in 
probability. 
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Example 5.2.1. Let X,, have the cdf 


—nw?/2 dw 


. 1 
F(a) = [| =e 
= |. inv 
If the change of variable v = \/nw is made, we have 


ne 1 


2 
F,(@) = ——e? /* dy. 
(Z) a Be 
It is clear that 
0 Z<O0 
lim F,(Z)=4 4 Z=0 
ee 1 =>0. 


Now the function 


= 0 T<0 
F(z) = { 1 Z>0 
is a cdf and limp—o Fn(%) = F(#) at every point of continuity of F(Z). To be 
sure, limp—oo Fn(0) 4 F(0), but F(Z) is not continuous at TF = 0. Accordingly, the 
sequence X 1, X2,X3,... converges in distribution to a random variable that has a 
degenerate distribution at T= 0. m 


Example 5.2.2. Even if a sequence X, X2, X3,... converges in distribution to a 
random variable X, we cannot in general determine the distribution of X by taking 
the limit of the pmf of X,,. This is illustrated by letting X, have the pmf 


Pr(£) = { 


1 #2=24+n1 
0 elsewhere. 


Clearly, limp—+oopn(x) = 0 for all values of «. This may suggest that X,,, for 
n = 1,2,3,..., does not converge in distribution. However, the cdf of X,, is 


_f 0 «<24+n! 
Fale) = 1 #>24n7}, 


and 


: O° @<2 
lim Fate) ={ os 


Since 


0 «<2 
a { 1 2>2 
is a cdf, and since limp Fn(#) = F(a) at all points of continuity of F'(«), the 
sequence X1, X2, X3,... converges in distribution to a random variable with cdf 
F(a). a 


The last example showed in general that we cannot determine limiting distribu- 
tions by considering pmfs or pdfs. But under certain conditions we can determine 
convergence in distribution by considering the sequence of pdfs as the following 
example shows. 
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Example 5.2.3. Let 7, have a t-distribution with n degrees of freedom, n = 
1,2,3,.... Thus its cdf is 


_ fe Pty 
lt)= fT Ee 


=090 


where the integrand is the pdf f,(y) of T,. Accordingly, 
t t 
lim F,,(¢) = lim fn(y) dy =i lim fn(y) dy, 


by a result in analysis (the Lebesgue Dominated Convergence Theorem) that allows 
us to interchange the order of the limit and integration provided | f,,(y)| is dominated 
by a function which is integrable. This is true because 


lfn(y)| < 10 fi (y) 
and 
: 10 
/ 10fi(y) dy = — arctant < o, 
7 


for all real t. Hence we can find the limiting distribution by finding the limit of the 
pdf of T),. It is 


= to 22ers hae ft 
wee) = tn ee | be eae] 


cin ge (0-2) 


Using the fact from elementary calculus that 


2\n " 
lim (1 + r) =e, 
noo n 
the limit associated with the third factor is clearly the pdf of the standard normal 


distribution. The second limit obviously equals 1. By Remark 5.2.2, the first limit 
also equals 1. Thus, we have 


t 
1 2 
lim F;,(t) -| e 4 /? dy, 
V2n 


noo mie on 
and hence T), has a limiting standard normal distribution. 


Remark 5.2.2 (Stirling’s Formula). In advanced calculus the following approxi- 
mation is derived: 

T(k +1) © VonkhtV2 67k, (5.2.2) 
This is known as Stirling’s formula and it is an excellent approximation when k is 
large. Because [(k +1) = &!, for k an integer, this formula gives one an idea of how 
fast k! grows. As Exercise 5.2.20 shows, this approximation can be used to show 
that the first limit in Example 5.2.3 is 1. m 
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Example 5.2.4 (Maximum of a Sample from a Uniform Distribution, Continued). 
Recall Example 5.1.2, where Xj,...,X,, is a random sample from a uniform(0, 4) 
distribution. Again, let Y, = max{Xj,...,X,}, but now consider the random 
variable Z,, = n(0—Y,,). Let t € (0,n0). Then, using the cdf of Y;,, (5.1.1), the cdf 
of Z, is 


PiZn<t] = P[¥, >0-(é/n)| 


(ee) 
= 1-( -)" 


= Lie 


Note that the last quantity is the cdf of an exponential random variable with mean 
6, (3.3.2). So we would say that Z,, z Z, where Z is distributed exp(0). m 


Remark 5.2.3. To simplify several of the proofs of this section, we make use of 
the lim and lim of a sequence. For readers who are unfamiliar with these concepts, 
we discuss them in Appendix A. In this brief remark, we highlight the properties 
needed for understanding the proofs. Let {a,} be a sequence of real numbers and 
define the two subsequences 


by = Supldyvandiycenh, TS 1) 2, Sean, (5.2.3) 
Cy = MELGn; Ondine} WH 1,2, 34.0: (5.2.4) 


The sequences {b,,} and {c,} are nonincreasing and nondecreasing, respectively. 
Hence their limits always exist (may be +oo) and are denoted respectively by 
limp oo Gn, and lim,,_,., @n- Further, cn < an < bp, for all n. Hence, by the Sand- 
wich Theorem (see Theorem A.2.1 of Appendix A), if lim, ...@n = limn—oo an, 
then limp oo Gn exists and is given by limp. an = Tim, 00 Gn. 

As discussed in Appendix A, several other properties of these concepts are useful. 
For example, suppose {p,} is a sequence of probabilities and lim... Pn = 0. Then, 
by the Sandwich Theorem, since 0 < py < sup{pn,Pn+1,---} for all n, we have 
limp—+oo Pn = 0. Also, for any two sequences {a,,} and {b,,}, it easily follows that 
limn—oo (an or bn) < Titi 5 An + Titi; sss bn. a 


As the following theorem shows, convergence in distribution is weaker than 
convergence in probability. Thus convergence in distribution is often called weak 
convergence. 


Theorem 5.2.1. If X, converges to X in probability, then Xp, converges to X in 
distribution. 


Proof: Let x be a point of continuity of Fx (a). For every € > 0, 


Fx, (x) 


I 


P[Xy, < 2] 
Pl{Xn Sa} N{|Xn— X1< H+ PU Kn Sa} {Xe — X12 4 
PIX <a+e)+Pl|X, — X| > él. 


IA 
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Based on this inequality and the fact that X, 5 x , we see that 
lim Fy, (2) < Fx(x +e). (5.2.5) 


n—-oco 


To get a lower bound, we proceed similarly with the complement to show that 
P[X, > a] < PIX >x-—e4+ Pl|X, — X| > el). 


Hence 
lim Fy, (a) > Fy (x —). (5.2.6) 


Using a relationship between lim and lim, it follows from (5.2.5) and (5.2.6) that 


Fy(x—e) < lim Fx, (x) < lim Fy, (xz) < Fx(x+€). 


n—-oo 


Letting € | 0 gives us the desired result. m 


Reconsider the sequence of random variables { X,, } defined by expression (5.2.1). 


P 
Here, Xp, 2X but Xn # X. So, in general, the converse of the above theorem is 
not true. However, it is true if X is degenerate, as shown by the following theorem. 


Theorem 5.2.2. If X,, converges to the constant b in distribution, then Xp con- 
verges to b in probability. 


Proof: Let € > 0 be given. Then 
lim P[|X, —b| <«]= lim Fx, (b+e)— lim Fx, [(b)-—«)-0] =1-0=1, 


n—-oo 


which is the desired result. m 


A result that will prove quite useful is the following: 


Theorem 5.2.3. Suppose X,, converges to X in distribution and Y;, converges in 
probability to 0. Then X,+ Yn converges to X in distribution. 


The proof is similar to that of Theorem 5.2.2 and is left to Exercise 5.2.12. We 
often use this last result as follows. Suppose it is difficult to show that X,, converges 
to X in distribution, but it is easy to show that Y,, converges in distribution to X 
and that X,, — Y, converges to 0 in probability. Hence, by this last theorem, 
Xn = YV¥n+ (Xn — Yn) 2 X, as desired. 

The next two theorems state general results. A proof of the first result can 
be found in a more advanced text, while the second, Slutsky’s Theorem, follows 
similarly to that of Theorem 5.2.1. 


Theorem 5.2.4. Suppose X, converges to X in distribution and g is a continuous 
function on the support of X. Then g(Xn) converges to g(X) in distribution. 


An often-used application of this theorem occurs when we have a sequence of 
random variables Z,, which converges in distribution to a standard normal random 
variable Z. Because the distribution of Z? is y7(1), it follows by Theorem 5.2.4 
that Z? converges in distribution to a ?(1) distribution. 
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Theorem 5.2.5 (Slutsky’s Theorem). Let X,, X, An, and B,, be random variables 
and let a and b be constants. If Xn 4 X, An a a, and By, En b, then 


At Boy Aga oe 


5.2.1 Bounded in Probability 


Another useful concept, related to convergence in distribution, is boundedness in 
probability of a sequence of random variables. 

First consider any random variable X with cdf F(x). Then given € > 0, we 
can bound X in the following way. Because the lower limit of F’x is 0 and its upper 
limit is 1, we can find 7; and m2 such that 


Fx (x) < €/2 for x < m and F(x) > 1— (€/2) for x > np. 
Let 7 = max{|m|, |72|}, then 
PIX| <4] = Fx(n) — Fx(-0-0) 2 1-(€/2)-(€/2)=1-« (6.2.7) 


Thus random variables which are not bounded [e.g., X is N(0,1)] are still bounded 
in this way. This is a useful concept for sequences of random variables, which we 
define next. 


Definition 5.2.2 (Bounded in Probability). We say that the sequence of random 
variables {X,} is bounded in probability if, for all € > 0, there exist a constant 
B.>0 and an integer N. such that 


n>WN. => P||X,| < B.| >1-e. 


Next, consider a sequence of random variables {X,,} which converge in distribu- 
tion to a random variable X which has cdf F’. Let « > 0 be given and choose 7) so 
that (5.2.7) holds for X. We can always choose 7 so that 7 and —7 are continuity 
points of F’. We then have 


lim P[|X,| <7] = lim Fy, (n)— lim Fx, (—7 — 0) = Fx(n) — Fx(—n) > 1-e. 


To be precise, we can then choose N so large that P[|X,| <7] >1—e, forn> N. 
We have thus proved the following theorem 


Theorem 5.2.6. Let {X,,} be a sequence of random variables and let X be a random 
variable. If X,— X in distribution, then {X,,} is bounded in probability. 


As the following example shows, the converse of this theorem is not true. 


Example 5.2.5. Take {X,,} to be the following sequence of degenerate random 
variables. For n = 2m even, Xam = 2+(1/(2m)) with probability 1. For n = 2m—1 
odd, Xam—1 = 1+(1/(2m)) with probability 1. Then the sequence { X2, X4, X6,...} 
converges in distribution to the degenerate random variable Y = 2, while the se- 
quence {X1, X3, X5,...} converges in distribution to the degenerate random variable 
W = 1. Since the distributions of Y and W are not the same, the sequence {X,,} 
does not converge in distribution. Because all of the mass of the sequence {X,,} is 
in the interval [1, 5/2], however, the sequence {X,,} is bounded in probability. m 
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One way of thinking of a sequence which is bounded in probability (or one which 
is converging to a random variable in distribution) is that the probability mass of 
|X,,| is not escaping to co. At times we can use boundedness in probability instead 
of convergence in distribution. A property we will need later is given in the following 
theorem, 


Theorem 5.2.7. Let {X,,} be a sequence of random variables bounded in probability 
and let {Y,,} be a sequence of random variables which converge to 0 in probability. 
Then 
P 
XnYn — 0. 


Proof: Let € > 0 be given. Choose B, > 0 and an integer N,. such that 
n> WN, => P||X,| < BJ] >l-e. 
Then 
lim [[XnYn| =e] < Jim P(|Xn¥n| > €,|Xn| < Be] 


n—oo 


+ lim Pl|XnYn| > 6, |Xn| > Be] 


IA 


lim P[|¥,| > ¢/B.] +e =e, (5.2.8) 


from which the desired result follows. m 


5.2.2 A-Method 


Recall a common problem discussed in the last three chapters is the situation where 
we know the distribution of a random variable, but we want to determine the 
distribution of a function of it. This is also true in asymptotic theory, and Theorems 
5.2.4 and 5.2.5 are illustrations of this. Another such result is called the A-method. 
To establish this result, we need a convenient form of the mean value theorem 
with remainder, sometimes called Young’s Theorem; see Hardy (1992) or Lehmann 
(1999). Suppose g(x) is differentiable at x. Then we can write 


gy) = g(x) + g'(x)(y — 2) + o(ly — a)), (5.2.9) 
where the notation o means 
a = o(b) if and only if $ — 0, as b > 0. 


The lttle-o notation is used in terms of convergence in probability, also. We 
often write o,(X,,), which means 


Yn, = 0p(Xn) if and only if % 4 0, as n > ov. (5.2.10) 
There is a corresponding O, notation, which is given by 
Y, = O,(X,) if and only if a is bounded in probability asn — 00. (5.2.11) 


The following theorem illustrates the little-o notation, but it also serves as a 
lemma for Theorem 5.2.9. 
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Theorem 5.2.8. Suppose {Y,,} is a sequence of random variables which is bounded 


in probability. Suppose X, =0,(Y,). Then Xp, i 0, asn— o. 


Proof: Let « > 0 be given. Because the sequence {Y,,} is bounded in probability, 
there exist positive constants NV, and B, such that 


n>N. => PllYn| < BJ >1-e. (5.2.12) 


Also, because Xp, = 0p(Yn), we have 


= +, 6, (5.2.13) 
as n — oo. We then have 
PU|Xn| > €] = Pl|Xn| =, |¥n| < B,| + P| Xal 2 6 Yul > Be 
Xe € 
< =. Py, Bas 
< pl Tt > E] +P iivl> By 


By (5.2.13) and (5.2.12), respectively, the first and second terms on the right side 
can be made arbitrarily small by choosing n sufficiently large. Hence the result is 
true. Hf 

We can now prove the theorem about the asymptotic procedure, which is often 


called the A method. 
Theorem 5.2.9. Let {X,,} be a sequence of random variables such that 
Vn(Xn — 0) > N(0, 0°). (5.2.14) 

Suppose the function g(x) is differentiable at 0 and g'(0) £0. Then 

Vilg(Xn) ~ 9(0)) + N(0,07(4'(0))?). (5.2.15) 
Proof: Using expression (5.2.9), we have 

9(Xn) = 9(8) + 9'(9)(Xn — 9) + Op(|Xn — 4]), 
where o, is interpreted as in (5.2.10). Rearranging, we have 
Vn(g(Xn) — 9(9)) = 9 (A)Vn(Xn — 8) + p(n] Xn — 9)). 

Because (5.2.14) holds, Theorem 5.2.6 implies that \/n|X,, — 9| is bounded in prob- 


ability. Therefore, by Theorem 5.2.8, op(./n|X,, — 6|) — 0, in probability. Hence, 
by (5.2.14) and Theorem 5.2.1, the result follows. m 


Illustrations of the A-method can be found in Example 5.2.8 and the exercises. 
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5.2.3. Moment Generating Function Technique 


To find the limiting distribution function of a random variable X, by using the 
definition obviously requires that we know F'x, (x) for each positive integer n. But 
it is often difficult to obtain Fx, (a) in closed form. Fortunately, if it exists, the 
megf that corresponds to the cdf Fx, (x) often provides a convenient method of 
determining the limiting cdf. 

The following theorem, which is essentially Curtiss’ (1942) modification of a 
theorem of Lévy and Cramér, explains how the mgf may be used in problems of 
limiting distributions. A proof of the theorem is beyond of the scope of this book. It 
can readily be found in more advanced books; see, for instance, page 171 of Breiman 
(1968) for a proof based on characteristic functions. 


Theorem 5.2.10. Let {X,,} be a sequence of random variables with mgf Mx, (t) 
that exists for -—h <t <h for alln. Let X be a random variable with mgf M(t), 
which exists for |t] < hy < h. If limps. Mx, (t) = M(t) for |t| < hi, then 
D 
Xn X. 
In this and the subsequent sections are several illustrations of the use of Theorem 


5.2.10. In some of these examples it is convenient to use a certain limit that is 
established in some courses in advanced calculus. We refer to a limit of the form 


| b oy”, 


where 6 and ¢ do not depend upon n and where lim,—.o. U(n) = 0. Then 


lim E rare at 
noo n van n—-oo 


b cn 
= lim (1 + -) =e, (5.2.16) 
nr 


For example, 


t? t? —n/2 t? t2 —n/2 
lim (1-= +=) = lim (1-4 A) : 
nr mr Tr 


n 


Here b = —t?,c = —4, and 7(n) = t?/V/n. Accordingly, for every fixed value of t, 
the limit is e/?. 
Example 5.2.6. Let Y,, have a distribution that is b(n, p). Suppose that the mean 
js = np is the same for every n; that is, p = u/n, where yz is a constant. We shall 
find the limiting distribution of the binomial distribution, when p = p/n, by finding 
the limit of My, (t). Now 

esi)" 

My, (t) = B(e™) = [01 ~ p) + pet" = [t+ AO) 


n 
for all real values of t. Hence we have 


lim My, (t) = e#(e-) 
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for all real values of t. Since there exists a distribution, namely the Poisson distribu- 
tion with mean p, that has mgf en(er—1) then, in accordance with the theorem and 
under the conditions stated, it is seen that Y,, has a limiting Poisson distribution 
with mean jp. 

Whenever a random variable has a limiting distribution, we may, if we wish, use 
the limiting distribution as an approximation to the exact distribution function. The 
result of this example enables us to use the Poisson distribution as an approximation 
to the binomial distribution when n is large and p is small. To illustrate the use 
of the approximation, let Y have a binomial distribution with n = 50 and p = x: 
Then 

Pr(Y¥ <1) = (33)°° + 50(#&)(33)*° = 0.400, 


approximately. Since pp = np = 2, the Poisson approximation to this probability is 
e-?+2e77 = 0.406. m 
Example 5.2.7. Let Z,, be x?(n). Then the mef of Z,, is (1—2t)~"/?, t < 4. The 


mean and the variance of Z,, are, respectively, n and 2n. The limiting distribution 
of the random variable Y,, = (Z, — n)/V2n will be investigated. Now the mef of 


¥,. 18 
Zn—n 
My, (t) = E t 
0 = B{ool'(Se*)]] 
etn V2 Fr et Zn/-V2n) 


—n/2 
2 t 2 
2 es fa | (ee), gees 
n 2 J/2n 2 
This may be written in the form 
baal 
’ 2° 


2 
My, (t) = (" AD. uf2e 7) 
n 


In accordance with Taylor’s formula, there exists a number €(n), between 0 and 
t,/2/n, such that 


2 3 
t./Bn [2 1 [2 e(") 2 
e =14+t/—+=[t/—] + dif — |. 
n 2 n 6 n 


If this sum is substituted for e'V?/” in the last expression for My, (t), it is seen that 


mitt) = (1-24 HO) 


—n/2 


nm nm 


where 


3/n Jn 3n 


J2Be&™  /2 — 2t4e&(™) 
v(n) = 2 ) 
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Since £(n) — 0 as n — ov, then lim ¢(n) = 0 for every fixed value of t. In accordance 
with the limit proposition cited earlier in this section, we have 


lim My. (t) =e" /? 


for all real values of t. That is, the random variable Y, = (Z, — n)/V2n has a 
limiting standard normal distribution. m 


Example 5.2.8 (Example 5.2.7, Continued). In the notation of the last example, 
we showed that i 7 
D 
n |—=-Zy — —| — N(0,1). 5.2.17 
vii| Zn ~ Ze] % (011) (5.217) 
For this situation, though, there are times when we are interested in the square 
root of Z,. Let g(t) = Vé and let W, = g(Zn/(V2n)) = (Zn/(W2n))1/2. Note that 
g(1/V2) = 1/2'/4 and g'(1//2) = 2-3/4. Therefore, by the A-method, Theorem 
5.2.9, and (5.2.17), we have 


Vii [Wn 1/21/4] 2 n(o,2-3/2). (5.2.18) 


EXERCISES 


5.2.1. Let X,, denote the mean of a random sample of size n from a distribution 
that is N(y,07). Find the limiting distribution of Xp. 


5.2.2. Let Y; denote the minimum of a random sample of size n from a distribution 
that has pdf f(r) = e~*-®), @ < x < oo, zero elsewhere. Let Z, = n(Yi — 8). 
Investigate the limiting distribution of Z,,. 


5.2.3. Let Y,, denote the maximum of a random sample of size n from a distribution 
of the continuous type that has cdf F(a) and pdf f(#) = F’(#). Find the limiting 
distribution of Z, = n[1 — F(Y,)]. 


5.2.4. Let Y2 denote the second smallest item of a random sample of size n from a 
distribution of the continuous type that has cdf F(a) and pdf f(#) = F’(a). Find 
the limiting distribution of W,, = nF(Y2). 


5.2.5. Let the pmf of Y,, be pn(y) = 1, y = n, zero elsewhere. Show that Y,, does 
not have a limiting distribution. (In this case, the probability has “escaped” to 
infinity. ) 


5.2.6. Let X1, X2,...,X» be a random sample of size n from a distribution that is 
N(, 07), where o? > 0. Show that the sum Z,, = }7/ X; does not have a limiting 
distribution. 


5.2.7. Let X, have a gamma distribution with parameter a = n and (3, where £ is 
not a function of n. Let Y, = X,,/n. Find the limiting distribution of Y,. 


5.2.8. Let Z,, be x?(n) and let W, = Z,/n?. Find the limiting distribution of W,. 
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5.2.9. Let X be x7(50). Approximate P(40 < X < 60). 


5.2.10. Let p = 0.95 be the probability that a man, in a certain age group, lives at 
least 5 years. 


(a) If we are to observe 60 such men and if we assume independence, find the 
probability that at least 56 of them live 5 or more years. 


(b) Find an approximation to the result of part (a) by using the Poisson distri- 
bution. 
Hint: Redefine p to be 0.05 and 1 — p= 0.95. 


5.2.11. Let the random variable Z,, have a Poisson distribution with parameter 
ju =n. Show that the limiting distribution of the random variable Y,, = (Zn—n)/./n 
is normal with mean zero and variance 1. 


5.2.12. Prove Theorem 5.2.3. 


5.2.13. Let X, and Y, have a bivariate normal distribution with parameters 
[1, M2,07,0% (free of n) but p = 1—1/n. Consider the conditional distribution 
of Y,, given X,, = x. Investigate the limit of this conditional distribution as n— oo. 
What is the limiting distribution if p = —1+1/n? Reference to these facts is made 
in the remark of Section 2.4. 


5.2.14. Let X,, denote the mean of a random sample of size n from a Poisson 
distribution with parameter yp = 1. 


(a) Show that the mgf of Y, = /n(Xn — p)/o = Vn(X,, — 1) is given by 
exp[—t/n + n(et/v™ — 1)]. 


(b) Investigate the limiting distribution of Y,, as n— oo. 
Hint: Replace, by its MacLaurin’s series, the expression e*/ Vv” which is in the 
exponent of the mef of Y,. 


5.2.15. Using Exercise 5.2.14 and the A-method, find the limiting distribution of 
Jn(/Xn— 1). 


5.2.16. Let X,, denote the mean of a random sample of size n from a distribution 
that has pdf f(a) = e~*, 0 < x < ~, zero elsewhere. 


(a) Show that the mef My, (t) of Y, = /n(Xn — 1) is 


My,,(t) = [e/Y™ — (t/Vnje/V"]™, tb < Vin. 


(b) Find the limiting distribution of Y,, as m— oo. 


Exercises 5.2.14 and 5.2.16 are special instances of an important theorem that will 
be proved in the next section. 


5.2.17. Continuing with Exercise 5.2.16, use the A-method to find the limiting 


distribution of /n(V/ Xn — 1). 
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5.2.18. Let Yi < Yo <--- < Y, be the order statistics of a random sample (see 
Section 5.2) from a distribution with pdf f(x) = e~” ,0 < x < co, zero elsewhere. 
Determine the limiting distribution of Z,, = (Y;, — log 7). 


5.2.19. Let Yi < Yo <--- < Y, be the order statistics of a random sample (see 
Section 5.2) from a distribution with pdf f(x) = 5x2+,0 < x < 1,zero elsewhere. 
Find p so that Z,, = n?Y, converges in distribution. 


5.2.20. Use Stirling’s formula, (5.2.2), to show that the first limit in Example 5.2.3 
is l. 


5.3. Central Limit Theorem 


It was seen in Section 3.4 that if X1, X2,...,X» is arandom sample from a normal 
distribution with mean pz and variance o”, the random variable 


Dexia — ¥n(Xn—H) 
o/n o 


is, for every positive integer n, normally distributed with zero mean and unit vari- 
ance. In probability theory there is a very elegant theorem called the Central 
Limit Theorem (CLT). A special case of this theorem asserts the remarkable and 
important fact that if X,, X2,...,X, denote the observations of a random sample 
of size n from any distribution having finite variance 0? > 0 (and hence finite mean 
), then the random variable /n(X pn, — )/o converges in distribution to a random 
variable having a standard normal distribution. Thus, whenever the conditions of 
the theorem are satisfied, for large n the random variable /n(X,, — )/o has an 
approximate normal distribution with mean zero and variance 1. It is then possible 
to use this approximate normal distribution to compute approximate probabilities 
concerning X. 

We often use the notation “Y,, has a limiting standard normal distribution” to 
mean that Y,, converges in distribution to a standard normal random variable; see 
Remark 5.2.1. 

The more general form of the theorem is stated, but it is proved only in the 
modified case. However, this is exactly the proof of the theorem that would be 
given if we could use the characteristic function in place of the mef. 


Theorem 5.3.1 (Central Limit Theorem). Let X1, X2,...,X, denote the observa- 
tions of a random sample from a distribution that has mean tt and positive variance 
o?. Then the random variable Y, = (0;_, Xi — np)/Vno = V/n(Xn — w)/o con- 
verges in distribution to a random variable which has a normal distribution with 
mean zero and variance 1. 


Proof: For this proof, additionally assume that the mgf M(t) = E(e'*) exists for 
—h<t<h. If one replaces the mgf by the characteristic function y(t) = E(e’*), 
which always exists, then our proof is essentially the same as the proof in a more 
advanced course which uses characteristic functions. 
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The function 
m(t) = Ele*“*-)] = e-“*M(t) 


also exists for —h < t < h. Since m(t) is the mgf for X — y, it must follow that 
m(0) = 1, m’(0) = E(X — p) = 0, and m"(0) = E[(X — p)?] = o?. By Taylor’s 
formula there exists a number € between 0 and ¢ such that 


m(t) = m(0) + m'(oyr + EOF 
_ 1. moe 


If o?t?/2 is added and subtracted, then 


m(t) eae pee ot? ai [m'"(€) a al 


5 5 (5.3.1) 


Next consider M(t;n), where 


(2) 
B exp (5 

adc cay 
(ata) Main 


In equation (5.3.1), replace t by t/o,/n to obtain 


m( t )- t? | [m"(§) — 0° |t? 


M(t; n) 


i 
es) 
oO 
Ea 
ue) 
as: 
if 
3\s 
| 
=I 
5 


| 
es) 


I 


— (4 
. 2n + 2no? 


where now € is between 0 and t/o./n with —ha./n <t < ho./n. Accordingly, 


Te ee 


2n 2no? 


Since m’(t) is continuous at t = 0 and since +0 as n— 00, we have 


lim [m"(€) — 07] = 0. 


n—oco 


The limit proposition (5.2.16) cited in Section 5.2 shows that 


’ 


lim M(t;n) = et /? 
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for all real values of t. This proves that the random variable Y, = /n(Xn — ")/o 
has a limiting standard normal distribution. m 


As cited in Remark 5.2.1, we say that Y,, has a limiting standard normal distri- 
bution. We interpret this theorem as saying that when n is a large, fixed positive 
integer, the random variable X has an approximate normal distribution with mean 
and variance o7/n; and in applications we often use the approximate normal pdf 
as though it were the exact pdf of X. 


Example 5.3.1 (Large Sample Inference for yw). Let X1,X2,...,Xn be a ran- 
dom sample from a distribution with mean py and variance 07, where pz and o? 
are unknown. Let X and S be the sample mean and sample standard deviation, 
respectively. In Examples 4.2.2 and 4.5.3 of Chapter 4, we presented large sample 
confidence intervals and tests for w. These were based on the fact that 


xu 
S//n 


To see this, write the left side as 


2, N(O,1). (5.3.2) 


Xf 2 (X — p) 
S//n S/ afVJ/n 
Example 5.1.1 shows that S converges in probability to o and, hence, by the the- 


orems of Section 5.2, that o/S converges in probability to 1. The result (5.3.2) 
follows from the CLT and Slutsky’s Theorem, Theorem 5.2.5. m 


Some illustrative examples, here and below, help show the importance of this 
version of the CLT. 


Example 5.3.2. Let X denote the mean of a random sample of size 75 from the 
distribution that has the pdf 


fe) = { 1 O<e¢<1 


0 elsewhere. 


For this situation, it can be shown that the pdf of X, g(%), has a graph when 
0 < & < 1 that is composed of arcs of 75 different polynomials of degree 74. The 
computation of such a probability as P(0.45 < X < 0.55) would be extremely 
laborious. The conditions of the theorem are satisfied, since M(t) exists for all real 


values of t. Moreover, 4 = 4 and 0? = > so that we have approximately 


p |vn0.45 =n) — Vn(X =H) _ vn(0.55 = p) 
P[-1.5 < 30(X — 0.5) < 1.5] 
0.866, 


P(0.45 < X < 0.55) 


l| 


I 


2 


from Table III in Appendix C. m 
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Example 5.3.3 (Normal Approximation to the Binomial Distribution). Suppose 
that X1, X2,...,X, is a random sample from a distribution that is b(1,p). Here 
=p, 0? = p(1—p), and M(t) exists for all real values of t. If ¥, = X1+---+Xn, 
it is known that Y,, is b(n,p). Calculations of probabilities for Y,,, when we do 
not use the Poisson approximation, are simplified by making use of the fact that 
(Yn — np)/\/np( — p) = V/n(Xn — p)/Vp(1 — p) = Vn(Xn — p)/o has a limiting 
distribution that is normal with mean zero and variance 1. 

Frequently, statisticians say that Y,,, or more simply Y, has an approximate 
normal distribution with mean np and variance np(1— p). Even with n as small 
as 10, with p = = so that the binomial distribution is symmetric about np = 5, 
we note in Figure 5.3.1 how well the normal distribution, N(5, 3), fits the binomial 
distribution, b(10, 4), where the heights of the rectangles represent the probabilities 
of the respective integers 0,1,2,...,10. Note that the area of the rectangle whose 
base is (k — 0.5,4 + 0.5) and the area under the normal pdf between k — 0.5 and 
k+0.5 are approximately equal for each k = 0,1,2,...,10, even with n = 10. This 
example should help the reader understand Example 5.3.4. @ 


0.25 = 


Figure 5.3.1: The b (10,4) pmf overlaid by the N (5,2) pdf. 


Example 5.3.4. With the background of Example 5.3.3, let n = 100 and p = 4, 
and suppose that we wish to compute P(Y = 48, 49,50,51,52). Since Y is a random 
variable of the discrete type, {Y = 48, 49,50,51,52} and {47.5 < Y < 52.5} are 
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equivalent events. That is, P(Y = 48,49,50,51,52) = P(47.5 < Y < 52.5). Since 
np = 50 and np(1 — p) = 25, the latter probability may be written 


P(47.5 <Y¥ <52.5) = 


47.5—50  Y—50 | 52.5—50 
P| —< < —— 
5 5 5 


= p(-05 <==" <os). 


Since (Y — 50)/5 has an approximate normal distribution with mean zero and vari- 
ance 1, Table III show this probability to be approximately 0.382. 

The convention of selecting the event 47.5 < Y < 52.5, instead of another event, 
say, 47.8 < Y < 52.3, as the event equivalent to the event Y = 48, 49,50, 51,52 
seems to have originated as: The probability, P(Y = 48,49,50,51,52), can be 
interpreted as the sum of five rectangular areas where the rectangles have widths 
1 but the heights are, respectively, P(Y = 48),...,P(Y = 52). If these rectangles 
are so located that the midpoints of their bases are, respectively, at the points 
48,49,...,52 on a horizontal axis, then in approximating the sum of these areas 
by an area bounded by the horizontal axis, the graph of a normal pdf, and two 
ordinates, it seems reasonable to take the two ordinates at the points 47.5 and 52.5. 
This is called the continuity correction. & 


We next present two examples concerning large sample inference for proportions. 


Example 5.3.5 (Large Sample Inference for Proportions). Let X 1, X2,...,Xn be 
a random sample from a Bernoulli distribution with p as the probability of success. 
Let p be the sample proportion of successes. Then p = X. In Examples 4.2.3 and 
4.5.2 of Chapter 4, we presented large sample confidence intervals and tests for p. 
A fact used in these derivations is 


2, N(0,1). (5.3.3) 


This is readily established by using the CLT and the same reasoning as in Example 
5.3.1; see Exercise 5.3.13. m 


Example 5.3.6 (Large Sample Inference for x?-Tests). Another extension of Ex- 
ample 5.3.3 that was used in Section 4.7 follows quickly from the Central Limit 
Theorem and Theorem 5.2.4. Using the notation of Example 5.3.3, suppose Y;, 
has a binomial distribution with parameters n and p. Then, as in Example 5.3.3, 
(Yn — np)/./np(1 — p) converges in distribution to a random variable Z with the 
N(0,1) distribution. Hence, by Theorem 5.2.4, 


(a= Bt), (5.3.4) 


np(1 — p 


This was the result referenced in Chapter 4; see expression (4.7.1). ™ 
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We know that X and >>) X; have approximately normal distributions, provided 
that n is large enough. Later, we find that other statistics also have approximate 
normal distributions, and this is the reason that the normal distribution is so impor- 
tant to statisticians. That is, while not many underlying distributions are normal, 
the distributions of statistics calculated from random samples arising from these 
distributions are often very close to being normal. 

Frequently, we are interested in functions of statistics that have approximately 
normal distributions. To illustrate, consider the sequence of random variable Y,, of 
Example 5.3.3. As discussed there, Y,, has an approximate N[np,np(1— p)]. So 
np(1 — p) is an important function of p, as it is the variance of Y,. Thus, if p is 
unknown, we might want to estimate the variance of Y,,. Since E(Y,,/n) = p, we 
might use n(Y;,/n)(1— Y,/n) as such an estimator and would want to know some- 
thing about the latter’s distribution. In particular, does it also have an approximate 
normal distribution? If so, what are its mean and variance? To answer questions 
like these, we can apply the A-method, Theorem 5.2.9. 

As an illustration of the A-method, we consider a function of the sample mean. 
We know that X,, converges in probability to and X,, is approximately N(p, 0?/n). 
Suppose that we are interested in a function of X,,, say u(X,,), where u is differen- 
tiable at yz and u’() #0. By Theorem 5.2.9, u(X,,) is approximately distributed 
as N{u(), [u’()]?0?/n}. More formally, we could say that 


u(Xn) a u(y) 
[u’(u) Po? /n 


has a limiting standard normal distribution. 


Example 5.3.7. Let Y,, (or Y for simplicity) be b(n, p). Thus, Y/n is approximately 
N{p, p(1 — p)/n]. Statisticians often look for functions of statistics whose variances 
do not depend upon the parameter. Here the variance of Y/n depends upon p. Can 
we find a function, say u(Y/n), whose variance is essentially free of p? Since Y/n 
converges in probability to p, we can approximate u(Y/n) by the first two terms of 
its Taylor’s expansion about p, namely, by 


“ (=) a (=) = u(p) + (= -») u'(p). 


Of course, v(Y/n) is a linear function of Y/n and thus also has an approximate 
normal distribution; clearly, it has mean u(p) and variance 


fu! (py PPE), 


But it is the latter that we want to be essentially free of p; thus, we set it equal to 
a constant, obtaining the differential equation 


ul (p) = ——=. 
Vp(l — p) 
A solution of this is 
u(p) = (2c) aresin \/p. 
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If we take c = $, we have, since u(Y/n) is approximately equal to v(Y/n), that 


(=) 7 
Ul — = arcsin 4 / — 
mr nm 


has an approximate normal distribution with mean arcsin ,/p and variance 1/4n, 
which is free of p. m 


EXERCISES 


5.3.1. Let X denote the mean of a random sample of size 100 from a distribution 
that is y2(50). Compute an approximate value of P(49 < X < 51). 


5.3.2. Let X denote the mean of a random sample of size 128 from a gamma 
distribution with a = 2 and @ = 4. Approximate P(7 < X < 9). 


5.3.3. Let Y be 6(72,4). Approximate P(22 < Y < 28). 


5.3.4. Compute an approximate probability that the mean of a random sample of 
size 15 from a distribution having pdf f(x) = 3x7, 0 < x < 1, zero elsewhere, is 
between 3 and z. 


5.3.5. Let Y denote the sum of the observations of a random sample of size 12 from 
a distribution having pmf p(x) = z x =1,2,3,4,5,6, zero elsewhere. Compute an 
approximate value of P(36 < Y < 48). 

Hint: Since the event of interest is Y = 36,37,...,48, rewrite the probability as 
P(35.5 << Y < 48.5). 


5.3.6. Let Y be b(400, +). Compute an approximate value of P(0.25 < Y/400). 
5.3.7. If Y is b(100, 5), approximate the value of P(Y = 50). 


5.3.8. Let Y be b(n, 0.55). Find the smallest value of n which is such that (approx- 
imately) P(Y/n > 4) > 0.95. 


5.3.9. Let f(x) = 1/27, 1 < x < ov, zero elsewhere, be the pdf of a random 
variable X. Consider a random sample of size 72 from the distribution having this 
pdf. Compute approximately the probability that more than 50 of the observations 
of the random sample are less than 3. 


5.3.10. Forty-eight measurements are recorded to several decimal places. Each of 
these 48 numbers is rounded off to the nearest integer. The sum of the original 48 
numbers is approximated by the sum of these integers. If we assume that the errors 
made by rounding off are iid and have a uniform distribution over the interval 
(-4, 4), compute approximately the probability that the sum of the integers is 
within two units of the true sum. 


5.3.11. We know that X is approximately N(j,07/n) for large n. Find the ap- 
proximate distribution of u(X) = x. provided that up 4 0. 
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5.3.12. Let X,, Xo,..., Xn be a random sample from a Poisson distribution with 
mean pt. Thus, Y = >>", X; has a Poisson distribution with mean nu. Moreover, 
X =Y/n is approximately N(, u/n) for large n. Show that u(Y/n) = /Y/n is a 
function of Y/n whose variance is essentially free of ju. 


5.3.13. Using the notation of Example 5.3.5, show that equation (5.3.3) is true. 


5.4 *Extensions to Multivariate Distributions 


In this section, we briefly discuss asymptotic concepts for sequences of random 
vectors. The concepts introduced for univariate random variables generalize in a 
straightforward manner to the multivariate case. Our development is brief, and 
the interested reader can consult more advanced texts for more depth; see Serfling 
(1980). 

We need some notation. For a vector v € R?, recall that Euclidean norm of v 
is defined to be 


(5.4.1) 


This norm satisfies the usual three properties given by 


(a) For all v € R?, ||v|| > 0, and ||v|| = 0 if and only if v = 0. 
(b) For all v € R? and ae R, |lav|| = |a|||v|. (5.4.2) 
(c) For all v,ue RP, lu+ vil < [lull + [lvll- 


Denote the standard basis of R? by the vectors e1,...,€,, where all the components 
of e; are 0 except for the ith component, which is 1. Then we can always write any 
vector v’ = (v1,...,Up) as 


P 
v= a Uj{Ej. 
i=1 
The following lemma will be useful: 
Lemma 5.4.1. Let v! = (v1,...,Up) be any vector in R?. Then 
lvy| <IIvll< Soleil, for all j=1,...,p. (5.4.3) 


i=l 


Proof: Note that for all 7, 
p 
u} < Sov? = |Ivl?: 
i=1 


hence, taking the square root of this equality leads to the first part of the desired 
inequality. The second part is 


p 
y Vii 
i=1 


IIvl| = 


P P 
< So luilllel| = So lvl. 
i=1 i=1 
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Let {X,,} denote a sequence of p-dimensional vectors. Because the absolute 
value is the Euclidean norm in R?, the definition of convergence in probability for 
random vectors is an immediate generalization: 


Definition 5.4.1. Let {X,,} be a sequence of p-dimensional vectors and let X be a 
random vector, all defined on the same sample space. We say that {X,,} converges 
in probability to X if 

jim, P{||X, — X|| > €] = 0, (5.4.4) 


for alle > 0. As in the univariate case, we write X» ba 


As the next theorem shows, convergence in probability of vectors is equivalent 
to componentwise convergence in probability. 


Theorem 5.4.1. Let {X,,} be a sequence of p-dimensional vectors and let X be a 
random vector, all defined on the same sample space. Then 


Xn 5% if and only if Xnj aie a for all j =1,...,p. 
Proof: This follows immediately from Lemma 5.4.1. Suppose X,, +X. For any Jj, 
from the first part of the inequality (5.4.3), we have, for « > 0, 
€ S |Xnj — Xj] < ||Kn — XI]. 


Hence 
Timn—ooP[|Xnj — Xj| > J < limn+eoP[||Kn — X|| > €] = 0, 


which is the desired result. 
Conversely, if Xn; Ea X; for all 7 = 1,...,p, then by the second part of the 
inequality (5.4.3), 


Pp 
€< [Kn — XI < So |Xng — X51, 


i=l 


for any € > 0. Hence 


limnooP[||[Kn — X|| > 4] 


IA 


Pp 


j=l 


Pp 
< Clim, 5.0P[|Xnj — X;| > /p] = 0. 
j=l 


Based on this result, many of the theorems involving convergence in probability 
can easily be extended to the multivariate setting. Some of these results are given 
in the exercises. This is true of statistical results, too. For example, in Section 
5.2, we showed that if X1,...,X, is a random sample from the distribution of a 
random variable X with mean, 1, and variance, a7, then X,, and S? are consistent 
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estimates of jz and o?. By the last theorem, we have that (X,, $2) is a consistent 
estimate of (1,07). 

As another simple application, consider the multivariate analog of the sample 
mean and sample variance. Let {X,,} be a sequence of iid random vectors with 
common mean vector and variance-covariance matrix 4. Denote the vector of 
means by 


_ Li 
Xn == a (5.4.5) 
Of course, X,, is just the vector of sample means, (X1,...,X»)/. By the Weak Law 
of Large Numbers, Theorem 5.1.1, Xx; — pj, in probability, for each 7. Hence, by 
Theorem 5.4.1, X, — p, in probability. 
How about the analog of the sample variances? Let X; = (Xi1,..., Xip)’. Define 
the sample variances and covariances by 


1 


2 = en NA —— 
rae par as for j =1,...,p, (5.4.6) 
tL = = 
Se = ad Dg Kis — Xi) Xue — Xe), for j Ak=1,...,p. (5.4.7) 


Assuming finite fourth moments, the Weak Law of Large Numbers shows that all 
these componentwise sample variances and sample covariances converge in proba- 
bility to distribution variances and covariances, respectively. As in our discussion 
after the Weak Law of Large Numbers, the Strong Law of Large Numbers implies 
that this convergence is true under the weaker assumption of the existance of finite 
second moments. If we define the p x p matrix S to be the matrix with the jth 
diagonal entry S? i and (j,k)th entry S;,,j,, then S — &, in probability. 

The definition of convergence in distribution remains the same. We state it here 
in terms of vector notation. 


Definition 5.4.2. Let {X,,} be a sequence of random vectors with X, having dis- 
tribution function F;,(x) and X be a random vector with distribution function F(x). 
Then {X,,} converges in distribution to X if 


Jim, F(x) = F(x), (5.4.8) 


for all points x at which F(x) is continuous. We write Xy, = x, 


In the multivariate case, there are analogs to many of the theorems in Section 
5.2. We state two important theorems without proof. 


Theorem 5.4.2. Let {X,,} be a sequence of random vectors which converge in 
distribution to a random vector X and let g(x) be a function which is continuous 
on the support of X. Then g(X,) converges in distribution to g(X). 


We can apply this theorem to show that convergence in distribution implies 
marginal convergence. Simply take g(x) = x;, where x = (a,...,@p)/. Since g is 
continuous, the desired result follows. 
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It is often difficult to determine convergence in distribution by using the defini- 
tion. As in the univariate case, convergence in distribution is equivalent to conver- 
gence of moment generating functions, which we state in the following theorem. 


Theorem 5.4.3. Let {X,,} be a sequence of random vectors with X», having distri- 
bution function F,,(x) and moment generating function M,,(t). Let X be a random 
vector with distribution function F(x) and moment generating function M(t). Then 
{X,,} converges in distribution to X if and only if, for some h > 0, 


lim Mn(t) = M(t), (5.4.9) 


for all t such that ||t|| < h. 


The proof of this theorem can be found in more advanced books; see, for in- 
stance, Tucker (1967). Also, the usual proof is for characteristic functions instead 
of moment generating functions. As we mentioned previously, characteristic func- 
tions always exist, so convergence in distribution is completely characterized by 
convergence of corresponding characteristic functions. 

The moment generating function of X,, is E[exp{t’X,,}]. Note that t’X, isa 
random variable. We can frequently use this and univariate theory to derive results 
in the multivariate case. A perfect example of this is the multivariate central limit 
theorem. 


Theorem 5.4.4 (Multivariate Central Limit Theorem). Let {X,,} be a sequence of 
tid random vectors with common mean vector and variance-covariance matrix X 
which is positive definite. Assume the common moment generating function M(t) 
exists in an open neighborhood of 0. Let 


= Ku) = va p), 


Then Y,, converges in distribution to a N,(0,&) distribution. 


Proof: Let t € R? be a vector in the stipulated neighborhood of 0. The moment 
generating function of Y,, is 


M,,(t) 


I 
es) 


I 
es) 


(5.4.10) 


where W; = t’(X; — yw). Note that W1,...,W, are iid with mean 0 and variance 
Var(W;) = t’=t. Hence, by the simple Central Limit Theorem, 


> W; > N(0,t’=t). (5.4.11) 


318 Consistency and Limiting Distributions 


Expression (5.4.10), though, is the mgf of (1/\/n) )7"_, W; evaluated at 1. There- 
fore, by (5.4.11), we must have 


1 = Qa/ , 
M,,(t) = E |exp ¢ (1) = Y°W, $| et € Bt/? = eh Bt/2, 
omy 
Because the last quantity is the moment generating function of a N,(0,™) distri- 


bution, we have the desired result. m 


Suppose X,,Xo2,...,X, is a random sample from a distribution with mean 
vector yz and variance-covariance matrix ©. Let X,, be the vector of sample means. 
Then, from the Central Limit Theorem, we say that 


X,, has an approximate N, (He, +3) distribution. (5.4.12) 


A result that we use frequently concerns linear transformations. Its proof is 
obtained by using moment generating functions and is left as an exercise. 


Theorem 5.4.5. Let {X,,} be a sequence of p-dimensional random vectors. Suppose 
Xn 2 N(w,h). Let A be an m x p matrix of constants and let b be an m- 
dimensional vector of constants. Then AX, +b 4, N(Ap+b,ADA’). 


A result that will prove to be quite useful is the extension of the A-method; see 
Theorem 5.2.9. A proof can be found in Chapter 3 of Serfling (1980). 


Theorem 5.4.6. Let {X,,} be a sequence of p-dimensional random vectors. Suppose 


Vii(Xn — Hp) > Np (0, B). 


Let g be a transformation g(x) = (g1(x),.--,gn(x))’ such that 1 <k < p and the 
k x p matrix of partial derivatives, 


B= Ene (an ree ney od en 0 
Op; 


are continuous and do not vanish in a neighborhood of 45. Let Bo = B at ty. Then 


Vn(g(Xn) — g(H)) > Nx (0, BoXB5). (5.4.13) 


EXERCISES 


5.4.1. Let {X,,} be a sequence of p-dimensional random vectors. Show that 
pe N,(p, &) if and only if a’X,, 2 Ni (a’p,a/Za), 


for all vectors a € RP. 
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5.4.2. Let X1,...,X, be a random sample from a uniform(a, b) distribution. Let 
Y, = min X; and let Yo = max X;. Show that (Y), Y2)’ converges in probability to 
the vector (a, b)’. 


5.4.3. Let X,, and Y,, be p-dimensional random vectors. Show that if 
pa mee i ee, 


where X is a p-dimensional random vector, then Y,, bate 


5.4.4. Let X, and Y,, be p-dimensional random vectors such that X, and Y,, are 
independent for each n and their mgfs exist. Show that if 


X, 3X and Y, 2 Y, 


where X and Y are p-dimensional random vectors, then (Xn, Yn) Z (X,Y). 


5.4.5. Suppose X,, has a N,(2,,, Un) distribution. Show that 


X, & Np(u, 5) iff p,, > and ©, > &. 
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Chapter 6 


Maximum Likelihood 
Methods 


6.1 Maximum Likelihood Estimation 


Recall in Chapter 4 that as a point estimation procedure, we introduced maximum 
likelihood estimates (mle). In this chapter, we continue this development showing 
that these likelihood procedures give rise to a formal theory of statistical inference 
(confidence and testing procedures). Under certain conditions (regularity condi- 
tions), these procedures are asymptotically optimal. 

As in Section 4.1, consider a random variable X whose pdf f(2;0) depends on 
an unknown parameter @ which is in a set 2“. Our general discussion is for the 
continuous case, but the results extend to the discrete case also. For information, 
we have a random sample (iid) X1,...,X, on X. Suppose that X1,...,X» are 
iid random variables with common pdf f(x;@),0 € Q. For now, we assume that 6 
is a scalar, but we do extend the results to vectors in Sections 6.4 and 6.5. The 
parameter 6 is unknown. The basis of our inferential procedures is the likelihood 
function given by 


L(6;x) =] [ f(a), 0€9, (6.1.1) 
i=1 
where x = (#1,...,2n)’. Because we treat L as a function of 6 in this chapter, we 


have transposed the x; and @ in the argument of the likelihood function. In fact, we 
often write it as L(@). Actually, the log of this function is usually more convenient 
to use and we denote it by 


1(0) = log L(8) = - log f(2i30), 0E2. (6.1.2) 


Note that there is no loss of information in using /(0) because the log is a one-to-one 
function. Most of our discussion in this chapter remains the same if X is a random 
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vector. Although we generally consider X to be a univariate random variable, for 
several of our examples it isa random vector, 7 

As in Chapter 4, our point estimator of 0 is 6 = 6(X1,...,Xn), where 6 max- 
imizes the function L(0). We call @ the maximum likelihood estimator (mle) of 6. 
In Section 4.1, several motivating examples were given, including the binomial and 
normal probability models. Later we give several more examples, but first we offer 
a theoretical justification for considering the mle. Let @) denote the true value of 
6. Theorem 6.1.1 shows that the maximum of L(@) asymptotically separates the 
true model at 09 from models at 6 4 09. To prove this theorem, we assume certain 
assumptions, usually called regularity conditions. 


Assumptions 6.1.1 (Regularity Conditions). Regularity conditions (RO)—(R1) are 
given by 


(RO) The pdfs are distinct; i.e., 0A 0 => f(xi;0) A f(ai3 0’). 
(R1) The pdfs have common support for all 0. 
(R2) The point 09 is an interior point in Q. 


The first assumption states that the parameter identifies the pdf. The second 
assumption implies that the support of X; does not depend on @. This is restrictive, 
and some examples and exercises cover models in which (R1) is not true. 


Theorem 6.1.1. Let 09 be the true parameter. Under assumptions (RO) and (R1), 


lim Po,{[L(00,X) > L(0,X)| =1, for all 0 A Oo. (6.1.3) 


Proof: By taking logs, the inequality L(@),X) > L(@,X) is equivalent to 


* os E oe <0. 


Since the summands are iid with finite expectation and the function ¢(x) = — log(x) 
is strictly convex, it follows from the Law of Large Numbers (Theorem 5.1.1) and 
Jensen’s inequality (Theorem 1.10.5) that, when 9 is the true parameter, 


But 


X41; 
a Us 
se a aay > cot Hie 


Because log1 = 0, the theorem follows. Note that common support is needed to 
obtain the last equalities. m 


Theorem 6.1.1 says that asymptotically the likelihood function is maximized at 
the true value #9. So in considering estimates of 09, it seems natural to consider 
the value of 6 which maximizes the likelihood. 
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Definition 6.1.1 (Maximum Likelihood Estimator). We say that 6 = (X) is a 
maximum likelihood estimator (mle) of @ if 


0 = Argmaz L(0;X). (6.1.4) 
The notation Argmaz means that L(0;X) achieves its maximum value at 6. 


As in Chapter 4, to determine the mle, we often take the log of the likelihood 
and determine its critical value; that is, letting 1(@) = log L(@), the mle solves the 
equation 

Ol(0) 

007 
This is an example of an estimating equation, which we often label as an EE. 
This is the first of several EEs in the text. 


=0. (6.1.5) 


Example 6.1.1 (Laplace Distribution). Let X1,...,X, be iid with density 
1 
f(x;@) = sor -30 <£<0w,-0 <4A< oO. (6.1.6) 


This pdf is referred to as either the Laplace or the double exponential distribution. 
The log of the likelihood simplifies to 


1(0) = —nlog 2- S~ |a; — 6]. 
i=1 
The first partial derivative is 
'(0) = 5° sgn(a; — 8), (6.1.7) 
i=l 


where sgn(t) = 1,0, or — 1 depending on whether ¢t > 0,t = 0, or t < 0. Note that 
we have used 4|t| = sgn(t), which is true unless t = 0. Setting equation (6.1.7) 
to 0, the solution for 6 is med{a1,22,...,@n}, because the median makes half the 
terms of the sum in expression (6.1.7) nonpositive and half nonnegative. Recall 
that we denote the median of a sample by Q2 (the second quartile of the sample). 
Hence, 6 = Q2 is the mle of @ for the Laplace pdf (6.1.6). m 


There is no guarantee that the mle exists or, if it does, whether it is unique. This 
is often clear from the application as in the next two examples. Other examples are 
given in the exercises. 


Example 6.1.2 (Logistic Distribution). Let X1,...,X, be iid with density 
exp{—(a — 6)} 

(1 + exp{—(x — 8)})?’ 

The log of the likelihood simplifies to 


f(2,@) = 


-—0 <2< 0, -wWK<I<w. (6.1.8) 


1(6) = > bs f (as; 0) =n — nE— 25 log(1 + exp{—(2i — 4)}). 


i=l 
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Using this, the first partial derivative is 


I exp{~( : ae” 


Setting this equation to 0 and rearranging terms results in the equation 


“~ _exp{—(ai—O)} _on 
> react 2 (6.1.10) 


Although this does not simplify, we can show that equation (6.1.10) has a unique 
solution. The derivative of the left side of equation (6.1.10) simplifies to 


“ exp{-(ei- 9} A exp{-(ai — 9)} 
oe) 2, 1+exp{—(2;—-0)} d (1 + exp{—(a; — 0)})? ae 


Thus the left side of equation (6.1.10) is a strictly increasing function of 0. Finally, 
the left side of (6.1.10) approaches 0 as 9 — —oo and approaches n as 0 — oo. 
Thus equation (6.1.10) has a unique solution. Also, the second derivative of 1(@) is 
strictly negative for all 6; so the solution is a maximum. 

Having shown that the mle exists and is unique, we can use a numerical method 
to obtain the solution. In this case, Newton’s procedure is useful. We discuss this 
in general in the next section, at which time we reconsider this example. ™ 


Example 6.1.3. In Example 4.1.2, we discussed the mle of the probability of 


success 6 for a random sample X 1, X2,...,X» from the Bernoulli distribution with 
pmf 
_f 0-6)" #=0,1 
pt) = { 0 elsewhere, 


where 0 < 6 < 1. Recall that the mle is X, the proportion of sample successes. 
Now suppose that we know in advance that, instead of 0 < @ < 1, @ is restricted 
by the inequalities 0 < 6 < 1/3. If the ebectvalaens were such that 7 > 1/3, then 
= would not be a satisfactory estimate. Since ot) > 0, provided 6 < Z, under the 
restriction 0 < 0 < 1/3, we can maximize I(0) i taking 0 = min {z, 5}. / 


The following is an appealing property of maximum likelihood estimates. 


Theorem 6.1.2. Let X1,...,X» be tid with the pdf f(x;0),8 € Q. For a specified 
function g, let 7 = g(@) be a parameter of interest. Suppose 0 is the mle of 8. Then 
g(@) ts the mle of n = g(0). 


Proof: First suppose g is a one-to-one function. The likelihood of interest is L(g(@)), 
but because g is one-to-one, 


max L(g(@)) = max L(y) = max L(g” *(n)). 


But the maximum occurs when g~!(7) = 0; i.e., take j= g(0). 
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Suppose g is not one-to-one. For each 7 in the range of g, define the set (preim- 


age) 
g*(n) = {8: 9(8) =n}. 


The maximum occurs at @ and the domain of g is Q, which covers 0. Hence, 0 is 
in one of these preimages and, in fact, it can only be in one preimage. Hence to 
maximize L(7), choose 7 so that g~+(7) is that unique preimage containing 6. Then 


7 = (0). ™ 


Consider Example 4.1.2, where X1,...,X, are iid Bernoulli random variables 
with probability of success p. As shown in this example, p = X is the mle of p. 
Recall that in the large sample confidence interval for p, (4.2.7), an estimate of 

p(1 — p) is required. By Theorem 6.1.2, the mle of this quantity is \/p(1 — p). 

We close this section by showing that maximum likelihood estimators, under 

regularity conditions, are consistent estimators. Recall that X’ = (X1,..., Xn). 


Theorem 6.1.3. Assume that X1,...,Xn satisfy the regularity conditions (RO) 
through (R2), where 09 is the true parameter, and further that f(x;0) is differen- 
tiable with respect to @ in Q. Then the likelihood equation, 


O 

96 L(8) = 9, 
or equivalently 

6) 

—|(0) = 

79 /(8) = 0 


has a solution On such that On Es Ao. 


Proof: Because 09 is an interior point in 2, (@9 — a,99 + a) C Q, for some a > 0. 
Define S,, to be the event 


Sn = {X: 1(00;X) > (Oo — a; X)} N{X: (Oo; XK) > 1A +a; X)}. 


By Theorem 6.1.1, P(S,,) — 1. So we can restrict attention to the event S,,. But 
on S,, 1(@) has a local maximum, say, 0,, such that 69 —a < 0, < 0) +a and 


n~ 


U'(O,) = 0. That is, 
Sn C{X: [Bu(X) — | < aha {x 1G.) =}. 
Therefore, 


1= lim P(Sn) < Tim P[{X: [@n(X) — 401 < abn {X: UGn(X) =0}] <1; 
see Remark 5.2.3 for discussion on lim. It follows that for the sequence of solutions 
On, P[\@n — 90| <a] > 1. 

The only contentious point in the proof is that the sequence of solutions might 
depend on a. But we can always choose a solution “closest” to 09 in the following 
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way. For each n, the set of all solutions in the interval is bounded; hence, the 
infimum over solutions closest to 09 exists. 


Note that this theorem is vague in that it discusses solutions of the equation. 
If, however, we know that the mle is the unique solution of the equation l’(@) = 0, 
then it is consistent. We state this as a corollary: 


Corollary 6.1.1. Assume that X1,...,Xn satisfy the regularity conditions (RO) 
through (R2), where 09 is the true parameter, and that f(a; 0) is differentiable with 
respect to 0 in Q. Suppose the likelihood equation has the unique solution On. Then 
On is a consistent estimator of Oo. 


EXERCISES 


6.1.1. Let X1, Xo,...,X, be arandom sample from a T'(a@ = 3, 3 = @) distribution, 
0 <6 < oo. Determine the mle of 6. 


6.1.2. Let X1, X2,..., Xn represent a random sample from each of the distributions 
having the following pdfs: 


(a) f(x;0) = 02°-!, 0< a2 <1, 0<0 <0, zero elsewhere. 


(b) f(a;0) =e-@-®, 0< & < ~w, —00 < @ < ~&, zero elsewhere. Note this is a 
nonregular case. 


In each case find the mle 6 of 0. 


6.1.3. Let Y; < Yo <--- < Y, be the order statistics of a random sample from a 
distribution with pdf f(a;6) = 1, 0-4 <a2< 6+ s, —oo < 6 < o, zero elsewhere. 
Note this is a nonregular case. Show that every statistic u(X1, X2,...,Xn) such 
that 

Yn - 4 < u(X1, Xo,...,Xn) <Yi+$ 


is a mle of 0. In particular, (4Y; + 2Y, + 1)/6, (¥i+ Y,)/2, and (2Y, + 4Y,, — 1)/6 
are three such statistics. Thus, uniqueness is not, in general, a property of a mle. 


6.1.4. Suppose X1,...,Xp are iid with pdf f(z;0) = 27/07, 0 < x < 0, zero 
elsewhere. Note this is a nonregular case. Find: 


(a) The mle 6 for 0. 
(b) The constant ¢ so that E(c6) = 0. 
(c) The mle for the median of the distribution. 


6.1.5. Suppose X,, X2,...,Xp are iid with pdf f(x;0) = (1/0@)e"*/", 0< <x, 
zero elsewhere. Find the mle of P(X < 2). 


6.1.6. Let the table 
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x 0 1 2 3 #4 5 
Frequency |6 10 14 13 6 =I 


represent a summary of a sample of size 50 from a binomial distribution having 
n = 5. Find the mle of P(X > 3). 


6.1.7. Let X1, Xo, X3, X4, X5 be arandom sample from a Cauchy distribution with 
median @, that is, with pdf 


il 


1 
f(x;9) = 71+ (e@—0)?’ 


—c<@4< 0, 
where —oo < @ < oo. If x, = —1.94, ro = 0.59, v3 = —5.98, x4 = —0.08, and 
x5 = —0.77, find by numerical methods the mle of 6. 


6.1.8. Let the table 


x 0 1 2 3 +4 
Frequency | 7 14 12 13 #6 


represent a summary of a random sample of size 55 from a Poisson distribution. 
Find the maximum likelihood estimate of P(X = 2). 


6.1.9. Let X1, X2,...,X, be a random sample from a Bernoulli distribution with 
parameter p. If p is restricted so that we know that 4 <p <1, find the mle of this 
parameter. 


6.1.10. Let X1, X2,..., Xp be arandom sample from a N (0, 07) distribution, where 
oa? is fixed but —oo < 0 < 00. 


(a) Show that the mle of 0 is X. 
(b) If @ is restricted by 0 < 0 < cw, show that the mle of @ is 0 = max{0, X}. 


6.1.11. Let X1, X2,..., Xn be a random sample from the Poisson distribution with 
0 <@ <2. Show that the mle of 0 is 6 = min{X, 2}. 


6.1.12. Let X 1, Xo,...,X, be a random sample from a distribution with one of 
two pdfs. If @ = 1, then f(a#;6 = 1) = eee, -—o <a<oo. If @=2, then 
f(a; = 2) =1/[r(1+27)], -co < x < oo. Find the mle of 6. 


6.2 Rao—Cramér Lower Bound and Efficiency 


In this section, we establish a remarkable inequality called the Rao—Crameér lower 
bound, which gives a lower bound on the variance of any unbiased estimate. We then 
show that, under regularity conditions, the variances of the maximum likelihood 
estimates achieve this lower bound asymptotically. 

As in the last section, let X be a random variable with pdf f(#;0), @ € Q, where 
the parameter space (2 is an open interval. In addition to the regularity conditions 
(6.1.1) of Section 6.1, for the following derivations, we require two more regularity 
conditions, namely, 
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Assumptions 6.2.1 (Additional Regularity Conditions). Regularity conditions 
(R3) and (R4) are given by 


(R3) The pdf f(x;0) is twice differentiable as a function of 6. 


(R4) The integral { f(x;0) dx can be differentiated twice under the integral sign as 
a function of 6. 


Note that conditions (R1)-(R4) mean that the parameter 6 does not appear 
in the endpoints of the interval in which f(x;@) > 0 and that we can interchange 
integration and differentiation with respect to @. Our derivation is for the continuous 
case, but the discrete case can be handled in a similar manner. We begin with the 
identity 


i= f fla6) de. 


Taking the derivative with respect to @ results in 


_. f* aa) 


—co 
The latter expression can be rewritten as 


o=f- Of (x; @)/00 


ay Lei de, 


or, equivalently, 
* Olog f(a; 0) 


0= . 0 f(a; 6) da. (6.2.1) 
Writing this last equation as an expectation, we have established 
] xX; 
E wee =0; (6.2.2) 


that is, the mean of the random variable Glos fxs) is 0. If we differentiate (6.2.1) 
again, it follows that 


o= | 0? log f(a; 0) 
7 06? 


© log f(x; 0) log f(x; 4) 


F(e;8) de+ f 30 30 


—oco 


f(x; 0) dx. (6.2.3) 
The second term of the right side of this equation can be written as an expectation, 
which we call Fisher information and we denote it by I(@); that is, 


Geol . (6.2.4) 


1(0) =a. A RR ACH 


06 oo 06 


—Co 


From equation (6.2.3), we see that I(@) can be computed from 


© 67 log f(a; 0) 0? log f(X;0) 
1(6) =— [. ET Hw 0) die = -E a . (6.2.5) 
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Using equation (6.2.2), Fisher information is the variance of the random variable 


Olog f(X;0), : 


Slog f(X39) ) | (6.2.6) 


(0) = Var ( ap 


Usually, expression (6.2.5) is easier to compute than expression (6.2.4). 


Remark 6.2.1. Note that the information is the weighted mean of either 


Olog f(#:8)]" | Plog f(#;8) 
06 Oe? , 


where the weights are given by the pdf f(a; 0). That is, the greater these derivatives 
are on the average, the more information that we get about 6. Clearly, if they were 
equal to zero [so that @ would not be in log f(x; @)], there would be zero information 
about 9. The important function 


Olog f (x; 6) 
00 


is called the score function. Recall that it determines the estimating equations 
for the mle; that is, the mle @ solves 


$7 lee Hais8) _ g 
— 06 
for 0. & 


Example 6.2.1 (Information for a Bernoulli Random Variable). Let X be Bernoulli 
b(1, 4). Thus 


log f(z;@) = w«xlog@+ (1-2) log(1 — 8) 
Ologf(z;9) _ « 1-2 
30 ~ @ 1-84 
0? log f(x;0) x 1l-z 
OOF (= 


Clearly, 


= = 1-X 
a (lop 
0 1-0 1 1 1 


@G-ae 8° G-s H1-8)’ 
which is larger for 6 values close to zero or one. 


Example 6.2.2 (Information for a Location Family). Consider a random sample 
X1,.-.-,Xn such that 
X;=04+ 6, t= Va Sas (6.2.7) 
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where €1, €2,...,@n are iid with common pdf f(a) and with support (—co, 00). Then 
the common pdf of X; is fx(a;0) = f(a — @). We call model (6.2.7) a location 
model. Assume that f(x) satisfies the regularity conditions. Then the information 
is 


i) 


\| 
= 
g 3 
oS 
s/[ 
ale 
Ly 
S| Ss 
‘ee 
bo 
= 
8 
| 
D> 
be at 
Q. 
8 


- [2G§) fo 29 


where the last equality follows from the transformation z = x — 6. Hence, in the 
location model, the information does not depend on @. 

As an illustration, reconsider Example 6.1.1 concerning the Laplace distribution. 
Let X1, X2,...,X» be arandom sample from this distribution. Then it follows that 
X; can be expressed as 

X,=0+6, (6.2.9) 


where €1,...,@n are iid with common pdf f(z) = 27 exp{—|z|}, for —oo < z < oo. 
As we did in Example 6.1.1, use 4]z| = sgn(z). Then f’(z) = —27'sgn(z) exp{—|z|} 
and, hence, [f’(z)/f(z)]? = [-sgn(z)]? = 1, so that 


1(6) = [. ($2) serac = [. f(z)dz=1. (6.2.10) 


—oco 


Note that the Laplace pdf does not satisfy the regularity conditions, but this argu- 
ment can be made rigorous; see Huber (1981) and also Chapter 10. m 


From (6.2.6), for a sample of size 1, say X1, Fisher information is the vari- 
ance of the random variable Blog Lie) What about a sample of size n? Let 
X1,X9,...,X», be a random sample from a distribution having pdf f(2;@). The 
likelihood L(0) is the pdf of the random sample, and the random variable whose 
variance is the information in the sample is given by 

Jlog L(0,X) | 3 Dlog f (Xi; 0) 
00 00 


i=1 


The summands are iid with common variance I(@). Hence the information in the 


sample is 
Var (ere) = nI(6). (6.2.11) 


Thus the information in a random sample of size n is n times the information in a 
sample of size 1. So, in Example 6.2.1, the Fisher information in a random sample 
of size n from a Bernoulli b(1,@) distribution is n/[@(1 — @)]. 

We are now ready to obtain the Rao—Cramér lower bound, which we state as a 
theorem. 
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Theorem 6.2.1 (Rao—Cramér Lower Bound). Let X1,...,Xn be tid with common 
pdf f(x;@) for 6 € Assume that the regularity coninons (RO)-(R4) hold. Let 


Y = u(Xq, X2,...,Xn) be a statistic with mean E(Y) = Elu(X1, X2,...,Xn)] = 
k(0). Then 
[k’()]? 
Y)= 2.12 
Var(Y) > mI) (6.2.12) 


Proof: The proof is for the continuous case, but the proof for the discrete case is 
quite similar. Write the mean of Y as 


-| oe | u(@1,.--,¥n)f (v1; 0) +++ f(anj 0) dry +++ dry. 


Differentiating with respect to 0, we obtain 


= 1 Of (xi; 8) 
[. fa u(a@1, v2, . geal) - f(vi6) 00 


x f(a; 0) +++ fan; 0) day +++ day 


= Fo Loam ase 
“F\ 


f(z1;8)-- 


ki(8) 


Ln; 0) dx +++ dry. (6.2.13) 


Define the random variable Z by Z = 97} [0 log f (Xi; 4)/06]. We know from (6.2.2) 
and (6.2.11) that F(Z) = 0 and Var(Z) = nI(0), respectively. Also, equation 
(6.2.13) can be expressed in terms of expectation as k’(0) = E(Y Z). Hence we have 


k!(0) = E(YZ) = E(Y)E(Z) + poy /nl(O), 


where p is the correlation coefficient between Y and Z. Using E(Z) = 0, this 


simplifies to 
ki(@) 


oy \/nI(0) 


[A’(9)? 
and) =" 


which, upon rearrangement, is the desired result. m 


Because p? < 1, we have 


Corollary 6.2.1. Under the assumptions of Theorem 6.2.1, if Y = u(X1,...,Xn) 
is an unbiased estimator of 0, so that k(@) = @, then the Rao—Cramér inequality 


becomes l 


nI(0) 


Var(Y) > 


332 Maximum Likelihood Methods 


Consider the Bernoulli model with probability of success @ which was treated in 
Example 6.2.1. In the example we showed that 1/nI(0) = 0(1—@)/n. From Example 
4.1.2 of Section 4.1, the mle of 0 is X. The mean and variance of a Bernoulli (0) 
distribution are @ and 6(1 — @), respectively. Hence the mean and variance of X 
are 6 and 6(1 — 0)/n, respectively. That is, in this case the variance of the mle has 
attained the Rao—Cramér lower bound. 

We now make the following definitions. 


Definition 6.2.1 (Efficient Estimator). Let Y be an unbiased estimator of a pa- 
rameter @ in the case of point estimation. The statistic Y is called an efficient 
estimator of 0 if and only if the variance of Y attains the Rao—Cramér lower 
bound. 


Definition 6.2.2 (Efficiency). In cases in which we can differentiate with respect to 
a parameter under an integral or summation symbol, the ratio of the Rao—Cramér 
lower bound to the actual variance of any unbiased estimator of a parameter is called 
the efficiency of that estimator. 


Example 6.2.3 (Poisson(#) Distribution). Let X1,X2,...,Xn denote a random 
sample from a Poisson distribution that has the mean 6 > 0. It is known that X is 
an mle of 0; we shall show that it is also an efficient estimator of 6. We have 


Alog f(wi8) _ 
00 


Accordingly, 


_E(X-6F oo? _ 8 


= 6? 62? 


Ges 2 


The Rao-Cramér lower bound in this case is 1/[n(1/@)| = @/n. But @/n is the 
variance of X. Hence X is an efficient estimator of 0. 


Example 6.2.4 (Beta(6,1) Distribution). Let X1, X2,...,X, denote a random 
sample of size n > 2 from a distribution with pdf 


6x9! for0O<a<1 


F(a@) = { 0 elsewhere, (oa) 
where the parameter space is Q = (0,00). This is the beta distribution, (3.3.5), 
with parameters @ and 1, which we denote by beta(6,1). The derivative of the log 
of f is 


Olog f 1 
a =. 2.1 
70 loga + i (6.2.15) 


From this we have 0? log f/00? = —@~?. Hence the information is I(@) = 6~. 
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Next, we find the mle of @ and investigate its efficiency. The log of the likelihood 
function is 


1(@) = 0S log x; — S/ log x; + nlog 6. 


i=1 i=1 
The first partial of 1(@) is 
aa) oo < n 


Setting this to 0 and solving for 6, the mle is 0 = —n/~"_, log X;. To obtain 
the distribution of 6, let Y; = —log X;. A straight transformation argument shows 
that the distribution is [(1, 1/0). Because the X;s are independent, Theorem 3.3.2 
shows that W = )7i"_, Y; is T'(n, 1/0). Theorem 3.3.1 shows that 


k (n+k—1)! 
E[w*] = Fini’ (6.2.17) 
for k > —n. So, in particular for k = —1, we get 
E[6\ = nE[w-] =6——. 
(] = new] =o 


Hence, r) is biased, but the bias vanishes as n — oo. Also, note that the estimator 
[((n — 1)/n]@ is unbiased. For k = —2, we get 


n2 


2 = 52 —2) _ 92 ; 
E(6?] = n?E(W-?] aC CEE 


and, hence, after simplifying E(6”) — [E(@)]?, we obtain 


From this, we can obtain the variance of the unbiased estimator [(n — 1)/ n@, Le., 


se ee 2 
var (4 “4) ae 
n n—2 


From above, the information is [(@) = 6~? and, hence, the variance of an unbiased 


efficient estimator is 6?/n. Because or > Ls the unbiased estimator [(n — 1)/n]@ 
is not efficient. Notice, though, that its efficiency (as in Definition 6.2.2) converges 
to 1 as n — oo. Later in this section, we say that [(n — 1)/n]@ is asymptotically 
efficient. H 


In the above examples, we were able to obtain the mles in closed form along 
with their distributions and, hence, moments. This is often not the case. Maximum 
likelihood estimators, however, have an asymptotic normal distribution. In fact, 
mles are asymptotically efficient. To prove these assertions, we need the additional 
regularity condition given by 
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Assumptions 6.2.2 (Additional Regularity Condition). Regularity condition (R5) 

1s 

(R5) The pdf f(x;@) is three times differentiable as a function of 6. Further, for 
all 0 € Q, there exist a constant c and a function M(x) such that 


08 
] <M 
a tow Pai0)| < MC), 
with E9,[M(X)| < co, for all 09 —c <0 <09+€ and all x in the support of 
Xx. 


Theorem 6.2.2. Assume X1,...,Xn are tid with pdf f(x;009) for 09 € Q such that 
the regularity conditions (RO)-(R5) are satisfied. Suppose further that the Fisher 
information satisfies 0 < I(@)) < oo. Then any consistent sequence of solutions of 
the mle equations satisfies 


Vn(6 — 0) > N (0 =} , (6.2.18) 


Proof: Expanding the function l’(@) into a Taylor series of order 2 about @) and 
evaluating it at 6,, we get 


(On) =U (0) + (On — 80)1" (80) + 5, — 49)?" (6%), (6.2.19) 


where 6* is between 09 and 6,. But U (On) = 0. Hence, rearranging terms, we obtain 


n—1/21'(69) 


Jn a a ey 6.2.20 
( 0) —n-l"(00) = (2n)-!(O,, = Oo )l"" (8% ) 
By the Central Limit Theorem, 

1 tos it ane 

Sl (Oo) -ee Blog Hi Fo) B (0, 1(6)), (6.2.21) 


because the summands are iid with Var(0 log f (Xj; 40) /00) = I(09) < oo. Also, by 
the Law of Large Numbers, 


1 1 8? log f(Xi;90) P 
—=1" (00) = —— » spr 1(60). (6.2.22) 


To complete the proof then, we need only show that the second term in the 
denominator of expression (6.2.20) goes to zero in probability. Because On — aa 25 
by Theorem 5.2.7, this follows provided that n~1l’”(6*) is bounded in probability. 
Let co be the constant defined in condition (R5). Note that |, — | < co implies 
that |0* — 00| < co, which in turn by condition (R5) implies the following string of 
inequalities: 


—1'"( 60.) 
c ae 


>s oe log f (Xi; 9) [<< 5 Mex (6.2.23) 
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By condition (R5), E9,[M(X)] < 00; hence, + 577, M(X;) *, Ey,(M(X)], by the 


Law of Large Numbers. For the bound, we select 1 + E»,[M(X)]. Let « > 0 be 
given. Choose Ny and N2 so that 


n>N, => PllOn—90|<co]>1— 5 (6.2.24) 


n>No => P 


17 M(X:) ~ Bagl MUX) 


< 1 >1- 
It follows from (6.2.23)—(6.2.25) that 


1 
n >max{N,, No} => P [sen 
n 


< 14+ EalM(X)]] > 1 § 


hence, n~1l’” (0%) is bounded in probability. m 


We next generalize Definitions 6.2.1 and 6.2.2 concerning efficiency to the asymp- 
totic case. 


Definition 6.2.3. Let X1,..., X,, be independent and identically distributed with 


) ’ 


probability density function f(a; 0). Suppose bin = Bin( Xa, ...;Xn) is an estimator 
of 09 such that /7(O1n — 90) 2M (0, os ) . Then 
1n 


(a) The asymptotic efficiency of 61, is defined to be 


e(bin) = (6.2.26) 


(b) The estimator 61, is said to be asymptotically efficient if the ratio in part 


(a) is 1. 


(c) Let 02, be another estimator such that \/7i(62n — 0) AN (0, oF ) . Then the 


asymptotic relative efficiency (ARE) of O1n to bon, is the reciprocal of the 
ratio of their respective asymptotic variances; 1.e., 


2 


e(61n; O2n) = ae (6.2.27) 
bin 


Hence, by Theorem 6.2.2, under regularity conditions, maximum likelihood es- 
timators are asymptotically efficient estimators. This is a nice optimality result. 
Also, if two estimators are asymptotically normal with the same asymptotic mean, 
then intuitively the estimator with the smaller asymptotic variance would be se- 
lected over the other as a better estimator. In this case, the ARE of the selected 
estimator to the nonselected one is greater than 1. 
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Example 6.2.5 (ARE of the Sample Median to the Sample Mean). We obtain 
this ARE under the Laplace and normal distributions. Consider first the Laplace 
location model as given in expression (6.2.9); i.e., 


X;=O0+e;, i=1,...,7. (6.2.28) 


By Example 6.1.1, we know that the mle of 6 is the sample median, Q2. By (6.2.10), 
the information I(09) = 1 for this distribution; hence, Q2 is asymptotically normal 
with mean @ and variance 1 /n. On the other hand, by the Central Limit Theorem, 


the sample mean X is asymptotically normal with mean @ and variance o?/n, where 
o” = Var(X;) = Var(e; + 6) = Var(e;) = E(e?). But 


E(e?) = | 2°2-' exp{—|z|} dz = | 2°! exp{—z} dz =I(3) =2. 
265 0 


Therefore, the ARE(Q2, X) = = = 2. Thus, if the sample comes from a Laplace 
distribution, then asymptotically the sample median is twice as efficient as the 
sample mean. 

Next suppose the location model (6.2.28) holds, except now the pdf of e; is 
N(0,1). Under this model, by Theorem 10.2.3, Q2 is asymptotically normal with 
mean @ and variance (7/2)/n. Because the variance of X is 1/n, in this case, the 
ARE(Q2,X) = a = 2/m = 0.636. Since 7/2 = 1.57, asymptotically, X is 1.57 
times more efficient than Q2 if the sample arises from the normal distribution. m 


Theorem 6.2.2 is also a practical result for it gives us a way of doing inference. 
The asymptotic standard deviation of the mle @ is [nI(09)|~!/?.. Because I(@) is a 
continuous function of 0, it follows from Theorems 5.1.4 and 6.1.2 that 


(On) 7 (00). 


Thus we have a consistent estimate of the asymptotic standard deviation of the 
mle. Based on this result and the discussion of confidence intervals in Chapter 4, 
for a specified 0 < a < 1, the following interval is an approximate (1 — a)100% 
confidence interval for 0, 


On + 2e/2 (6.2.29) 


as 1 1 
TG tn) 


Remark 6.2.2. If we use the asymptotic distributions to construct confidence 
intervals for 0, the fact that the ARE(Qz2, X) = 2 when the underlying distribution 
is the Laplace means that n would need to be twice as large for X to get the same 
length confidence interval as we would if we used Q2. & 


A simple corollary to Theorem 6.2.2 yields the asymptotic distribution of a 
function g(@,,) of the mle. 
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Corollary 6.2.2. Under the assumptions of Theorem 6.2.2, suppose g(x) ts a con- 
tinuous function of « which is differentiable at 09 such that g'(@o) £0. Then 


Vn(gGn) — g(60)) > N (0. oe ) (6.2.30) 


The proof of this corollary follows immediately from the A-method, Theorem 
5.2.9, and Theorem 6.2.2. 


The proof of Theorem 6.2.2 contains an asymptotic representation of @ which 
proves useful; hence, we state it as another corollary. 


Corollary 6.2.3. Under the assumptions of Theorem 6.2.2, 


; 1 -= is) 
On — 00) bas 2.31 
Vii(On — 60) ie ieee +R (6.2.31) 


where Ry, x 0. 


The proof is just a rearrangement of equation (6.2.20) and the ensuing results in 
the proof of Theorem 6.2.2. 


Example 6.2.6 (Example 6.2.4, Continued). Let X1,...,X, be a random sample 
having the common pdf (6.2.14). Recall that I(@) = 0~? and that the mle is 
@=—n / Ye_, log X;. Hence, 0 is approximately normally distributed with mean 6 
and variance 6?/n. Based on this, an approximate (1 — a)100% confidence interval 
for @ is 

~ 0 

O+ ea 


Recall that we were able to obtain the exact distribution of @ in this case. As 
Exercise 6.2.12 shows, based on this distribution of 6, an exact confidence interval 
for 6 can be constructed. m 


In obtaining the mle of @, we are often in the situation of Example 6.1.2; that 
is, we can verify the existence of the mle, but the solution of the equation l’(0) = 0 
cannot be obtained in closed form. In such situations, numerical methods are 
used. One iterative method that exhibits rapid (quadratic) convergence is Newton’s 
method. The sketch in Figure 6.2.1 helps recall this method. Suppose 0) is an 
initial guess at the solution. The next guess (one-step estimate) is the point gO), 
which is the horizontal intercept of the tangent line to the curve l’(@) at the pan 
(8), 1/(@))). A little algebra finds 


_ FO) _ aor (6.2.32) 


We then substitute 6 for 6 and repeat the process. On the figure, trace the 
second step estimate 9). the process is continued until convergence. 
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dl6™) 


Figure 6.2.1: Beginning with the starting value go , the one-step estimate is 
6“), which is the intersection of the tangent line to es curve I/(8) at 6 and the 
hevedutal axis. In the figure, dl(@) = I’(@). 


Example 6.2.7 (Example 6.1.2, continued). Recall Example 6.1.2, where the ran- 
dom sample X1,...,X,, has the common logisitic density 


exp{—(x — 4)} 
(1 + exp{—(x — 8)})?’ 


We showed that the likelihood equation has a unique solution, though it cannot be 
be obtained in closed form. To use formula (6.2.32), we need the first and second 
partial derivatives of 1(@) and an initial guess. Expression (6.1.9) of Example 6.1.2 
gives the first partial derivative, from which the second partial is 


f(x;0) = 


-—0~ <2“2<0oo, —C<dI<oM. (6.2.33) 


hh exp{—(a; — 0)} 
Bs )=20; (1 + exp{—(x; — 0)})?" 


The logistic distribution is similar to the normal distribution; hence, we can use 
X as our initial guess of 6. The subroutine mlelogistic in Appendix B is an R 
routine which obtains the k-step estimates. m 


We close this section with a remarkable fact. The estimate 6 in equation 
(6.2.32) is called the one-step estimator. As Exercise 6.2.13 shows, this estimator 
has the same asymptotic distribution as the mle, |i.e., (6.2.18)], provided that the 
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initial guess 6) is a consistent estimator of 6. That is, the one-step estimate is an 
asymptotically efficient estimate of 6. This is also true of the other iterative steps. 


EXERCISES 


6.2.1. Prove that X, the mean of a random sample of size n from a distribution 
that is N(0,07), —oo < @ < ov, is, for every known o? > 0, an efficient estimator 
of 0. 


6.2.2. Given f(x;0) = 1/0, 0 < a < 6, zero elsewhere, with 0 > 0, formally 
compute the reciprocal of 
Alog f(X :0)]? 
ve {feeagay 


Compare this with the variance of (n+ 1)Y,,/n, where Y,, is the largest observation 
of a random sample of size n from this distribution. Comment. 


6.2.3. Given the pdf 


1 


F(%8) = ae oy’ -—o<24r<ow, -w<A<o, 


show that the Rao—Cramér lower bound is 2/n, where n is the size of a random sam- 
ple from this Cauchy distribution. What is the asymptotic distribution of ,/n(6—9) 
if 6 is the mle of 0? 


6.2.4. Consider Example 6.2.2, where we discussed the location model. 


(a) Write the location model when e; has the logistic pdf given in expression 
(4.4.9). 


(b) Using expression (6.2.8), show that the information J(@) = 1/3 for the model 
in part (a). Hint: In the integral of expression (6.2.8), use the substitution 
u=(1+e-*)~!. Then du = f(z)dz, where f(z) is the pdf (4.4.9). 


6.2.5. Using the same location model as in part (a) Exercise 6.2.4, obtain the ARE 
of the sample median to mle of the model. 

Hint: The mle of @ for this model is discussed in Example 6.2.7. Furthermore, as 
shown in Theorem 10.2.3 of Chapter 10, Q2 is asymptotically normal with asymp- 
totic mean 6 and asymptotic variance 1/(4f7(0)n). 


6.2.6. Consider a location model (Example 6.2.2) when the error pdf is the con- 
taminated normal (3.4.14) with € as the proportion of contamination and with o? 
as the variance of the contaminated part. Show that the ARE of the sample median 
to the sample mean is given by 


2[1 + e(o? —1)][1 -—e+ (</o0))*_ 


e(Q2,X) = (6.2.34) 


Use the hint in Exercise 6.2.5 for the median. 
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(a) If o? = 9, use (6.2.34) to fill in the following table: 


a ON Oe 


fe@2X){ | [| | | 


(b) Notice from the table that the sample median becomes the “better” estimator 
when € increases from 0.10 to 0.15. Determine the value for € where this occurs 
[this involves a third-degree polynomial in €, so one way of obtaining the root 
is to use the Newton algorithm discussed around expression (6.2.32)]. 


6.2.7. Let X have a gamma distribution with a = 4 and G6 =@ > 0. 
(a) Find the Fisher information (0). 


(b) If X1, X2,...,X, is a random sample from this distribution, show that the 
mle of @ is an efficient estimator of 6. 


(c) What is the asymptotic distribution of /n(6 — 6)? 
6.2.8. Let X be N(0,0), 0<0<o. 
(a) Find the Fisher information (0). 


(b) If X1, X2,...,Xpn is a random sample from this distribution, show that the 
mle of @ is an efficient estimator of 6. 


(c) What is the asymptotic distribution of /n(0 — 0)? 
6.2.9. If X1, X2,...,Xp is a random sample from a distribution with pdf 


30° 
f(c;0) =) GtOF 0<4r<w,0<A<c 
0 elsewhere, 


show that Y = 2X is an unbiased estimator of 6 and determine its efficiency. 


6.2.10. Let X1, X9,...,X, be a random sample from a N(0, 6) distribution. We 
want to estimate the standard deviation V0. Find the constant c so that Y = 
c>-"_, |X;| is an unbiased estimator of V and determine its efficiency. 


6.2.11. Let X be the mean of a random sample of size n from a N(6, 07) distribu- 


‘ ‘ —rA 2, 
tion, —co < 0 < o0,07 > 0. Assume that o? is known. Show that X — & is an 
unbiased estimator of 9? and find its efficiency. 


6.2.12. Recall that 0 = —n/y>"_, log X; is the mle of 0 for a beta(9, 1) distribution. 
Also, W = —<"_, log X; has the gamma distribution I'(n, 1/6). 


(a) Show that 20W has a y?(2n) distribution. 
(b) Using part (a), find c, and cp so that 


20 
P(a<™<@)=1-4 


for 0<a< 1. Next, obtain a (1 — a)100% confidence interval for 0. 
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(c) For a = 0.05 and n = 10, compare the length of this interval with the length 
of the interval found in Example 6.2.6. 


6.2.13. By using expressions (6.2.21) and (6.2.22), obtain the result for the one-step 
estimate discussed at the end of this section. 


6.2.14. Let S$? be the sample variance of a random sample of size n > 1 from 
N(u,9), 0 < 6 < ov, where p is known. We know E(S?) = 0. 


(a) What is the efficiency of $7? 
(b) Under these conditions, what is the mle 6 of 6? 


(c) What is the asymptotic distribution of Vnlo — 0)? 


6.3. Maximum Likelihood Tests 


The last section presented an inference for pointwise estimation and confidence 
intervals based on likelihood theory. In this section, we present a corresponding 
inference for testing hypotheses. 

As in the last section, let X1,...,Xn be iid with pdf f(x;@) for 0 € Q. In this 
section, @ is a scalar, but in Sections 6.4 and 6.5 extensions to the vector-valued 
case are discussed. Consider the two-sided hypotheses 


Ho: 0=0o versus H,: 04 6, (6.3.1) 


where 6 is a specified value. 
Recall that the likelihood function and its log are given by 


le 
oN 

ES 
= 

lI 


[1 re%e) 


(0) = So log f(Xi;4). 


i=l 


Let @ denote the maximum likelihood estimate of 0. 

To motivate the test, consider Theorem 6.1.1, which says that if 0) is the true 
value of 6, then, asymptotically, L(@9) is the maximum value of L(@). Consider the 
ratio of two likelihood functions, namely, 


L (6) 
L(@) 
Note that A < 1, but if Hp is true, A should be large (close to 1), while if H; is true, 


A should be smaller. For a specified significance level a, this leads to the intuitive 
decision rule 


A= 


(6.3.2) 


Reject Ho in favor of Hy if A <c, (6.3.3) 


where c is such that a = Po,[A < c]. We call it the likelihood ratio test (LRT). 
Theorem 6.3.1 derives the asymptotic distribution of A under Ho, but first we look 
at two examples. 
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Example 6.3.1 (Likelihood Ratio Test for the Exponential Distribution). Sup- 
pose X1,...,X» are iid with pdf f(x;0) = 0-' exp {—2/6}, for 2,0 > 0. Let the 
hypotheses be given by (6.3.1). The likelihood function simplifies to 


L(0) = 0-" exp {—(n/0)X}. 


From Example 4.1.1, the mle of 6 is X. After some simplification, the likelihood 
ratio test statistic simplifies to 


Kae (Z)" exp {—nX/O}. (6.3.4) 


The decision rule is to reject Ho if A < c. But further simplification of the test is 
possible. Other than the constant e”, the test statistic is of the form 


g(t) =t” exp{—nt}, t>0, 


where t = Z/6o. Using differentiable calculus, it is easy to show that g(t) has 
a unique critical value at 1, ie., g/(1) = 0, and further that t = 1 provides a 
maximum, because g’(1) < 0. As Figure 6.3.1 depicts, g(t) < c if and only if 
t<c ort > cy. This leads to 


A <ce, if and only if, ec or «= > co. 


Note that under the null hypothesis, Ho, the statistic (2/00) 07, Xi has a x? 
distribution with 2n degrees of freedom. Based on this, the following decision rule 
results in a level a test: 


Reject Ho if (2/00) 71 Xi < x}_4/9(2n) or (2/00) Diy Xi = x2 /9(2n), (6.3.5) 


where x7_,, jo(2n) is the lower a/2 quantile of a x? distribution with 2n degrees 


of freedom and 2 j2(2n) is the upper a/2 quantile of a x? distribution with 2n 
degrees of freedom. Other choices of cy and cg can be made, but these are usually 
the choices used in practice. Exercise 6.3.1 investigates the power curve for this 
test. 


Example 6.3.2 (Likelihood Ratio Test for the Mean of a Normal pdf). Consider 
a random sample X1, X9,...,X» from a N(6,07) distribution where —oo < 6 < 00 
and o? > 0 is known. Consider the hypotheses 


Hy: 0= 9 versus H,: 04 %, 


where 69 is specified. The likelihood function is 


L(0) = (sa) xe | 0207) tn oF} 


ib <a 2-10 =)2 2)-1, (= 2 
( ) exp { —(20°) 2 — %)* > exp{—(20°)‘n(% — 0)*}. 


I 


Qro2 
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g(t) 
A 


C C5 


Figure 6.3.1: Plot for Example 6.3.1, showing that the function g(t) < c if and 
only ift < cy or t > co. 


Of course, in Q = {0 : —co < @ < co}, the mle is 6 = X and thus 


A = — = = exp{—(207)!n(X — 69)?}. 


Then A < c is equivalent to —2log A > —2 log c. However, 
X—6\" 
a/J/n } ” 


which has a y?(1) distribution under Ho. Thus, the likelihood ratio test with 
significance level a states that we reject Ho and accept H, when 


—2log A= ( 


— 2 
X — 00 
—2log A = » 4 (1) 6.3.6 
og A= (<2) > 2) (6.3.6) 
In Exercise 6.3.3, the power function of this decision rule is obtained. Note also 
that this test is the same as the z-test for a normal mean discussed in Chapter 4 
with s replaced by o; see Exercise 6.3.2. @ 


Other examples are given in the exercises. In the last two examples the likelihood 
ratio tests simplify and we are able to get the test in closed form. Often, though, 
this is impossible. In such cases, similarly to Example 6.2.7, we can obtain the mle 
by iterative routines and, hence, also the test statistic A. In Example 6.3.2, —2log A 
had an exact y?(1) null distribution. While not true in general, as the following 
theorem shows, under regularity conditions, the asymptotic null distribution of 
—2log A is y? with one degree of freedom. Hence in all cases an asymptotic test 
can be constructed. 


Theorem 6.3.1. Assume the same regularity conditions as for Theorem 6.2.2. 
Under the null hypothesis, Hp : 0 = 9, 


—2logA 3% y?(1). (6.3.7) 
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Proof: Expand the function /(@) into a Taylor series about 09 of order 1 and evaluate 


nw 


it at the mle, 6. This results in 
a ; eee 
1(8) = 1(80) + (8 — 80)I" (80) + 5? — o)*l"(Or), (6.3.8) 


where 6% is between @ and 9. Because 65 4, it follows that 07 BSN Mo. This, in 
addition to the fact that the function /’’(@) is continuous, and equation (6.2.22) of 
Theorem 6.2.2 imply that 
1 

aol) FE T@oy: (6.3.9) 

By Corollary 6.2.3, 
1, x 

—al' (89) = V/n(8 — 09)I(00) + Rn, (6.3.10) 
Jn 
where R,, — 0, in probability. If we substitute (6.3.9) and (6.3.10) into expression 
(6.3.8) and do some simplification, we have 


—2log A = 2(1(0) — 1(89)) = {/nI(80)(8 — 9)}2 + Re, (6.3.11) 


where R* — 0, in probability. By Theorems 5.2.4 and 6.2.2, the first term on the 
right side of the above equation converges in distribution to a ?-distribution with 
one degree of freedom. 


Define the test statistic x7, = —2log A. For the hypotheses (6.3.1), this theorem 
suggests the decision rule 


Reject Ho in favor of Hy if x7 > x2(1). (6.3.12) 


By the last theorem, this test has asymptotic level a. If we cannot obtain the test 
statistic or its distribution in closed form, we can use this asymptotic test. 

Besides the likelihood ratio test, in practice two other likelihood-related tests 
are employed. A natural test statistic is based on the asymptotic distribution of 0. 
Consider the statistic 


2 

Vy = { n1(0)(0 — a} (6.3.13) 
Because I(@) is a continuous function, I (0) — I(09) in probability under the null 
hypothesis, (6.3.1). It follows, under Ho, that x7 has an asymptotic ?-distribution 
with one degree of freedom. This suggests the decision rule 


Reject Ho in favor of Hy if x7, > x2(1). (6.3.14) 


As with the test based on x7, this test has asymptotic level a. Actually, the 
relationship between the two test statistics is strong, because as equation (6.3.11) 
shows, under Ho, 

Xv — x2, 20: (6.3.15) 
The test (6.3.14) is often referred to as a Wald-type test, after Abraham Wald, 
who was a prominent statistician of the 20th century. 
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The third test is called a scores-type test, which is often referred to as Rao’s 
score test, after another prominent statistician, C. R. Rao. The scores are the 
components of the vector 


_ (Alog f(X1;8) Dog f(Xns)\ 
S(0) = ( 0 ee 0 : (6.3.16) 
In our notation, we have 
1 = xs Olog f (Xi; 90) 
I'(00) = : (6.3.17) 
Va OO ae 2 2 
Define the statistic ‘ 
Li 
y= Go) (6.3.18) 
nI(@) 
Under Ho, it follows from expression (6.3.10) that 
Xk = Xw + Ron, (6.3.19) 


where Ro, converges to 0 in probability. Hence the following decision rule defines 
an asymptotic level a test under Hp: 


Reject Ho in favor of Hy if x% > x2.(1). (6.3.20) 


Example 6.3.3 (Example 6.2.6, Continued). As in Example 6.2.6, let X1,..., Xn 
be a random sample having the common beta(6, 1) pdf (6.2.14). We use this pdf to 
illustrate the three test statistics discussed above for the hypotheses 


Ho: 6=1 versus H,: 061. (6.3.21) 


Under Ho, f(2;0) is the uniform(0,1) pdf. Recall that @ = —n/ yr, log X; is the 
mle of 6. After some simplification, the value of the likelihood function at the mle 


is 
= (Sex: esr = Stor x: ese nog - 1)}. 
i=1 


i=l 


Also, L(1) = 1. Hence the likelihood ratio test statistic is A = 1/L(8), so that 


x2 =—2log A = 2 {- Soba — nlog (- Sex -»-+nkgn} : 


i=1 i=l 


Recall that the information for this pdf is [(@) = @~?. For the Wald-type test, we 
would estimate this consistently by @~?. The Wald-type test simplifies to 


3, = (,/=@- ») = nf = Ne (6.3.22) 
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Finally, for the scores-type course, recall from (6.2.15) that the /’(1) is 


i= S “log X; +n. 


i=l 


Hence the scores-type test statistic is 


a lo X;,;+n ? 
y= fant (6.3.23) 


It is easy to show that expressions (6.3.22) and (6.3.23) are the same. From Example 
6.2.4, we know the exact distribution of the maximum likelihood estimate. Exercise 
6.3.7 uses this distribution to obtain an exact test. ™ 


Example 6.3.4 (Likelihood Tests for the Laplace Location Model). Consider the 
location model 
X,;=O0+e;, t=1,...,n, 


where —oo < @ < oo and the random errors e;s are iid each having the Laplace pdf, 
(2.2.1). Technically, the Laplace distribution does not satisfy all of the regularity 
conditions (RO)-(R5), but the results below can be derived rigorously; see, for 
example, Hettmansperger and McKean (2011). Consider testing the hypotheses 


Hy: 0=9o versus H,: 04 %, 
where 0 is specified. Here 2 = (—oo,oo) and w = {09}. By Example 6.1.1, we 


know that the mle of 6 under 2 is Q2 = med{X,...,X,}, the sample median. It 
follows that 


while 
Hence the negative of twice the log of the likelihood ratio test statistic is 


YS |2i — 90] — S52 - an] (6.3.24) 
i=1 


i=1 


—2log A=2 


Thus the size a asymptotic likelihood ratio test for Hp versus Hy rejects Ho in favor 


of Ay if 
2 » |zi — 0| — So lai — as] 2x) 
w=1 i=1 


By (6.2.10), the Fisher information for this model is [(@) = 1. Thus, the Wald-type 
test statistic simplifies to 


xw = [Vn(Q2 — 4)]°. 
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For the scores test, we have 


Olog f(a; - 0)  O 1 
oe = ey | 8 5 I-A = i). 

ey, 79 [1°85 |x; — O| sgn(2; — @) 
Hence the score vector for this model is S(@) = (sgn(X, — 6),...,sgn(Xpn — 0))’. 
From the above discussion [see equation (6.3.17)], the scores test statistic can be 
written as 


where 


As Exercise 6.3.4 shows, under Ho, S* is a linear function of a random variable with 
a b(n, 1/2) distribution. m 


Which of the three tests should we use? Based on the above discussion, all three 
tests are asymptotically equivalent under the null hypothesis. Similarly to the con- 
cept of asymptotic relative efficiency (ARE), we can derive an equivalent concept 
of efficiency for tests; see Chapter 10 and more advanced books such as Hettman- 
sperger and McKean (2011). However, all three tests have the same asymptotic 
efficiency. Hence, asymptotic theory offers little help in separating the tests. There 
have been finite sample comparisons in the literature; but, these studies have not 
selected any of these as a “best” test overall; see Chapter 7 of Lehmann (1999) for 
more discussion. 


EXERCISES 


6.3.1. Consider the decision rule (6.3.5) derived in Example 6.3.1. Obtain the 
distribution of the test statistic under a general alternative and use it to obtain 
the power function of the test. If computational facilities are available, sketch this 
power curve for the case when #9 = 1, n = 10, and a = 0.05. 


6.3.2. Show that the test with decision rule (6.3.6) is like that of Example 4.6.1 
except that here a? is known. 


6.3.3. Consider the decision rule (6.3.6) derived in Example 6.3.2. Obtain an 
equivalent test statistic which has a standard normal distribution under Ho. Next 
obtain the distribution of this test statistic under a general alternative and use it 
to obtain the power function of the test. If computational facilities are available, 
sketch this power curve for the case when 09 = 0, n = 10, 0? = 1, and a = 0.05. 


6.3.4. Consider Example 6.3.4. 
(a) Show that we can write S* = 2T — n, where T = #{X; > Oo}. 


(b) Show that the scores test for this model is equivalent to rejecting Ho if T < c 
or T' > co. 
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(c) Show that under Ho, T has the binomial distribution b(n, 1/2); hence, deter- 
mine c, and cy so the test has size a. 


(d) Determine the power function for the test based on T as a function of 0. 


6.3.5. Let X1, X2,...,Xn be a random sample from a N(j19,07 = @) distribution, 
where 0 < @ < co and fo is known. Show that the likelihood ratio test of Hp : 0 = 60 
versus H; : @ #4 6 can be based upon the statistic W = S7"_,(Xi — 10)?/Oo. 
Determine the null distribution of W and give, explicitly, the rejection rule for a 
level a test. 


6.3.6. For the test described in Exercise 6.3.5, obtain the distribution of the test 
statistic under general alternatives. If computational facilities are available, sketch 
this power curve for the case when #9 = 1, n = 10, 41 = 0, and a = 0.05. 


6.3.7. Using the results of Example 6.2.4, find an exact size a test for the hypotheses 
(6.3.21). 


6.3.8. Let X 1, X2,...,Xn be a random sample from a Poisson distribution with 
mean 6 > 0. 


(a) Show that the likelihood ratio test of Hp : 0 = 09 versus H, : 0 # Op is based 
upon the statistic Y = >", X;. Obtain the null distribution of Y. 


(b) For 0) = 2 and n = 5, find the significance level of the test that rejects Ho if 
Y <4oryY > 17. 


6.3.9. Let X1, X2,...,X, be arandom sample from a Bernoulli b(1, 6) distribution, 
where 0 <6 <1. 


(a) Show that the likelihood ratio test of Hp : 0 = 09 versus H, : 0 # Op is based 
upon the statistic Y = )>;"_, X;. Obtain the null distribution of Y. 


(b) For n = 100 and 09 = 1/2, find c; so that the test rejects Hy when Y < c, or 
Y > cg = 100 — c, has the approximate significance level of a = 0.05. Hint: 
Use the Central Limit Theorem. 


6.3.10. Let X1, X2,...,X, be a random sample from a T'(a = 3, = 6) distribu- 
tion, where 0 < 6 < oo. 


(a) Show that the likelihood ratio test of Hp : 0 = 09 versus H, : 0 # Op is based 
upon the statistic W = >", X;. Obtain the null distribution of 2W/O. 


(b) For 6) = 3 and n = 5, find c; and c2 so that the test that rejects Hp when 
W <c, or W > cy has significance level 0.05. 


6.3.11. Let X),Xo,...,X, be a random sample from a distribution with pdf 
f(x;0) = Oexp {—|z|°} /2P(1/0), —coo < x < co, where 6 > 0. Suppose 2 = 
{6 : 0 = 1,2}. Consider the hypotheses Ho : 6 = 2 (a normal distribution) versus 
H,: 0 =1 (a double exponential distribution). Show that the likelihood ratio test 
can be based on the statistic W = 7), (X? — |X;|). 
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6.3.12. Let X 1, X2,...,X» be a random sample from the beta distribution with 
a= (8=0Oand = {6:0 =1,2}. Show that the likelihood ratio test statistic 
A for testing Hp : 0 = 1 versus H; : 0 = 2 is a function of the statistic W = 
Deiat log Xi + DOz_y log (1 — Xi). 
6.3.13. Consider a location model 

X;=0+ 6, UL pesca g Thy (6.3.25) 
where €1,€2,...,€n are iid with pdf f(z). There is a nice geometric interpretation 
for estimating 0. Let K = (Xj,...,Xp)/ and e = (e1,...,€n)/ be the vectors of 
observations and random error, respectively, and let 2 = 01, where 1 is a vector 
with all components equal to 1. Let V be the subspace of vectors of the form p; 
ie, V ={v:v=al, for some a € R}. Then in vector notation we can write the 
model as 

X=pt+e, pev. (6.3.26) 

Then we can summarize the model by saying, “Except for the random error vector 
e, X would reside in V.” Hence, it makes sense intuitively to estimate ys by a vector 
in V which is “closest” to X. That is, given a norm || - || in R”, choose 


pi = Argmin||X — vj, ve V. (6.3.27) 
(a) If the error pdf is the Laplace, (2.2.1), show that the minimization in (6.3.27) 


is equivalent to maximizing the likelihood when the norm is the /; norm given 
by 


IIvlla = S= [eil- (6.3.28) 
i=l 


(b) If the error pdf is the N(0, 1), show that the minimization in (6.3.27) is equiv- 
alent to maximizing the likelihood when the norm is given by the square of 
the Jz norm 


lvls = De? (6.3.29) 


6.3.14. Continuing with the last exercise, besides estimation there is also a nice 
geometric interpretation for testing. For the model (6.3.26), consider the hypotheses 


Hy: 6 =o versus H,: 04 Oo, (6.3.30) 


where 09 is specified. Given a norm || - || on R”, denote by d(X,V) the distance 
between X and the subspace V; i.e., d(X,V) = ||X — p4||, where f is defined in 
equation (6.3.27). If Ho is true, then f2 should be close to 2 = 691 and, hence, 
|X — 001|| should be close to d(X,V). Denote the difference by 


RD =||X — 691|| — |X — all. (6.3.31) 


Small values of RD indicate that the null hypothesis is true, while large values 
indicate H,. So our rejection rule when using RD is 


Reject Ho in favor of H, if RD > c. (6.3.32) 
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(a) If the error pdf is the Laplace, (6.1.6), show that expression (6.3.31) is equiv- 
alent to the likelihood ratio test when the norm is given by (6.3.28). 


(b) If the error pdf is the N(0,1), show that expression (6.3.31) is equivalent to 
the likelihood ratio test when the norm is given by the square of the lz norm, 
(6.3.29). 


6.3.15. Let X1,X2,...,X,y be a random sample from a distribution with pmf 
p(x; 0) = 67(1 — @)1-*, « = 0,1, where 0 < 6 < 1. We wish to test Hp: 6=1/3 
versus H,: 0641/3. 

(a) Find A and —2log A. 

(b) Determine the Wald-type test. 


(c) What is Rao’s score statistic? 


6.3.16. Let X1, X2,...,Xpn be a random sample from a Poisson distribution with 
mean 6 > 0. Test Ho: 0 =2 against H,: 6 #2 using 


(a) —2log A. 
(b) A Wald-type statistic. 
(c) Rao’s score statistic. 


6.3.17. Let X1, X2,...,X, be a random sample from a ['(a, 3) distribution where 
a is known and > 0. Determine the likelihood ratio test for Hp : @ = (Go against 


H,: BF Bo. 


6.3.18. Let Y; < Yo <---< Y, be the order statistics of a random sample from a 
uniform distribution on (0,0), where @ > 0. 


(a) Show that A for testing Ho : 6 = 0 against H, : 6 4 09 is A = (Y,/4)", 
YX 9, and A=0Oif Y, > A. 


(b) When Hp is true, show that —2log A has an exact y?(2) distribution, not 
2 . eae a . 
x7(1). Note that the regularity conditions are not satisfied. 


6.4 Multiparameter Case: Estimation 


In this section, we discuss the case where @ is a vector of p parameters. There 
are analogs to the theorems in the previous sections in which @ is a scalar, and we 
present their results but, for the most part, without proofs. The interested reader 
can find additional information in more advanced books; see, for instance, Lehmann 
and Casella (1998) and Rao (1973). 
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Let X1,...,X, be iid with common pdf f(x;@), where @€ 2 C R?. As before, 
the likelihood function and its log are given by 


L(@) = [] f(s) 


~ 
— 

S 
~ 


log L(@) = s log f (xi; 9), (6.4.1) 
i=1 


for 8 € Q. The theory requires additional regularity conditions, which are listed in 
Appendix A, (A.1.1). In keeping with our number scheme in the last three sections, 
we have labeled these (R6)—(R9). In this section, when we say “under regularity 
conditions,” we mean all of the conditions of (6.1.1), (6.2.1), (6.2.2), and (A.1.1) 
which are relevant to the argument. The discrete case follows in the same way as 
the continuous case, so in general we state material in terms of the continuous case. 

Note that the proof of Theorem 6.1.1 does not depend on whether the parameter 
is a scalar or a vector. Therefore, with probability going to 1, L(@) is maximized 
at the true value of 8. Hence, as an estimate of 0 we consider the value which 
maximizes L(@) or equivalently solves the vector equation (0/00)I(@) = 0. If it 
exists, this value is called the maximum likelihood estimator (mle) and we 
denote it by 0. Often we are interested in a function of 0, say, the parameter 
71 = g(@). Because the second part of the proof of Theorem 6.1.2 remains true for 
6 as a vector, 7] = (0) is the mle of 77. 


Example 6.4.1 (Maximum Likelihood Estimates Under the Normal Model). Sup- 
pose Xy,...,X, are iid N(,07). In this case, @ = (1,07)! and Q is the product 
space (—oo, 00) x (0,00). The log of the likelihood simplifies to 


n Wee 
Lao") = —5 logan — nloga — a2 (ti — (6.4.2) 
i=1 


Taking partial derivatives of (6.4.2) with respect to 4 and o and setting them to 0, 
we get the simultaneous equations 


ao is ” )= 
Ou — o2 rr _ By = 
al n leo 
a gt le 
i=1 
Solving these equations, we obtain @ = X and @ = 4/(1/n)>>;_,(X; —X)? as 


solutions. A check of the second partials shows that these maximize I(j1,07), so 
these are the mles. Also, by Theorem 6.1.2, (1/n) )7i_, (Xi — X)? is the mle of o?. 
We know from our discussion in Section 5.1 that these are consistent _estimates of 
p and o?, respectively, that 72 is an unbiased estimate of 1, and that o? is a biased 
estimate of ¢? whose bias vanishes as n — 00. ll 
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Example 6.4.2 (General Laplace pdf). Let X1, X2,...,Xn be a random sample 
from the Laplace pdf fx (x) = (2b)~'exp{—|x — a|/b}, —oo < x < oo, where the 
parameters (a,b) are in the space 2 = {(a,b) : —co < a < 00,b > 0}. Recall in the 
last sections we looked at the special case where b = 1. As we now show, the mle 
of a is the sample median, regardless of the value of b. The log of the likelihood 


function is 
se —a 


I(a,b) = —nlog 2 — nlog b— = 


The partial of I(a,b) with respect to a is 


Ol(a, b) Li tL 
Ba = jem mS th = = sun{es — a}, 
i=1 
where the second equality follows because b > 0. Setting this partial to 0, we obtain 


the mle of a to be Q2 = med{X1, X2,..., Xn}, just as in Example 6.1.1. Hence the 
mle of a is invariant to the parameter b. Taking the partial of I(a,b) with respect 


to b, we obtain 
dl(a,b) nn 1 
ob 2, ea 8 


Setting to 0 and solving the two equations simultaneously, we obtain, as the mle of 
b, the statistic 


ie 
b=— Xi- Qe . of 
= 2 | | 
Recall that the Fisher information in the scalar case was the variance of the 
random variable (0/00) log f(X;6). The analog in the multiparameter case is the 
variance-covariance matrix of the gradient of log f(X;0), that is, the variance- 
covariance matrix of the random vector given by 


dlog f(X;8) es 8) 

log f(X; 6) = | —————_...., —-———_ } . 6.4.3 
Vlog f(x;0) = (PPE ar (6.43) 

Fisher information is then defined by the p x p matrix 
1(@) = Cov (7 log f(X;9)) . (6.4.4) 

The (j,&)th entry of I(@) is given by 
a) O 

Tj~ = cov G log f(X; 8), a, — log f(X; 0)) RS Tee (6.4.5) 


As in the scalar case, we can simplify this by using the identity 1 = [ f(a; 0) dz. 
Under the regularity conditions, as discussed in the second paragraph of this section, 
the partial derivative of this identity with respect to 6; results in 


[| Fp res rt0s0)] fe:0) ae 


: z| = inert: 6)). (6.4.6) 


oO 
| 
= 
= 
Qa 
8 
| 


6.4. Multiparameter Case: Estimation 353 


Next, on both sides of the first equality above, take the partial derivative with 
respect to 6,. After simplification, this results in 


oa | (aor log f(2; 0)) f(a; 6) dex 
+/ (sr log f (x; 0) log f(a; 0)) Pde: 


that is, 
pe HB) 6 F5HG)| =a ee iy f(X;0) (6.4.7) 
30; °° oO,” 00,00, 22 a" a 
Using (6.4.6) and (6.4.7) together, we obtain 
o2 
Ij, = -—E |—— 1 X;6)|. A, 
i= —E | ap age low F(%:8)] (6.48) 


Information for a random sample follows in the same way as the scalar case. The 
pdf of the sample is the likelihood function L(@;X). Replace f(X;0@) by L(0;X) 
in the vector given in expression (6.4.3). Because log L is a sum, this results in the 
random vector 


Vv log L(@; X) = vlog X;;0). (6.4.9) 
i=l 


Because the summands are iid with common covariance matrix I(@), we have 
Cov(V log L(@; X)) = nI(@). (6.4.10) 


As in the scalar case, the information in a random sample of size n is n times the 
information in a sample of size 1. 
The diagonal entries of I(@) are 


log f(X;0@ 
T,;(@) = Var ee B| sa log f (Xi; 0)). 
This is similar to the case when @ is a scalar, except now J;;(@) is a function of the 
vector @. Recall in the scalar case that (nJ(@))~' was the Rao-Cramér lower bound 
for an unbiased estimate of 6. There is an analog to this in the multiparameter 
case. In particular, if Y; = u;(X1,...,Xp) is an unbiased estimate of 6;, then it 
can be shown that 


Vays so ~ (1-116) (6.4.11) 


is 
see, for example, Lehmann (1983). As in “e scalar case, we shall call an unbiased 
estimate efficient if its variance attains this lower bound. 


Example 6.4.3 (Information Matrix for the Normal pdf). The log of a N(j, 07) 
pdf is given by 


1 
log f (2; 1,07) = —= = log 2n — logo — = = (@- p)?. (6.4.12) 
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The first and second partial derivatives are 


Ologf eo xf) 
Ou — Ga B 
APlogf _ al 
Op? - o? 
Ologf 1 1 2 
Oo Gg om a) 
0 log f 1 3 ‘ 
“Bot = gh gH) 
07 log f 2) ail 
Oudo——« BB ea 


Upon taking the negative of the expectations of the second partial derivatives, the 
information matrix for a normal density is 


oF°’"r 


n= | 2 | (6.4.13) 


We may want the information matrix for (4,07). This can be obtained by taking 
partial derivatives with respect to o7 instead of o; however, in Example 6.4.6, 
we obtain it via a transformation. From Example 6.4.1, the maximum likelihood 
estimates of and o? are ji = X and G? = (1/n)>07_,(X; — X)?, respectively. 
Based on the information matrix, we note that X is an efficient estimate of ju for 
finite samples. In Example 6.4.6, we consider the sample variance. @ 


Example 6.4.4 (Information Matrix for a Location and Scale Family). Suppose 
X,X2,...,Xp is a random sample with common pdf fx (x) = b~ 1! f (4-4), -c0 < 
x < ©, where (a,b) is in the space 2 = {(a,b) : —co < a < 00,b > 0} and f(z) is 
a pdf such that f(z) > 0 for —oo < z < oo. As Exercise 6.4.8 shows, we can model 
Xj as 


X; =a+t bei, (6.4.14) 


where the e;s are iid with pdf f(z). This is called a location and scale model (LASP). 
Example 6.4.2 illustrated this model when f(z) had the Laplace pdf. In Exercise 
6.4.9, the reader is asked to show that the partial derivatives are 


wa (ose (2))} = iF 
wes (")]} = 


Using (6.4.5) and (6.4.6), we then obtain 


= [alee] eG) 
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Now make the substitution z = (a — a)/b, dz = (1/b)dx. Then we have 
u= Bf ol Fe z) dz; A, 


hence, information on the location parameter a does not depend on a. As Exercise 
6.4.9 shows, upon making this substitution, the other entries in the information 


matrix are 
is = af. f+ LON peyae (6.4.16) 
in = |. oN)" peeyae (6.4.17) 


Thus, the information matrix can be written as (1/b)? times a matrix whose entries 
are free of the parameters a and b. As Exercise 6.4.10 shows, the off-diagonal entries 
of the information matrix are 0 if the pdf f(z) is symmetric about 0. m 


Example 6.4.5 (Multinomial Distribution). Consider a random trial which can re- 
sult in one, and only one, of k outcomes or categories. Let X; be 1 or 0 depending 
on whether the 7th outcome occurs or does not, for 7 = 1,...,&. Suppose the prob- 
ability that outcome j occurs is p;; hence, Yat Pi = 1. Let X = (X,..., Xp¢-1)' 
and p = (pj,..-,pr—1)’.. The distribution of X is multinomial; see Section 3.1. 
Recall that the pmf is given by 


b=1 
k-1 por \ 1 ia1 
j=l j=l 


where the parameter space is Q={p: 0<p;<1,j=1,...,k-1; St pj < 1}. 


We first obtain the information matrix. The first partial of the log of f with 
respect to p; simplifies to 


Ologf — x Le er, vj 
Opi Pi Sy 


The second partial derivatives are given by 


PPlogf — & T= Sia Lj 
in an a = ee 
Op; mR d- Daim) 
2] i Sie 
a ae — teint LAPSE 
OpiOPn, (1- i pj)? 


Recall for this distribution that marginally each random variable X; has a Bernoulli 
distribution with mean p;. Recalling that p, = 1—(pi+:--+px—1), the expectations 
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of the negatives of the second partial derivatives are straightforward and result in 
the information matrix 


1 1 1 1 
Pl + Pk Pk Pr 
1 ie ae ee os 
Pk p2 Pk Pk 
I(p) = (6.4.19) 
i as wes 1 oie 
Pk Pk Pk-1 Pk 


This is a patterned matrix with inverse [see page 170 of Graybill (1969)], 


pi(l — p1) —pip2 ais —P1Pk-1 
—pip2 p2o(l—pe) --: —P2Pr—1 
I*(p) = . (6.4.20) 
—PiPk—-1 —P2Pr-1***— Pr—-1 (1 — pe-1) 


Next, we obtain the mles for a random sample X 1, Xo,...,X,. The likelihood 
function is given by 


: 
n k-1 k-1 1-djaa a 

L(p) =|] [[e;" (1-Soa ; (6.4.21) 
i=1 j=1 j=l 


Let t; = 0}, vj, for j = 1,...,k —1. With simplification, the log of L reduces to 


k-1 


k-1 k-1 
I(p) = sy logp; + | n— t; }| log 1-S op; 
j=l j=l 


j=l 


The first partial of I(p) with respect to pp, leads to the system of equations 


It is easily seen that p, = t,/n satisfies these equations. Hence the maximum 
likelihood estimates are 


Bae 
oe = Di Xn h=1,. 


Dh ba (6.4.22) 
nm 


Each random variable )>;"_, Xin is binomial(n, pp) with variance npp,(1—pp,). There- 
fore, the maximum likelihood estimates are efficient estimates. Hl 


As a final note on information, suppose the information matrix is diagonal. 
Then the lower bound of the variance of the jth estimator (6.4.11) is 1/(nI,;(0)). 
Because I;;(@) is defined in terms of partial derivatives, [see (6.4.5)], this is the 
information in treating all 0;, except 6;, as known. For instance, in Example 6.4.3, 
for the normal pdf the information matrix is diagonal; hence, the information for 
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u could have been obtained by treating 0? as known. Example 6.4.4 discusses the 
information for a general location and scale family. For this general family, of which 
the normal is a member, the information matrix is diagonal provided the underlying 
pdf is symmetric. 

In the next theorem, we summarize the asymptotic behavior of the maximum 
likelihood estimator of the vector @. It shows that the mles are asymptotically 
efficient estimates. 


Theorem 6.4.1. Let X,...,Xy be tid with pdf f(a;@) for @ € Q. Assume the 
regularity conditions hold. Then 


1. The likelihood equation, 
) 


a) 


has a solution On such that On 2: 


1(0) = 0, 


2. For any sequence which satisfies (1), 
J/n(6,, — 0) > N,(0,1-1(6)). 


The proof of this theorem can be found in more advanced books; see, for example, 
Lehmann and Casella (1998). As in the scalar case, the theorem does not assure that 
the maximum likelihood estimates are unique. But if the sequence of solutions are 
unique, then they are both consistent and asymptotically normal. In applications, 
we can often verify uniqueness. 

We immediately have the following corollary, 


Corollary 6.4.1. Let X1,...,Xn, be iid with pdf f(a; 0) for @ € OQ. Assume the reg- 


ularity conditions hold. Let On be a sequence of consistent solutions of the likelihood 
equation. Then 0, are asymptotically efficient estimates; that is, for 7 =1,...,p, 


n~ 


Vn(n,j — 93) > N(0, [I-*(8)];3). 


Let g be a transformation g(@) = (g1(@),...,9%(0@))’ such that 1 < k < p and 
that the k x p matrix of partial derivatives 


Og: : ‘ 
B= =a oko Hd. ot 
Ear U ? > J ? »~P; 


has continuous elements and does not vanish in a neighborhood of 6. Let 7 = g(0). 
Then 7 is the mle of n = g(@). By Theorem 5.4.6, 
Vn( — 7) > N;,(0, BI7!(6)B’). (6.4.23) 


Hence the information matrix for \/n(7j — 7) is 


-1 


I(n) = [BI-'(@)B’] , (6.4.24) 


provided the inverse exists. 
For a simple example of this result, reconsider Example 6.4.3. 
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Example 6.4.6 (Information for the Variance of a Normal Distribution). Suppose 


X1,...,Xn are iid N(,07). Recall from Example 6.4.3 that the information matrix 


was I(y,0) = diag{o~?, 20-7}. Consider the transformation g(u,07) = 07. Hence 


the matrix of partials B is the row vector [0 2c]. Thus the information for 0? is 


The Rao-Cramér lower bound for the variance of an estimator of o? is (20+)/n. 
Recall that the sample variance is unbiased for o?, but its variance is (20%) /(n— 1). 
Hence, it is not efficient for finite samples, but it is asymptotically efficient. m 


EXERCISES 


6.4.1. Let X1, X2, and X3 have a multinomial distribution in which n = 25, k = 4, 
and the unknown probabilities are 6;, 62, and 03, respectively. Here we can, for 
convenience, let X4 = 25— X,— X2— X3 and 04 = 1— 0; — 62 — 03. If the observed 
values of the random variables are x; = 4, x2 = 11, and x3 = 7, find the maximum 
likelihood estimates of 0,, 02, and 63. 


6.4.2. Let X1, Xo,..., Xn and Yi, Y2,..., Ym be independent random samples from 
N(61,03) and N (02,64) distributions, respectively. 


(a) If QC R?® is defined by 
O16 06s: eS 0 SS 19S P= Oy < oh, 
find the mles of 6,, 62, and 3. 
(b) If OQ Cc R? is defined by 


Q = {(01, 63) : —00 < 0, = 05 < 0030 < 43 = 64 < ow}, 
find the mles of 6; and 03. 


6.4.3. Let X1, X2,..., Xn be iid, each with the distribution having pdf f(x; 61,02) = 
(1/0g)e7 (%—91)/82, 0, <4 < ow, —OO < A < ov, zero elsewhere. Find the maximum 
likelihood estimators of 0; and @. 


6.4.4. The Pareto distribution is a frequently used model in the study of incomes 
and has the distribution function 


: = 1— (0,/x)” 0; <2 
F(x; 01,62) = { 0 elsewhere, 


where 0; > 0 and 62 > 0. If X1, X2,..., Xn is a random sample from this distri- 
bution, find the maximum likelihood estimators of 6; and 02. (Hint: This exercise 
deals with a nonregular case.) 
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6.4.5. Let Y; < Yo < --- < Y, be the order statistics of a random sample of 
size n from the uniform distribution of the continuous type over the closed interval 
(0 — p, 04+ p]. Find the maximum likelihood estimators for 9 and p. Are these two 
unbiased estimators? 


6.4.6. Let X1, X2,...,X, be a random sample from N(, 07). 


(a) If the constant b is defined by the equation P(X < b) = 0.90, find the mle of 
b. 


(b) If cis given constant, find the mle of P(X < c). 


6.4.7. Consider two Bernoulli distributions with unknown parameters p,; and po. If 
Y and Z equal the numbers of successes in two independent random samples, each 
of size n, from the respective distributions, determine the mles of p; and p2 if we 
know that 0 < py < po <1. 


6.4.8. Show that if X; follows the model (6.4.14), then its pdf is b~' f ((a — a)/b). 


6.4.9. Verify the partial derivatives and the entries of the information matrix for 
the location and scale family as given in Example 6.4.4. 


6.4.10. Suppose the pdf of X is of a location and scale family as defined in Example 
6.4.4. Show that if f(z) = f(—z), then the entry [2 of the information matrix is 0. 
Then argue that in this case the mles of a and b are asymptotically independent. 


6.4.11. Suppose X1, X2,...,Xn are iid N(, 07). Show that X; follows a location 
and scale family as given in Example 6.4.4. Obtain the entries of the information 
matrix as given in this example and show that they agree with the information 
matrix determined in Example 6.4.3. 


6.5 Multiparameter Case: Testing 


In the multiparameter case, hypotheses of interest often specify 8 to be in a sub- 
region of the space. For example, suppose X has a N(j,07) distribution. The full 
space is Q = {(y,07) : 0? > 0,-co < pp < oo}. This is a two-dimensional space. 
We may be interested though in testing that w = wo, where [Uo is a specified value. 
Here we are not concerned about the parameter o?. Under Ho, the parameter space 
is the one-dimensional space w = {(j19,07) : 0? > 0}. We say that Ho is defined 
in terms of one constraint on the space Q. 

In general, let X1,...,X, be iid with pdf f(x; 0) for 9 € Q C R?. As in the last 
section, we assume that the regularity conditions listed in (6.1.1), (6.2.1), (6.2.2), 
and (A.1.1) are satisfied. In this section, we invoke these by the phrase under 
regularity conditions. The hypotheses of interest are 


Ho: 0€w versus Hy: OE NN, (6.5.1) 


where w C 2 is defined in terms of g, 0 < q < p, independent constraints of 
the form gi(@) = a1,...,9q(@) = aq. The functions gi,..., gq, must be continuously 
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differentiable. This implies that w is a (p—q)-dimensional space. Based on Theorem 
6.1.1, the true parameter maximizes the likelihood function, so an intuitive test 
statistic is given by the likelihood ratio 


L(@ 
A= meget (7) (6.5.2) 
maxgeg L(A) 


Large values (close to 1) of A suggest that Hp is true, while small values indicate 
7, is true. For a specified level a, 0 < a < 1, this suggests the decision rule 


Reject Ho in favor of Hy if A<c, (6.5.3) 


where c is such that a = maxg,., Pg|A < c]. As in the scalar case, this test often 
has optimal properties; see Section 6.3. To determine c, we need to determine the 
distribution of A or a function of A when Hp is true. 

Let @ denote the maximum likelihood estimator when the parameter space is 
the full space Q and let @9 denote the maximum likelihood estimator when the 


parameter space is the reduced space w. For convenience, define L(Q) =L (6) and 


L(®)=L (60). Then we can write the likelihood ratio test (LRT) statistic as 


A= 7) (6.5.4) 
L(Q) 
Example 6.5.1 (LRT for the Mean of a Normal pdf). Let X,...,X» be a random 
sample from a normal distribution with mean p and variance o?. Suppose we are 
interested in testing 
Ho: = Mo versus Hy: bw F pW, (6.5.5) 


where suo is specified. Let Q = {(u,07) : —oo < pp < co,07 > 0} denote the full 
model parameter space. The reduced model parameter space is the one-dimensional 
subspace w = {(tig,07) + 7 > 0}. By Example 6.4.1, the mles of j: and o” under 
Q are fi = X and G? = (1/n) 0, (Xi — X)”, respectively. Under 0, the maximum 
value of the likelihood function is 
oj-— : 2 6.5.6 

( ) = Bayale Gaare SPL (n/ )}- (6.5.6) 
Following Example 6.4.1, it is easy to show that under the reduced parameter space 
w, G = (1/n) >, (Xi — wo)”. Thus the maximum value of the likelihood function 


under w is 
a 1 1 


o~ 


The likelihood ratio test statistic is the ratio of L(@) to L(Q); ie, 


=> n/2 


is os . (6.5.8) 
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The likelihood ratio test rejects Ho if A < c, but this is equivalent to rejecting Ho 
if A~?/" > c!. Next, consider the identity 


n n 


S (Xi — wo)? = $0 (Xi — XP + (XK = p10)?. (6.5.9) 


i=1 i=1 


Substituting (6.5.9) for )>i_,(X;—j0)”, after simplification, the test becomes reject 
Ho if 


or equivalently, reject Ho if 


vn(X — Lo) 
doe (Xi — X)?/(m— 1) 


Let T denote the expression within braces on the left side of this inequality. Then 
the decision rule is equivalent to 


>c" = (ce -1)(n—-1). 


Reject Ho in favor of H, if |T| > c*, (6.5.10) 


where a = Py,[|T| > c*]. Of course, this is the two-sided version of the t-test 
presented in Example 4.5.4. If we take c to be ta2,n-1, the upper a/2-critical value 
of a t-distribution with n — 1 degrees of freedom, then our test has exact level a. m 


Other examples of likelihood ratio tests for normal distributions can be found 
in the exercises. 

We are not always as fortunate as in Example 6.5.1 to obtain the likelihood 
ratio test in a simple form. Often it is difficult or perhaps impossible to obtain its 
finite sample distribution. But, as the next theorem shows, we can always obtain 
an asymptotic test based on it. 


Theorem 6.5.1. Let X1,...,Xn be tid with pdf f(a;@) for8@E QC RP. Assume 
the regularity conditions hold. Let On be a sequence of consistent solutions of the 
likelthood equation when the parameter space is the full space Q. Let 09, be a 
sequence of consistent solutions of the likelihood equation when the parameter space 


is the reduced space w, which has dimension p—q. Let A denote the likelihood ratio 
test statistic given in (6.5.4). Under Ho, (6.5.1), 


—2log A 3 x(q). (6.5.11) 


A proof of this theorem can be found in Rao (1973). 

There are analogs of the Wald-type and scores-type tests, also. The Wald-type 
test statistic is formulated in terms of the constraints, which define Hp, evaluated 
at the mle under 2. We do not formally state it here, but as the following example 
shows, it is often a straightforward formulation. The interested reader can find a 
discussion of these tests in Lehmann (1999). 

A careful reading of the development of this chapter shows that much of it 
remains the same if X is a random vector. The next example demonstrates this. 
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Example 6.5.2 (Application of a Multinomial Distribution). As an example, con- 
sider a poll for a presidential race with k candidates. Those polled are asked to 
select the person for which they would vote if the election were held tomorrow. As- 
suming that those polled are selected independently of one another and that each 
can select one and only one candidate, the multinomial model seems appropriate. 
In this problem, suppose we are interested in comparing how the two “leaders” are 
doing. In fact, say the null hypothesis of interest is that they are equally favorable. 
This can be modeled with a multinomial model which has the three categories: (1) 
and (2) for the two leading candidates and (3) for all other candidates. Our obser- 
vation is a vector (X1, X2), where X; is 1 or 0 depending on whether category 7 is 
selected or not. If both are 0, then category (3) has been selected. Let p; denote the 
probability that category 7 is selected. Then the pmf of (X1, X2) is the trinomial 
density, 


f (21,223 P1,p2) = pips? (1 — pi — po), (6.5.12) 
for x; = 0,1,¢4 =1,2;2, +22 < 1, where the parameter space is Q = {(pi,p2): 0< 
pi <1, pi +p2 <1}. Suppose (X41, X21),.--, (Xin, X2n) is a random sample from 
this distribution. We shall consider the hypotheses 

Ho: pi = p2 versus Hy: p, # po. (6.5.13) 
We first derive the likelihood ratio test. Let T; = )7;_, Xj; for j = 1,2. From 


Example 6.4.5, we know that the maximum likelihood estimates are p; = T;/n, for 
j = 1,2. The value of the likelihood function (6.4.21) at the mles under 2 is 


L (@) = pyPpy (1 — By — Ba)" PO), 


Under the null hypothesis, let p be the common value of p; and pz. The pmf of 
(X1, Xp) is 


fF (mi, 030) = pT (1 — 2p): og, we = 0, Lp + Bo < 1, (6.5.14) 
where the parameter space is w = {p: 0 < p< 1/2}. The likelihood under w is 
Lip) =p" (1 — 2p)? * , (6.5.15) 


Differentiating log L(p) with respect to p and setting the derivative to 0 results in 
the following maximum likelihood estimate, under w: 


~ _titte  pitba 
Po on 2 ’ 


(6.5.16) 


where p; and p2 are the mles under 2. The likelihood function evaluated at the 
mle under w simplifies to 


- ~ \ n(pitp2) 
L(@) = (22*) (1 — py — Bo)? P1-P2), (6.5.17) 
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The reciprocal of the likelihood ratio test statistic then simplifies to 


on. nNP1 IM: np2 
a (; zie ) (; = ) (6.5.18) 
Pi + pe Pi + pe 


Based on Theorem 6.5.11, an asymptotic level a test rejects Ho if 2log A~! > y? (1). 

This is an example where the Wald’s test can easily be formulated. The con- 
straint under Ho is py — po = 0. Hence, the Wald-type statistic is W = pi, — po, 
which can be expressed as W = [1, —1][pi ; pa’. Recall that the information matrix 
and its inverse were found for k categories in Example 6.4.5. From Theorem 6.4.1, 
we then have 


Dy || 5 : PL 1 pill =i) —P1p2 }) 
ox s approximately N: .= . (6.5.19 
| os | is approxim Y 4V2 (( pe ) n | —pipe pa(1 — pr) ( ) 


As shown in Example 6.4.5, the finite sample moments are the same as the asymp- 
totic moments. Hence the variance of W is 


L | mi —p) = - pee 1 
Var(W) = ([1,-1]- 
Ww) i | —pip2 —_pa(1 — pe) = 

pi + pa — (pi ~ p2)* 

. : 
Because W is asymptotically normal, an asymptotic level a test for the hypotheses 
(6.5.13) is to reject Ho if x7, > x2,(1), where 

2 (Pi — D2)? 
(pi + Pe — (pi — p2)?)/n 

It also follows that an asymptotic (1 — a)100% confidence interval for the difference 
Pi — p2 is 


Ai Bon 1/2 
~ A Pi + Be — (P1 — Be)? : 
Di — Do + Zq/2 {| ———___ 

n 
Returning to the polling situation discussed at the beginning of this example, we 
would say the race is too close to call if 0 is in this confidence interval. m 


Example 6.5.3 (Two-Sample Binomial Proportions). In Example 6.5.2, we devel- 
oped tests for p; = pg based on a single sample from a multinomial distribution. 
Now consider the situation where X1, X2,..., Xn, isarandom sample from a b(1, p1) 
distribution, Y;, Y2,...,Y,, is a random sample from a b(1, pz) distribution, and the 
Xjs and Y;s are mutually independent. The hypotheses of interest are 


Ho: p, = p2 versus Hy: p, # po. (6.5.20) 


This situation occurs in practice when, for instance, we are comparing the pres- 
ident’s rating from one month to the next. The full and reduced model param- 
eter spaces are given respectively by Q = {(pi1,po2) : 0 < py < 1,i = 1,2} and 
w = {(p,p):0<p<1}. The likelihood function for the full model simplifies to 


L(p1,p2) = pp? (1 — pr) pg?4 (1 — payee (6.5.21) 
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It follows immediately that the mles of p; and pg are ¥ and J, respectively. Note, 
for the reduced model, that we can combine the samples into one large sample from 
a b(n, p) distribution, where n = n1 + ng is the combined sample size. Hence, for 
the reduced model, the mle of p is 

pa Diet i _ mT (6.5.22) 

ny + ne n 
i.e., a weighted average of the individual sample proportions. Using this, the reader 
is asked to derive the LRT for the hypotheses (6.5.20) in Exercise 6.5.9. We next 
derive the Wald-type test. Let p, = % and pz = 7. From the Central Limit Theorem, 
we have = 
/ni(Di — pi) 2g. gach 
pi(1— pi) 

where Z; and Z are iid N(0,1) random variables. Assume for 7 = 1,2 that, as 
n— oo, ni/n > Ay, where 0 < A; < 1 and Ay + Ag = 1. As Exercise 6.5.10 shows, 


1 
Aa 


tS ee ee 2 n (0, (1 ps) + pat ~ pe). (6.5.23) 


It follows that the random variable 


(pi — p2) — (p1 — p2) 
pi(l—p1) ie p2(1—p2) 


ny ng 


Z= (6.5.24) 


has an approximate N(0,1) distribution. Under Ho, p; — pg = 0. We could use Z 
as a test statistic, provided we replace the parameters p;(1 — pi) and p2(1 — pe) 
in its denominator with a consistent estimate. Recall that p; — p;, i = 1,2, in 
probability. Thus under Ho, the statistic 


a (6.5.25) 
Pi(l—pi) as P2(1—p2) 
ny n2 
has an approximate N(0,1) distribution. Hence an approximate level a test is 
to reject Ho if |z*| > zag. Another consistent estimator of the denominator is 
discussed in Exercise 6.5.11. m 


EXERCISES 


6.5.1. In Example 6.5.1 let n = 10, and let the experimental value of the random 
variables yield © = 0.6 and oy (a —Z)? =3.6. If the test derived in that example 
is used, do we accept or reject Ho : 6; = 0 at the 5% significance level? 


6.5.2. Let X1,X2,...,Xn be a random sample from the distribution N(61, 02). 
Show that the likelihood ratio principle for testing Hp : 02 = 04 specified, and 0; 
unspecified against H, : 02 4 65, 61 unspecified, leads to a test that rejects when 
Soi (ai — FB)? < ey or SO} (a; — B)? > ca, where cy < c are selected appropriately. 
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6.5.3. Let X1,...,X, and Yj,...,¥Ym be independent random samples from the 
distributions N(@1, 63) and N (02,64), respectively. 


(a) Show that the likelihood ratio for testing Ho : 0: = 02, 03 = 04 against all 
alternatives is given by 


7 n/2>m m/2 
Sear Show 
n m (n+m)/2? 
doi -— uP + ui - 0 / (m+ 0] 


1 1 


where u = (n& + my)/(n +m). 
(b 


pee 


Show that the likelihood ratio test for testing Ho : 63 = 64, 0; and 42 unspec- 
ified, against H, : 03 4 04, 0, and 2 unspecified, can be based on the random 


variable 
nm 


SoG -— XP /(n- 1) 
ae 


m 


So —¥)?/(m—1) 


1 


6.5.4. Let X1, Xo,..., Xn and Yj, Y2,..., Ym be independent random samples from 
the two normal distributions N(0, 41) and N(0, 62). 


(a) Find the likelihood ratio A for testing the composite hypothesis Ho : 61 = 62 
against the composite alternative Hy : 0, 4 02. 


(b) This A is a function of what F-statistic that would actually be used in this 
test? 


6.5.5. Let X and Y be two independent random variables with respective pdfs 


f(x; i) = (z:) elk 0<2< 00,0 <6; < 00 
0 elsewhere, 


for i = 1,2. To test Ho : 6, = 02 against Hy : 6, 4 02, two independent samples 
of sizes n,; and ne, respectively, were taken from these distributions. Find the 
likelihood ratio A and show that A can be written as a function of a statistic having 
an F-distribution, under Ho. 


6.5.6. Consider the two uniform distributions with respective pdfs 


1 


F(x; 9%) = { a 


-0; <2 <0;,-C#O < 0; < 
elsewhere, 


fori = 1,2. The null hypothesis is Hp : 6; = 02, while the alternative is Hy : 0, 4 @o. 
Let X1 < X_ <--- < Xn, and Yi; < Yo <--- < Y,, be the order statistics of two 
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independent random samples from the respective distributions. Using the likelihood 
ratio A, find the statistic used to test Ho against H,. Find the distribution of 
—2log A when Hp is true. Note that in this nonregular case, the number of degrees 
of freedom is two times the difference of the dimensions of 2 and w. 


6.5.7. Let (X1,V1), (Xe, Yo),. 1 (Xn Yn) » a ee sample from a Dwenale 
normal distribution with p11, W2,0? = 03 = 07, p = 5, where /11, 2, and 0? > 0 ate 
unknown real numbers. Find the likelihood ratio A er testing Ho : 41 = U2 = 0, o? 
unknown against all alternatives. The likelihood ratio A is a function of what 


statistic that has a well-known distribution? 


6.5.8. Let m independent trials of an experiment be such that 71, 72,...,2, are the 
respective numbers of times that the experiment ends in the mutually exclusive and 
exhaustive events C1, C2,...,Cx. If pj = P(C;) is constant throughout the n trials, 
then the probability of that particular sequence of trials is L = p{'p5?---p;*. 
(a) Recalling that p) + p2+---+pz = 1, show that the likelihood ratio for testing 
Ao: pi = pio > 0, 7= 1,2,...,k, against all alternatives is given by 


(b) Show that 


where p’, is between pio and x;/n. 
Hint: Expand logp;9 in a Taylor’s series with the remainder in the term 
involving (pio — 2; /n)?. 


(c) For large n, argue that x;/(np/)? is approximated by 1/(npjo) and hence 


—2log A = ye ae when Hp is true. 


Theorem 6.5.1 says that the right-hand member of this last equation defines 
a statistic that has an approximate chi-square distribution with k — 1 degrees 
of freedom. Note that 


dimension of 2 — dimension of w = (k —1)-O0=k-1. 


6.5.9. Finish the derivation of the LRT found in Example 6.5.3. Simplify as much 
as possible. 


6.5.10. Show that expression (6.5.23) of Example 6.5.3 is true. 
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6.5.11. As discussed in Example 6.5.3, Z, (6.5.25), can be used as a test statistic 
provided we have a consistent estimator of p;(1—p) and p2(1—p2) when Hp is true. 
In the example, we discussed an estimator which is consistent under both Hog and 
H,. Under Ho, though, pi(1—p1) = po(1—pe2) = p(1—p), where p = p; = p2. Show 
that the statistic (6.5.22) is a consistent estimator of p, under Ho. Thus determine 
another test of Ho. 


6.5.12. A machine shop that manufactures toggle levers has both a day and a 
night shift. A toggle lever is defective if a standard nut cannot be screwed onto the 
threads. Let p; and pz be the proportion of defective levers among those manufac- 
tured by the day and night shifts, respectively. We shall test the null hypothesis, 
Ho : pi = p2, against a two-sided alternative hypothesis based on two random sam- 
ples, each of 1000 levers taken from the production of the respective shifts. Use the 
test statistic Z* given in Example 6.5.3. 


(a) Sketch a standard normal pdf illustrating the critical region having a = 0.05. 


(b) If y: = 37 and y2 = 53 defectives were observed for the day and night shifts, 
respectively, calculate the value of the test statistic and the approximate p- 
value (note that this is a two-sided test). Locate the calculated test statistic 
on your figure in part (a) and state your conclusion. Obtain the approximate 
p-value of the test. 


6.5.13. For the situation given in part (b) of Exercise 6.5.12, calculate the tests 
defined in Exercises 6.5.9 and 6.5.11. Obtain the approximate p-values of all three 
tests. Discuss the results. 


6.6 The EM Algorithm 


In practice, we are often in the situation where part of the data is missing. For 
example, we may be observing lifetimes of mechanical parts which have been put 
on test and some of these parts are still functioning when the statistical analysis is 
carried out. In this section, we introduce the EM algorithm, which frequently can be 
used in these situations to obtain maximum likelihood estimates. Our presentation 
is brief. For further information, the interested reader can consult the literature in 
this area, including the monograph by McLachlan and Krishnan (1997). Although, 
for convenience, we write in terms of continuous random variables, the theory in 
this section holds for the discrete case as well. 

Suppose we consider a sample of n items, where n; of the items are observed, 
while ng = n — n1 items are not observable. Denote the observed items by X’ = 
(X1, X2,...,Xp,) and unobserved items by Z’ = (Z1, Z2,...,Zn,). Assume that 
the X;s are iid with pdf f(z|@), where 6 € ]. Assume that Z;s and the X;s are 
mutually independent. The conditional notation will prove useful here. Let g(x|@) 
denote the joint pdf of X. Let h(x,z|@) denote the joint pdf of the observed and 
unobserved items. Let &(z|0,x) denote the conditional pdf of the missing data given 


368 Maximum Likelihood Methods 


the observed data. By the definition of a conditional pdf, we have the identity 
h(x, 2/0) 
g(x|9) — 


The observed likelihood function is L(0|x) = g(x|@). The complete likelihood 
function is defined by 


k(z|0,x) = (6.6.1) 


L°(6|x,z) = h(x, 26). (6.6.2) 


Our goal is maximize the likelihood function L(6|x) by using the complete likelihood 
L°(6|x,z) in this process. 

Using (6.6.1), we derive the following basic identity for an arbitrary but fixed 
A) € Q: 


log L(@|x) = [98 £(0)39) (260,20) de 


= Joes g(x|@)k(z|90, x) dz 


[es h(x, 2|0) — log k(z|@, x)|k(z|@o, x) dz 


J eethex, 218) bzl60, x) da — f log{k(z|®,x)] (2160, x) dz 
Eo, [log L°(0|x, Z)|00, x] — Eo, [log k(Z|0, x)|00, x], (6.6.3) 


where the expectations are taken under the conditional pdf k(z|60,x). Define the 
first term on the right side of (6.6.3) to be the function 


Q(6|00,x) = Ep, [log L°(6|x, Z)|A0, x]. (6.6.4) 


The expectation which defines the function Q is called the F step of the EM al- 
gorithm. Recall that we want to maximize log L(@|x). As discussed below, we 
need only maximize Q(6|00,x). This maximization is called the M step of the EM 
algorithm. - 

Denote by 6 an initial estimate of 6, perhaps based on the observed likeli- 
hood. Let 0 be the argument which maximizes Q(6|0, x). This is the first-step 
estimate of 6. Proceeding this way, we obtain a sequence of estimates ar”). We 
formally define this algorithm as follows: 


Algorithm 6.6.1 (EM Algorithm). Let 6 denote the estimate on the mth step. 
To compute the estimate on the (m+ 1)st step, do 


1. Expectation Step: Compute 
Q(9|0™ , x) = Ey¢m, [log L° (|x, Z)|9m x], (6.6.5) 
where the expectation is taken under the conditional pdf k(z|O(™), x). 
2. Maximization Step: Let 
A") = ArgmarQ(o|o"”, x). (6.6.6) 
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Under strong assumptions, it can be shown that gm) converges in probability 
to the maximum likelihood estimate, as m — oo. We will not show these results, 
but as the next theorem shows, gim-+1) always increases the likelihood over gm) 


Theorem 6.6.1. The sequence of estimates gm), defined by Algorithm 6.6.1, sat- 


isfies - 
LO") |x) > L(A™|x). (6.6.7) 


Proof: Because 0°"+)) maximizes Q(6|0(™ , x), we have 
QB" A™ x) > Q™ |8™ x); 


that is, . = 
Egum [log L°(0"* |x, Z)| > Egim [log L°(6™ |x, Z)], (6.6.8) 


where the expectation is taken under the pdf k(2|0™ , x). By expression (6.6.3), 
we can complete the proof by showing that 


Exum [log k(Z|O"* , x)] < Equn flog k(Z|O™, x)]. (6.6.9) 


Keep in mind that these expectations are taken under the conditional pdf of Z given 
gem) and x. An application of Jensen’s inequality, (1.10.5), yields 


k(Z|Qer+) k(ZlQ r+) 
Exum) log R(z|omr*) < log EZGn) k(Zianr™", x) 
k (ZO , x) k(Z\a™) , x) 


gm) x 

log ez) a1), x) dz 
k(z|o™, x) 

log(1) = 0. (6.6.10) 


This last result establishes (6.6.9) and, hence, finishes the proof. m 


As an example, suppose X1, X2,...,Xn, are iid with pdf f(a — @), for —co < 
x < co, where —co < 0 < co. Denote the cdf of X; by F(a—6). Let 2, Z2,..., Zn, 
denote the censored observations. For these observations, we only know that Z; > a, 
for some a which is known, and that the Z;s are independent of the X;s. Then the 
observed and complete likelihoods are given by 


L(6|x) = [1—-F(a- oy TL a (6.6.11) 


L°(6|x,z) = [fe -9 TL] se-9) (6.6.12) 


By expression (6.6.1), the conditional distribution Z given X is the ratio of (6.6.12) 
o (6.6.11); that is, 
pes 4 a 0 
k(z|0, x) Tics (x ) ITi2 1 (zi ) 
[lL - F(a- I" Tina f(ai — 8) 


[l—F(a-0 rm [76 a< 2,4=1,...,n2(6.6.13) 


l| 
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Thus, Z and X are independent, and Zj,...,Z,, are iid with the common pdf 
f(z — 0)/[1 — F(a — 6)], for z > a. Based on these observations and expression 
(6.6.13), we have the following derivation: 


Q(6|00,x) = Eg,[log L°(0|x, Z)| 


> log f(a; — 0) +) log f(Z — 8) 


i=l 


— 1s log f(x — 0) y+ nz Eo, [log T= 9)| 


= Sine ie 
i=1 


- f(z = 90) 
log — 0) ——_—__ dz. 6.6.14 
+no f og f(z — OE ae (6.6.14) 
This last result is the E step of the EM algorithm. For the M step, we need the 
partial derivative of Q(@|00,x) with respect to 6. This is easily found to be 


fa) a — 6) z—-06 
ie -- {Fees Fon fo reo) Fan 8) et. (6.6.15) 


Assuming that 09 = 00, the first-step EM estimate would be the value of 6, say a) 
which solves ae = 0. In the next example, we obtain the solution for a normal 
model. 


Example 6.6.1. Assume the censoring model given above, but now assume that 
X has a N(6,1) distribution. Then f(x) = ¢(x) = (27)~1/? exp{—a?/2}. It is easy 
to show that f’(x)/f(x) = —a. Letting ®(z) denote, as usual, the cdf of a standard 
normal random variable, by (6.6.15) the partial derivative of Q(0|00,x) with respect 
to 0 for this model simplifies to 


dQ na 00 1 exp{—(z— 69)?/2} 
06 Sole) +m (- TT gam) 


= m= 0) 4na [2 ~ 6p) ea TF 7, — nal — 6) 


ToSeoa te) 


Solving 0Q/06 = 0 for @ determines the EM step estimates. In particular, given 
that 0°” is the EM estimate on the mth step, the (m+ 1)st step estimate is 


pent) — Mz, 2G %m) , r2_ Gla — os) 


ee (6.6.16) 
noon Nn 1— O(a — 6) 


where n =n, +79. 
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For our second example, consider a mixture problem involving normal distribu- 
tions. Suppose Y; has a N(11,07) distribution and Yj has a N(p2,03) distribu- 
tion. Let W be a Bernoulli random variable independent of Y,; and Y2 and with 
probability of success « = P(W = 1). Suppose the random variable we observe 
is X = (1—W)Y, + WY.. In this case, the vector of parameters is given by 
0’ = (111, [12,01,02,€). As shown in Section 3.4, the pdf of the mixture random 
variable X is 


f(z) = (1—)fi(z) + €fo(x), —0o <4 < ov, (6.6.17) 
where f;(x) = 05 ol(@— H;)/o5], j = 1,2, and ¢(z) is the pdf of a standard normal 
random variable. Suppose we observe a random sample X’ = (X1, X9,..., Xn) from 


this mixture distribution with pdf f(a). Then the log of the likelihood function is 


1(O|x) = o log[(1 — €) fi (ai) + €fo(axi)]. (6.6.18) 


1=1 


In this mixture problem, the unobserved data are the random variables which 
identify the distribution membership. For 7 = 1,2,...,n, define the random vari- 


ables 
2 a 1 if Xj has pdf fa(a). 


These variables, of course, constitute the random sample on the Bernoulli random 
variable W. Accordingly, assume that W,,W2,...,W, are iid Bernoulli random 
variables with probability of success e«. The complete likelihood function is 


L°(0|x, w) = ][ A@ Jl fa. 


W;=0 i 


Hence the log of the complete likelihood function is 


2 log fi(x;) +> log fo(a;) 
Wi=1 


= Dold — wi) 10g fies) + wilog falwi)]. (6.6.19) 


1°(8|x, w) 


For the E step of the algorithm, we need the conditional expectation of W; given x 
under 09; that is, 

Eg, |Wi|6o, x] = PW; = 1|Oo, x]. 
An estimate of this expectation is the likelihood of x; being drawn from distribution 
fo(x), which is given by 


€f2,0(xi) 
(1 —€)fi,o(ai) + €f2,0(a:)’ 


where the subscript 0 signifies that the parameters at 09 are being used. Expres- 
sion (6.6.20) is intuitively evident; see McLachlan and Krishnan (1997) for more 


ap (6.6.20) 
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discussion. Replacing w; by 7; in expression (6.6.19), the M step of the algorithm 
is to maximize 


n 


Q(8|80,x) = 5 “(1 — %4) log fa (wi) + 7 log fo(ai)]- (6.6.21) 
i=1 
This maximization is easy to obtain by taking partial derivatives of Q(0|@0,x) with 
respect to the parameters. For example, 


dQ 


Fe = Dah = e)(—1/262)(—2) as ~ sn). 


i=l 


Setting this to 0 and solving for 4, yields the estimate of 411. The estimates of the 
other mean and the variances can be obtained similarly. These estimates are 


i = pe =e 
weal =") 
2 = din (l— Yi) (ws — fi)? 
yall =) 
fig = Saqr ite 
es Vi 
2 = et ete — Ba)? 


viet ‘Yi 


Since 7; is an estimate of P[W; = 1|@0,x], the average n~* )*i"_, 7; is an estimate 
of « = P|W; = 1]. This average is our estimate of €. 


EXERCISES 


6.6.1. Rao (page 368, 1973) considers a problem in the estimation of linkages in 
genetics. McLachlan and Krishnan (1997) also discuss this problem and we present 
their model. For our purposes, it can be described as a multinomial model with the 
four categories C, C2,C3, and Cy. For a sample of size n, let X = (X1, Xo, X3, X4)’ 
denote the observed frequencies of the four categories. Hence, n = )7,_, Xi. The 
probability model is 


where the parameter 0 satisfies 0 < 6 < 1. In this exercise, we obtain the mle of 6. 
(a) Show that likelihood function is given by 


n! i ye. aye 
ig = — |e eo -9| 6.22 
OP) adealea E . i6| E 4 Fa one 
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(b) Show that the log of the likelihood function can be expressed as a constant 
(not involving parameters) plus the term 


x1 log|2 + 6] + [x2 + x3] log[1 — 6] + x4 log @. 


(c) Obtain the partial derivative with respect to 6 of the last expression, set the 
result to 0, and solve for the mle. (This will result in a quadratic equation 
which has one positive and one negative root.) 


6.6.2. In this exercise, we set up an EM algorithm to determine the mle for the 
situation described in Exercise 6.6.1. Split category C; into the two subcategories 
Cy, and Cig with probabilities 1/2 and 0/4, respectively. Let Z1; and Z12 denote 
the respective “frequencies.” Then X, = 211 + Z12. Of course, we cannot observe 
Zi and Z\2. Let Z = (Zi, Z12)'. 


(a) Obtain the complete likelihood L°(6|x, z). 


(b) Using the last result and (6.6.22), show that the conditional pmf k(z|0,x) is 
binomial with parameters x; and probability of success 6/(2 + @). 


(c) Obtain the E step of the EM algorithm given an initial estimate 6°) of 0. 
That is, obtain 


Q(6|6 , x) = Egy [log L°(8|x, Z)|O , x]. 


Recall that this expectation is taken using the conditional pmf k:(z|0), x). 
Keep in mind the next step; i.e., we need only terms that involve 6. 


(d) For the M step of the EM algorithm, solve the equation dQ(0\0 ,x)/00 = 0. 
Show that the solution is 


gO) 19 900) 
go) — ae (6.6.23) 
no ) + 2(x2 + x3 + X4) 


6.6.3. For the setup of Exercise 6.6.2, show that the following estimator of @ is 
unbiased: 


8 =n 10G — Xo — Ha + Ry). (6.6.24) 


6.6.4. Rao (page 368, 1973) presents data for the situation described in Exercise 
6.6.1. The observed frequencies are x = (125, 18, 20,34)’. 


(a) Using computational packages (for example, R), with (6.6.24) as the initial 
estimate, write a program that obtains the stepwise EM estimates 0“). 


(b) Using the data from Rao, compute the EM estimate of @ with your program. 


List the sequence of EM estimates, { OF. that you obtained. Did your sequence 
of estimates converge? 
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(c) Show that the mle using the likelihood approach in Exercise 6.6.1 is the pos- 
itive root of the equation 1976? — 150 — 68 = 0. Compare it with your EM 
solution. They should be the same within roundoff error. 


6.6.5. Suppose X1,X2,...,Xn, is a random sample from a N(6,1) distribution. 
Besides these n; observable items, suppose there are ng missing items, which we 
denote by 2, Z2,...,Zn.. Show that the first-step EM estimate is 


9) a nyo + ng) 
= 7" ; 


where 6) is an initial estimate of 0 and n =n; + no. Note that if 0 = Z, then 
0) — & for all k. 


6.6.6. Consider the situation described in Example 6.6.1. But suppose we have left 
censoring. That is, if 21, Z2,...,Zn. are the censored items, then all we know is 
that each Z; < a. Obtain the EM algorithm estimate of 6. 


6.6.7. Suppose the following data follow the model of Example 6.6.1. 


2.01 0.74 068 250° 1Ar DTSa0"° Teo" 1.52 
0.07 —0.04 —0.21 0.05 —0.09 0.67 0.14 


where the superscript * denotes that the observation was censored at 1.50. Write 
a computer program to obtain the EM algorithm estimate of 0. 


6.6.8. The following data are observations of the random variable X = (1—-W)Y,+ 
WY2, where W has a Bernoulli distribution with probability of success 0.70; Yj 
has a N(100, 207) distribution; Y2 has a N(120, 25”) distribution; W and Y, are 
independent; and W and Y2 are independent. 


119.0 96.0 146.2 1388.6 143.4 98.2 124.5 
114.1 136.2 136.4 1848 79.8 151.9 114.2 
145.7 95.9 97.3 136.4 109.2 103.2 


Program the EM algorithm for this mixing problem as discussed at the end of the 
section. Use a dotplot to obtain initial estimates of the parameters. Compute the 
estimates. How close are they to the true parameters? 


Chapter 7 


Sufficiency 


7.1 Measures of Quality of Estimators 


In Chapters 4 and 6 we presented procedures for finding point estimates, interval 
estimates, and tests of statistical hypotheses based on likelihood theory. In this 
and the next chapter, we present some optimal point estimates and tests for certain 
situations. We first consider point estimation. 

In this chapter, as in Chapters 4 and 6, we find it convenient to use the letter 
f to denote a pmf as well as a pdf. It is clear from the context whether we are 
discussing the distributions of discrete or continuous random variables. 

Suppose f(x;@) for 0 € Q is the pdf (pmf) of a continuous (discrete) random 
variable X. Consider a point estimator Y, = u(X1,...,X,) based on a sample 
Xj ,...,Xn. In Chapters 4 and 5, we discussed several properties of point estima- 
tors. Recall that Y,, is a consistent estimator (Definition 5.1.2) of 6 if Y,, converges 
to @ in probability; i.e., Y;, is close to @ for large sample sizes. This is definitely a 
desirable property of a point estimator. Under suitable conditions, Theorem 6.1.3 
shows that the maximum likelihood estimator is consistent. Another property was 
unbiasedness (Definition 4.1.3), which says that Y,, is an unbiased estimator of 6 
if E(Y,) = 0. Recall that maximum likelihood estimators may not be unbiased, 
although generally they are asymptotically unbiased (see Theorem 6.2.2). 

If two estimators of @ are unbiased, it would seem that we would choose the one 
with the smaller variance. This would be especially true if they were both approx- 
imately normal because the one with the smaller asymptotic variance (and hence 
asymptotic standard error) would tend to produce shorter asymptotic confidence 
intervals for 9. This leads to the following definition: 


Definition 7.1.1. For a given positive integer n, Y = u(X1, Xo,...,Xn) is called 
a@ minimum variance unbiased estimator (MVUE) of the parameter 0 if Y is 
unbiased, that is, E(Y) = 0, and if the variance of Y is less than or equal to the 
variance of every other unbiased estimator of 0. 


Example 7.1.1. As an illustration, let X,, X2,...,X9 denote a random sample 
from a distribution that is N(@,07), where —oo < 6 < oo. Because the statistic 
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X = (X14+-Xo4---+X9)/9is N(G, =); X is an unbiased estimator of @. The statistic 
X, is N(0,07), so X1 is also an unbiased estimator of 6. Although the variance 
r of X is less than the variance o? of X,, we cannot say, with n = 9, that X is 
the minimum variance unbiased estimator (MVUE) of 6; that definition requires 
that the comparison be made with every unbiased estimator of 6. To be sure, it is 
quite impossible to tabulate all other unbiased estimators of this parameter 0, so 
other methods must be developed for making the comparisons of the variances. A 
beginning on this problem is made in this chapter. @ 


Let us now discuss the problem of point estimation of a parameter from a slightly 
different standpoint. Let X1, X2,...,X,, denote a random sample of size n from a 
distribution that has the pdf f(x;@), @€ Q. The distribution may be of either the 
continuous or the discrete type. Let Y = u(X1, Xo,..., Xn) be a statistic on which 
we wish to base a point estimate of the parameter @. Let d(y) be that function of 
the observed value of the statistic Y which is the point estimate of 6. Thus the 
function 6 decides the value of our point estimate of 6 and 6 is called a decision 
function or a decision rule. One value of the decision function, say 5(y), is called 
a decision. Thus a numerically determined point estimate of a parameter @ is a 
decision. Now a decision may be correct or it may be wrong. It would be useful to 
have a measure of the seriousness of the difference, if any, between the true value 
of 6 and the point estimate d(y). Accordingly, with each pair, [0,4(y)], 0 € Q, we 
associate a nonnegative number L/0, 6(y)] that reflects this seriousness. We call the 
function £ the loss function. The expected (mean) value of the loss function is 
called the risk function. If fy(y;@), 9 € Q, is the pdf of Y, the risk function 
R(O,5) is given by 


R(6,6) = B{CI. SW} = [£10,511 Fr (vs0) dy 


if Y is a random variable of the continuous type. It would be desirable to select a 
decision function that minimizes the risk R(0,6) for all values of 0, 0 € Q. But this 
is usually impossible because the decision function 6 that minimizes R(@,6) for one 
value of 6 may not minimize R(@,6) for another value of 6. Accordingly, we need 
either to restrict our decision function to a certain class or to consider methods of 
ordering the risk functions. The following example, while very simple, dramatizes 
these difficulties. 


Example 7.1.2. Let X1, X2,...,X25 be arandom sample from a distribution that 
is N(0,1), for —c0o < 6 < cw. Let Y = X, the mean of the random sample, and 
let L[O,5(y)] = [0 — 6(y)]?. We shall compare the two decision functions given by 
di(y) = y and d2(y) = 0 for —co < y < oo. The corresponding risk functions are 
R(O,61) = E[(6 - Y)"] = 2 


25 


and 


R(6, 62) = E[(@ — 0)?] = 6. 
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If, in fact, @ = 0, then 62(y) = 0 is an excellent decision and we have R(0, 62) = 0. 
However, if @ differs from zero by very much, it is equally clear that 62 = 0 is a poor 
decision. For example, if, in fact, 0 = 2, R(2,02) =4 > R(2,61) = =: In general, 
we see that R(4,52) < R(@,61), provided that —4 < @ < 4, and that otherwise 
R(0,62) > R(O,6,). That is, one of these decision functions is better than the other 
for some values of 6, while the other decision function is better for other values of 
0. If, however, we had restricted our consideration to decision functions 6 such that 
E|6(Y)]| = @ for all values of 0, 6 € ©, then the decision function 62(y) = 0 is not 
allowed. Under this restriction and with the given £0, 6(y)], the risk function is the 
variance of the unbiased estimator 6(Y), and we are confronted with the problem of 
finding the MVUE. Later in this chapter we show that the solution is d(y) = y = Z. 

Suppose, however, that we do not want to restrict ourselves to decision functions 
6, such that E[d(Y)] = @ for all values of 0, 0 € Q. Instead, let us say that the 
decision function that minimizes the maximum of the risk function is the best 
decision function. Because, in this example, R(6,62) = 6? is unbounded, d2(y) = 0 
is not, in accordance with this criterion, a good decision function. On the other 
hand, with —oo < 0 < cw, we have 


= i one 

maxl(8, 01) = max( 55 ) =z. 

Accordingly, 01(y) = y = Z seems to be a very good decision in accordance with 
this criterion because + is small. As a matter of fact, it can be proved that 6; is 
the best decision function, as measured by the minimax criterion, when the loss 


function is £L[9, 5(y)] = [6 — 5(y)|?. = 
In this example we illustrated the following: 


1. Without some restriction on the decision function, it is difficult to find a 
decision function that has a risk function which is uniformly less than the risk 
function of another decision. 


2. One principle of selecting a best decision function is called the minimax 
principle. This principle may be stated as follows: If the decision function 
given by do(y) is such that, for all 0 € Q, 


for every other decision function d(y), then do(y) is called a minimax deci- 
sion function. 


With the restriction E[d(Y)] = @ and the loss function L£[0, 6(y)| = [6 — 5(y)]?, 
the decision function that minimizes the risk function yields an unbiased estimator 
with minimum variance. If, however, the restriction E[5(Y )] = 6 is replaced by some 
other condition, the decision function 6(Y), if it exists, which minimizes E{[6 — 
6(Y)]?} uniformly in @ is sometimes called the minimum mean-squared-error 
estimator. Exercises 7.1.6—7.1.8 provide examples of this type of estimator. 

There are two additional observations about decision rules and loss functions 
that should be made at this point. First, since Y is a statistic, the decision rule 
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6(Y) is also a statistic, and we could have started directly with a decision rule based 
on the observations in a random sample, say, 6,(X1, X2,...,X»). The risk function 
is then given by 


R(O, 61) E{LO, 51(X1,.-.,Xn)]} 


[. fe LO, 51 (@1,-.-, Un) | f (2150) +++ fan; 0) day +++ dan 


if the random sample arises from a continuous-type distribution. We do not do this, 
because, as we show in this chapter, it is rather easy to find a good statistic, say 
Y, upon which to base all of the statistical inferences associated with a particular 
model. Thus we thought it more appropriate to start with a statistic that would 
be familiar, like the mle Y = X in Example 7.1.2. The second decision rule of that 
example could be written 62(X1, X2,..., Xn) = 0, a constant no matter what values 
of X1, X2,..., Xn are observed. 

The second observation is that we have only used one loss function, namely, 
the squared-error loss function L(6,6) = (9 — 5)?. The absolute-error loss 
function £(0,6) = | — 6| is another popular one. The loss function defined by 


L(0,6) = 0, |0 _ 6| < a, 
= b, |0-d| >a, 


where a and 0 are positive constants, is sometimes referred to as the goalpost loss 
function. The reason for this terminology is that football fans recognize that it 
is similar to kicking a field goal: There is no loss (actually a three-point gain) if 
within a units of the middle but b units of loss (zero points awarded) if outside that 
restriction. In addition, loss functions can be asymmetric as well as symmetric, as 
the three previous ones have been. That is, for example, it might be more costly to 
underestimate the value of @ than to overestimate it. (Many of us think about this 
type of loss function when estimating the time it takes us to reach an airport to 
catch a plane.) Some of these loss functions are considered when studying Bayesian 
estimates in Chapter 11. 

Let us close this section with an interesting illustration that raises a question 
leading to the likelihood principle, which many statisticians believe is a quality 
characteristic that estimators should enjoy. Suppose that two statisticians, A and 
B, observe 10 independent trials of a random experiment ending in success or failure. 
Let the probability of success on each trial be 0, where 0 < 6 < 1. Let us say that 
each statistician observes one success in these 10 trials. Suppose, however, that 
A had decided to take n = 10 such observations in advance and found only one 
success, while B had decided to take as many observations as needed to get the first 
success, which happened on the 10th trial. The model of A is that Y is b(n = 10,0) 
and y = 1 is observed. On the other hand, B is considering the random variable Z 
that has a geometric pmf g(z) = (1—0@)*~10, z = 1,2,3,..., and z = 10 is observed. 
In either case, an estimate of # could be the relative frequency of success given by 
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Let us observe, however, that one of the corresponding estimators, Y/n and 1/Z, 
is biased. We have 


while 


#(3) = S-t0-9%6 


= 04+5(1-0)90+5(1-0)70+--->8. 


That is, 1/Z is a biased estimator while Y/10 is unbiased. Thus A is using an 
unbiased estimator while B is not. Should we adjust B’s estimator so that it, too, 
is unbiased? 

It is interesting to note that if we maximize the two respective likelihood func- 
tions, namely, 


10 


ona — 9-4 
and 
L2(6) = (1—9)*~"8, 


with n = 10, y = 1, and z = 10, we get exactly the same answer, 6= a: This 
must be the case, because in each situation we are maximizing (1 — 0)°6. Many 
statisticians believe that this is the way it should be and accordingly adopt the 
likelihood principle: 

Suppose two different sets of data from possibly two different random experiments 
lead to respective likelihood ratios, L(@) and L2(0), that are proportional to each 
other. These two data sets provide the same information about the parameter 6 and 
a statistician should obtain the same estimate of 0 from either. 

In our special illustration, we note that L1(0) « L2(@), and the likelihood prin- 
ciple states that statisticians A and B should make the same inference. Thus 
believers in the likelihood principle would not adjust the second estimator to make 
it unbiased. 


EXERCISES 


7.1.1. Show that the mean X of a random sample of size n from a distribution 
having pdf f(2;0) = (1/0)e—/®), 0 < & < co, 0 < @ < 0, zero elsewhere, is an 
unbiased estimator of @ and has variance 6?/n. 


7.1.2. Let X1,X2,...,X» denote a random sample from a normal distribution 
with mean zero and variance 6, 0 < @ < oo. Show that )°) X?/n is an unbiased 
estimator of @ and has variance 26?/n. 
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7.1.3. Let Y, < Y2 < Y3 be the order statistics of a random sample of size 3 from 
the uniform distribution having pdf f(a;0) = 1/0, 0< a < 0, 0 < 0 < ™, zero 
elsewhere. Show that 4Y,, 2Y2, and 4Y3 are all unbiased estimators of 6. Find the 
variance of each of these unbiased estimators. 


7.1.4. Let Y; and Y2 be two independent unbiased estimators of 6. Assume that 
the variance of Y; is twice the variance of Yj. Find the constants k, and k2 so that 
k,Y, + ko Yo is an unbiased estimator with the smallest possible variance for such a 
linear combination. 


7.1.5. In Example 7.1.2 of this section, take £L[0,d(y)] = |@ — d(y)|. Show that 
R(O,61) = #\/2/m and R(O,52) = |6|. Of these two decision functions J; and 6a, 
which yields the smaller maximum risk? 


7.1.6. Let X 1, X2,...,X, denote a random sample from a Poisson distribution 
with parameter 6, 0 < 0 < co. Let Y = )°} X; and let LO, 6(y)] = [0 — 6(y)]?. 
If we restrict our considerations to decision functions of the form d(y) = b+ y/n, 
where b does not depend on y, show that R(@,5) = b?+6/n. What decision function 
of this form yields a uniformly smaller risk than every other decision function of 
this form? With this solution, say 6, and 0 < @ < oo, determine maxg R(O, 4) if it 
exists. 


7.1.7. Let X 1, X2,...,X, denote a random sample from a distribution that is 
N(u,0), 0 < @ < oo, where yw is unknown. Let Y = S0/(X; — X)?/n and let 
LIO, 5(y)| = [9—6(y)]?. If we consider decision functions of the form d(y) = by, where 
b does not depend upon y, show that R(@,5) = (8?/n7)[(n? — 1)b? — 2n(n—1)b+n?I. 
Show that b = n/(n+1) yields a minimum risk decision function of this form. Note 
that nY/(n +1) is not an unbiased estimator of 0. With d(y) = ny/(n +1) and 
0<0<.o, determine maxg R(0,6) if it exists. 


7.1.8. Let X 1, X2,...,X, denote a random sample from a distribution that is 
b(1,0), O< O< 1. Let Y = SO) X; and let L[9,5(y)] = [6 — 4(y)|?. Consider 
decision functions of the form 6(y) = by, where b does not depend upon y. Prove 
that R(O,5) = b?n6(1 — 0) + (bn — 1)20?. Show that 


b¢n? 
mp = Tipe (on DF 


provided that the value b is such that b?n > (bn —1)?. Prove that b = 1/n does not 
minimize maxg R(6, 6). 
7.1.9. Let X1, X2,...,X, be a random sample from a Poisson distribution with 


mean 6 > 0. 


(a) Statistician A observes the sample to be the values 21, 22,...,2%n with sum 
y = )>2;. Find the mle of 0. 


(b) Statistician B loses the sample values 71, 72,...,%p, but remembers the sum 
y1 and the fact that the sample arose from a Poisson distribution. Thus 
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B decides to create some fake observations, which he calls 21, 22,...,2n (as 
he knows they will probably not equal the original z-values) as follows. He 
notes that the conditional probability of independent Poisson random vari- 
ables Z1, Z2,..., Zn, being equal to 21, z2,...,2n, given >> 2; = yi, is 


671679 972679 g7re~ z z Zn 
zi! zat yi! 1 2 1 . 1 
(no)¥ie=n? ~ gylzgl-++z_l \n n n 


yi! 


since Yj = )> Z; has a Poisson distribution with mean n@. The latter distri- 
bution is multinomial with y; independent trials, each terminating in one of n 
mutually exclusive and exhaustive ways, each of which has the same probabil- 
ity 1/n. Accordingly, B runs such a multinomial experiment y; independent 
trials and obtains 21, z2,...,Zn. Find the likelihood function using these z- 
values. Is it proportional to that of statistician A? 

Hint: Here the likelihood function is the product of this conditional pdf and 
the pdf of Y, = > Zi. 


7.2 A Sufficient Statistic for a Parameter 


Suppose that X1, Xo,...,Xn is a random sample from a distribution that has pdf 
f(x;0), @€ Q. In Chapters 4 and 6, we constructed statistics to make statistical 
inferences as illustrated by point and interval estimation and tests of statistical 
hypotheses. We note that a statistic, for example, Y = u(X1, X2,..., Xn), isa form 
of data reduction. To illustrate, instead of listing all of the individual observations 
X1,Xo,...,Xn, we might prefer to give only the sample mean X or the sample 
variance S?. Thus statisticians look for ways of reducing a set of data so that these 
data can be more easily understood without losing the meaning associated with the 
entire set of observations. 

It is interesting to note that a statistic Y = u(X1, X2,..., Xn) really partitions 
the sample space of X,, X2,..., Xn. For illustration, suppose we say that the sample 
was observed and © = 8.32. There are many points in the sample space which 
have that same mean of 8.32, and we can consider them as belonging to the set 
{(@1,@2,...,@n) : F = 8.32}. As a matter of fact, all points on the hyperplane 


Ly + XQ 4++++ + ay = (8.32)n 


yield the mean of % = 8.32, so this hyperplane is the set. However, there are many 
values that X can take, and thus there are many such sets. So, in this sense, the 
sample mean X, or any statistic Y = u(X1,X2,...,Xn), partitions the sample 
space into a collection of sets. 

Often in the study of statistics the parameter @ of the model is unknown; thus, 
we need to make some statistical inference about it. In this section we consider a 
statistic denoted by Y, = u1(X1, X2,..., Xn), which we call a sufficient statistic 
and which we find is good for making those inferences. This sufficient statistic 
partitions the sample space in such a way that, given 


(X1, Xo,...,Xn) € {(@1, ©2,.--, Un) 1 U1 (@1, £2,---,%n) = yr}, 
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the conditional probability of X,, X2,...,X, does not depend upon @. Intuitively, 
this means that once the set determined by Yi; = y; is fixed, the distribution of 
another statistic, say Y2 = uo(X1, X2,..., Xn), does not depend upon the parameter 
0 because the conditional distribution of X1, X2,...,X, does not depend upon 6. 
Hence it is impossible to use Y2, given Y; = y;, to make a statistical inference about 
0. So, in a sense, Yj exhausts all the information about @ that is contained in the 
sample. This is why we call Y; = ui(X1, X2,...,Xn) a sufficient statistic. 

To understand clearly the definition of a sufficient statistic for a parameter 0, 
we start with an illustration. 


Example 7.2.1. Let X,, X2,..., Xn denote a random sample from the distribution 
that has pmf 


pe) COO * 2=01; 0<?<1 
f(z;@) = { 0 elsewhere. 


The statistic Yy = X, + X2+---+ X, has the pmf 


fritid) = { ("ou (1—9)"™ yy =0,1,...,0 
0 


elsewhere. 
What is the conditional probability 
P(X =71, Xo = @2,... re, => Ln|Y1 = Yi) => P(A|B), 


say, where y; = 0,1,2,...,n? Unless the sum of the integers 71, %2,...,%n (each of 
which equals zero or 1) is equal to yi, the conditional probability obviously equals 
zero because AM B = ¢. But in the case y; = }>2;, we have that A C B, so that 
AN B=A and P(A|B) = P(A)/P(B); thus, the conditional probability equals 


9?1(1 — 9)1~ 71672 (1 — 6) *2 ..- 9%" (1 — 9) 9X *i(1 — 9)r- de 
nr nr 
oy _ (4) n-Y1 x ad —_ (4) n—>) Xi 
Om (s.)mne-9 


1 


Since yy = © +2%2+--+-+2, equals the number of ones in the n independent trials, 
this is the conditional probability of selecting a particular arrangement of y; ones 
and (n — y1) zeros. Note that this conditional probability does not depend upon 
the value of the parameter 0. m 


In general, let fy,(yi;@) be the pmf of the statistic Y) = ui(X1, Xo,...,Xn), 
where X 1, X2,...,X, is arandom sample arising from a distribution of the discrete 
type having pmf f(2;0), @ € Q. The conditional probability of X,; = 21, X2 = 
©,.-.,Xn =n, given Y; = yj, equals 


F (a1; 9) f (@2; 0) «>: f(anj 4) 


iy [ur (x1, Za, tee »En); 9] 
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provided that x1,22,...,%, are such that the fixed y; = ui(a1,29,...,%n), and 
equals zero otherwise. We say that Y, = ui(X1, Xo,...,Xn) is a sufficient statistic 
for @ if and only if this ratio does not depend upon @. While, with distributions of 
the continuous type, we cannot use the same argument, we do, in this case, accept 
the fact that if this ratio does not depend upon @, then the conditional distribution 
of X1, X2,...,Xn, given Y; = y1, does not depend upon @. Thus, in both cases, we 
use the same definition of a sufficient statistic for 0. 


Definition 7.2.1. Let X,,X2,...,Xn denote a random sample of size n from a 
distribution that has pdf or pmf f(a;0), 0€ Q. Let Yi = us(X1, X2,...,Xn) be a 
statistic whose pdf or pmf is fy,(yi;@). Then Y, is a sufficient statistic for 6 if 


and only of 
fer; ODF (w25 0) + Fans 0) _ 
fy, [ur (@1, 22, ---, En); 9] 


where H(x1,%2,...,%n) does not depend upon @ €Q. 


Remark 7.2.1. In most cases in this book, X1, X2,..., Xn represent the observa- 
tions of a random sample; that is, they are iid. It is not necessary, however, in more 
general situations, that these random variables be independent; as a matter of fact, 
they do not need to be identically distributed. Thus, more generally, the definition 
of sufficiency of a statistic Y; = ui(X1, X2,..., Xn) would be extended to read that 


f (@isg G0, .02,0n)0) 


————— = A201, 22,..., 20 
Lites oe 


does not depend upon @ € Q, where f(x1,¥2,...,2%n;0) is the joint pdf or pmf of 
X 1, X2,...,Xp. There are even a few situations in which we need an extension like 
this one in this book. m 


We now give two examples that are illustrative of the definition. 


Example 7.2.2. Let X,, X2,...,X, be a random sample from a gamma distribu- 

tion with a = 2 and G = @ > 0. Because the mgf associated with this distribution 

is given by M(t) = (1 — 6t)~?, t < 1/0, the mef of Yj = 07, X; is 
Eet(%1tXat--+Xn)) = E(e™**) E(e'*2). - E(e’*n) 


= [(1—6¢)~?]" =(1-6t)-™. 
Thus Y; has a gamma distribution with a = 2n and 6 = 6, so that its pdf is 


1 2n—-1,—7 (4) 
Fyn) = { Tom ee O< m1 <0 
Ses 0 elsewhere. 


Thus we have 
ee a a2—le—a2/é ge teenie 
T(2)6? T(2)6? T(2)6? T(2n) @1XQ°** Ln, 
(ay + a2 +++ + an)??—le— teat t+2n)/8 [P(2)|" (wy aq t-++ + apn)2"-)? 
T(2n)62” 
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where 0 < a < cw, i= 1,2,...,n. Since this ratio does not depend upon @, the 
sum Y; is a sufficient statistic for 0. m 


Example 7.2.3. Let Y; < Yo <--- < Y, denote the order statistics of a random 
sample of size n from the distribution with pdf 


f(a;0) = e 9) Tig (a). 
Here we use the indicator function of a set A defined by 


1 weEA 
Lala) = { 0 «A 
This means, of course, that f(x;@) = e~(*-®), 0 < x < 00, zero elsewhere. The pdf 
of Y, = min(X;) is 
iba (y1; 7) = ne OT a soni) 


Note that 0 < min{a,;} if and only if 0 < x, for alli = 1,...,n. Notationally this 
can be expressed as I(g,9)(min x;) = |g eee I(6,00) (vi). Thus we have that 


Nee ea) ee 


que nin F) Te a) (min Xi) ne —mmin x; 


Since this ratio does not depend upon @, the first order statistic Y; is a sufficient 
statistic for 0. m 


If we are to show by means of the definition that a certain statistic Y, is or is not 
a sufficient statistic for a parameter 0, we must first of all know the pdf of Y,, say 
fy, (yi; 9). In many instances it may be quite difficult to find this pdf. Fortunately, 
this problem can be avoided if we prove the following factorization theorem of 
Neyman. 


Theorem 7.2.1 (Neyman). Let X1,X2,...,Xn denote a random sample from a 
distribution that has pdf or pmf f(x;0), 0€ Q. The statistic Y, = us(Xq,...,Xn) 
is a sufficient statistic for 60 if and only if we can find two nonnegative functions, 
ky and kg, such that 


f (a1; 0) f (v2; 0) +++ f(an30) = kifur (a1, @2,...,%n);O]ko(a1,%2,--.,%n), (7.2.1) 
where k2(x1,22,...,%n) does not depend upon 6. 


Proof. We shall prove the theorem when the random variables are of the con- 
tinuous type. Assume that the factorization is as stated in the theorem. In our 


proof we shall make the one-to-one transformation y; = u1(%1,¥2,.--,2n), y2 = 
U2(@1,02,---;Un),---,Yn = Un(@1,%2,.--,%n) having the inverse functions 7; = 
wi(y1, Y2y-0+5 Vad r2 = we(Y1, Y2; es Yn): sey In = Wn(Y1; Y2s-065 tn) and Jaco- 


bian J; see the note after the proof. The pdf of the statistic Y1, Yo,...,Y, is then 
given by 
g(Y1, Y2,-++5Un3 7) al ki(ys; A)k2(wi, W2y, +265 Wn)| J], 
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where w; = wi(Y1,Y2,---;Yn), #=1,2,...,n. The pdf of Yi, say fy, (yi; 9), is given 
by 


fy. (y1; 9) 


i G(Y1, Y21++ +s Uns A) dya--- dyn 


kn(yis0) | | CC ey eer 


Now the function kz does not depend upon 9, nor is @ involved in either the Jacobian 
J or the limits of integration. Hence the (n — 1)-fold integral in the right-hand 
member of the preceding equation is a function of y; alone, for example, m(y1). 
Thus 


fy, (yi; 8) = ki(yi; @)m(y1)- 


If m(y1) = 0, then fy, (y1;0) = 0. If m(y1) > 0, we can write 


hee 
‘lini tan. tethe 
mlur(a1,-.--,2n)] 
and the assumed factorization becomes 
ko(a1, sans Zn) 


f(a 8) -** fea ®) = J [ta (Pi, + v2 9%n); 4] 


Since neither the function kz nor the function m depends upon 9, then in accordance 
with the definition, Y, is a sufficient statistic for the parameter 0. 

Conversely, if Y, is a sufficient statistic for 6, the factorization can be realized by 
taking the function k; to be the pdf of Y1, namely, the function fy,. This completes 
the proof of the theorem. 


Note that the assumption of a one-to-one transformation made in the proof is not 
needed; see Lehmann (1986) for a more rigorous prrof. This theorem characterizes 
sufficiency and, as the following examples show, is usually much easier to work with 
than the definition of sufficiency. 


Example 7.2.4. Let X), Xo,...,X, denote a random sample from a distribution 

that is N(0,07), —oo < @ < oo, where the variance o? > 0 is known. If 7 = 
n 

21 2 /n, then 


dole: — 9)? = Mai — 2) + (FP = ) (ei — 2)? + n(@— 8)? 
because 
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Thus the joint pdf of X,, X2,...,X, may be written 


¢ =) _ - aC 9)? ja 


i=l 


exp Se = 7/20 
= {expl-n(@ — 8)?/207]} ¢ Se 


V2r) 


Because the first factor of the right-hand member of this equation depends upon 
@1,%2,...,%, only through ZT, and the second factor does not depend upon @, the 
factorization theorem implies that the mean X of the sample is, for any particular 
value of o?, a sufficient statistic for 0, the mean of the normal distribution. m 


We could have used the definition in the preceding example because we know 
that X is N(0,0?/n). Let us now consider an example in which the use of the 
definition is inappropriate. 


Example 7.2.5. Let X,, X2,...,X, denote a random sample from a distribution 
with pdf 
bo?! eee 
Pat { 0 elsewhere, 


where 0 < @. By the factorization theorem, u1(X1, X2,...,Xn) = []jL, Xi is a 
sufficient statistic for 0. The joint pdf of X1, Xo,...,Xn is 


v(t) [rye 


where 0 < 2; <1, i=1,2,...,n. In the factorization theorem, let 


n 0 
ky [ui (a1, 22, -+.;%n);30] = 0” (11 «) 
=i 


and 
1 
TTj=1 Li 


Since k2(21,22,...,%n) does not depend upon 6, the product []j_, X; is a sufficient 
statistic for 0. ™ 


kg(@1,@2,.-..,%n) = 


There is a tendency for some readers to apply incorrectly the factorization theo- 
rem in those instances in which the domain of positive probability density depends 
upon the parameter 9. This is due to the fact that they do not give proper consid- 
eration to the domain of the function ko(x1,22,...,%n). This is illustrated in the 
next example. 
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Example 7.2.6. In Example 7.2.3 with f(2;0) = e~°-%I(g,.)(x), it was found 
that the first order statistic Y; is a sufficient statistic for @. To illustrate our point 
about not considering the domain of the function, take n = 3 and note that 


e (x1 9) 6 (2 9) 6 (xg 6) _ le pada | ea a a cai | 


or a similar expression. Certainly, in the latter formula, there is no @ in the second 
factor and it might be assumed that Y3 = maxX; is a sufficient statistic for 0. Of 
course, this is incorrect because we should have written the joint pdf of X1, X2, X3 


as 
3 


3 
[le 26,00) (#1) = [e?? I(6,00) (min xi)| [ex {- » ot 
i=1 i=l 
because Ig o0)(min vj) = I(6,00)(#1)1(6,00) (2) L(6,00) (#3). A similar statement can- 
not be made with maxz;. Thus Y; = minX; is the sufficient statistic for 0, not 
Y3 = max X;. 


EXERCISES 


7.2.1. Let X1,X2,...,Xn be iid N(0,0), 0 < 8 < oo. Show that >>) X? is a 
sufficient statistic for @. 


7.2.2. Prove that the sum of the observations of a random sample of size n from a 
Poisson distribution having parameter 0, 0 < @ < ov, is a sufficient statistic for 6. 


7.2.3. Show that the nth order statistic of a random sample of size n from the 
uniform distribution having pdf f(x;@) = 1/0, 0 < a < 6, 0 < 0 < ow, zero 
elsewhere, is a sufficient statistic for 6. Generalize this result by considering the pdf 
f(a; 0) = Q(O)M (x), 0< a < 0,0<6< ., zero elsewhere. Here, of course, 


: 1 


7.2.4. Let X1,Xo,...,X, be a random sample of size n from a geometric distri- 
bution that has pmf f(x;@) = (1—0)"@, « =0,1,2,..., 0<@< 1, zero elsewhere. 
Show that >>) X; is a sufficient statistic for 0. 


7.2.5. Show that the sum of the observations of a random sample of size n from 
a gamma distribution that has pdf f(a;@) = (1/@)e~*/°, 0< <0, 0<0<~@, 
zero elsewhere, is a sufficient statistic for 6. 


7.2.6. Let X1, X2,...,X, be a random sample of size n from a beta distribution 
with parameters a = 6 and @ = 5. Show that the product X;X2--: Xp, is a sufficient 
statistic for 0. 


7.2.7. Show that the product of the sample observations is a sufficient statistic for 
§ > 0 if the random sample is taken from a gamma distribution with parameters 
a=6@and B=6. 


388 Sufficiency 


7.2.8. What is the sufficient statistic for 6 if the sample arises from a beta distri- 
bution in which a = § = 6 > 0? 


7.2.9. We consider a random sample Xj, X2,...,X» from a distribution with pdf 
f(a; 0) = (1/0) exp(—2/0), 0 < a < oo, zero elsewhere, where 0 < @. Possibly, in a 
life-testing situation, however, we only observe the first r order statistics Yy < Y2 < 
oe <Y,,. 


(a) Record the joint pdf of these order statistics and denote it by L(6). 
(b) Under these conditions, find the mle, 6, by maximizing L(0). 
(c) Find the mgf and pdf of 6. 


(d) With aslight extension of the definition of sufficiency, is 6 a sufficient statistic? 


7.3 Properties of a Sufficient Statistic 


Suppose X1, X2,...,X, is arandom sample on a random variable with pdf or pmf 
f(x;@), where 0 € Q. In this section we discuss how sufficiency is used to determine 
MVUEs. First note that a sufficient estimate is not unique in any sense. For if 
Y, = wy(X1, X2,..., Xp) is a sufficient statistic and Yo = g(Yi), where g(x) is a 
one-to-one function, is a statistic, then 
f (x1; 9) f (x25 0)--- flan;9) = kilur(y1); O)ko (a1, £2,---,2n) 
= ky[ur(g*(y2)); O)ko(a1, @2,---,2n); 

hence, by the factorization theorem, Y2 is also sufficient. However, as the theorem 
below shows, sufficiency can lead to a best point estimate. 


We first refer back to Theorem 2.3.1 of Section 2.3: If X; and Xo are random 
variables such that the variance of X2 exists, then 


E[X2] = E[E(X2|X1)] 
and 
Var(X2) > Var[E(X2|X1)]. 
For the adaptation in the context of sufficient statistics, we let the sufficient statistic 


Y, be X; and Y9, an unbiased statistic of 0, be X2. Thus, with E(Y2|y1) = y(y1), 
we have 


0 = E(Y2) = E[y(¥1)] 
and 


Var(Y2) > Var[y(¥1)]. 
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That is, through this conditioning, the function y(Y,) of the sufficient statistic Y; 
is an unbiased estimator of 6 having a smaller variance than that of the unbiased 
estimator Y2. We summarize this discussion more formally in the following theorem, 
which can be attributed to Rao and Blackwell. 


Theorem 7.3.1 (Rao—Blackwell). Let X1,Xo2,...,Xn, n a fixed positive integer, 
denote a random sample from a distribution (continuous or discrete) that has pdf or 
pmf f(a;0), 0E Q. Let Y; = ui (X1, X2,..., Xn) be a sufficient statistic for 6, and 
let Yy = ug(X1, Xo,...,Xn), not a function of Y, alone, be an unbiased estimator 
of 0. Then E(Yalyi1) = y(y1) defines a statistic y(Yi). This statistic p(¥1) is a 
function of the sufficient statistic for 6; it is an unbiased estimator of 0; and its 
variance is less than or equal to that of Yo. 


This theorem tells us that in our search for an MVUE of a parameter, we may, 
if a sufficient statistic for the parameter exists, restrict that search to functions of 
the sufficient statistic. For if we begin with an unbiased estimator Y2 alone, then 
we can always improve on this by computing E(Y2|y1) = y(y1) so that y(¥,) is an 
unbiased estimator with a smaller variance than that of Y>. 

After Theorem 7.3.1, many students believe that it is necessary to find first 
some unbiased estimator Y2 in their search for y(Y1), an unbiased estimator of 0 
based upon the sufficient statistic Y;. This is not the case at all, and Theorem 
7.3.1 simply convinces us that we can restrict our search for a best estimator to 
functions of Y;. Furthermore, there is a connection between sufficient statistics and 
maximum likelihood estimates, as shown in the following theorem: 


Theorem 7.3.2. Let X1,X2,...,Xn denote a random sample from a distribution 
that has pdf or pmf f(a;0), 9€ Q. If a sufficient statistic Y; = u1(X1, X2,...,Xn) 
for 0 exists and if a maximum likelihood estimator @ of 0 also exists uniquely, then 


6 is a function of Y; = u1(X1, X2,...,Xn). 


Proof. Let fy,(yi;@) be the pdf or pmf of Y;. Then by the definition of sufficiency, 
the likelihood function 


L(0;21,%2,.--,%n) = f(a1;0)f(a2;0)--- f(an; 6) 


fy, [u1(@1, ©2,---, Un); O)H (a1, 22,...,2n), 


I 


where H(21,22,...,%,) does not depend upon 6. Thus L and fy,, as functions 
of 6, are maximized simultaneously. Since there is one and only one value of @ 
that maximizes LZ and hence fy, [ui(@1,2%2,...,%n);6], that value of 6 must be a 
function of u1(x1,22,..-,2%n). Thus the mle 6 is a function of the sufficient statistic 
Yi = ui(X1, Xo, heer ro.) zg 


We know from Chapters 4 and 6 that, generally, mles are asymptotically unbi- 
ased estimators of 0. Hence, one way to proceed is to find a sufficient statistic and 
then find the mle. Based on this, we can often obtain an unbiased estimator which 
is a function of the sufficient statistic. This process is illustrated in the following 
example. 
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Example 7.3.1. Let X1,...,X, be iid with pdf 


Sen | Be Dag Se, Se 
F(a @) = { 0 elsewhere. 


Suppose we want an MVUE of @. The joint pdf (likelihood function) is 
L(0;21,..-,;%n) = Ore P Ui * for a > 0, i=1,...,n. 


Hence, by the factorization theorem, the statistic Y; = 5>;"_, X; is sufficient. The 
log of the likelihood function is 


1(9) = nlogd — 05-2. 
i=1 


Taking the partial with respect to 6 of 1(@) and setting it to 0 results in the mle of 
0, which is given by 


Note that Yj = n/Yj is a function of the sufficient statistic Y,. Also, since Y2 is the 
mle of 0, it is asymptotically unbiased. Hence, as a first step, we shall determine 
its expectation. In this problem, X; are iid T(1,1/@) random variables; hence, 
Y, = 07, Xi is T'(n, 1/0). Therefore, 


1 i oo gn 
E(Y¥2)=E|=| =nE|=—-—| = ale alee mae 
m= Bly] =" aed nf aay tee 


making the change of variable z = #t and simplifying results in 


E(Y) =E =| =6 


nm nm 


rh ee — 1) =6—— 


Thus the statistic [(m — 1)Yo]/n = (n—1)/ UL, X; is an MVUE of 0. m 


In the next two sections, we discover that, in most instances, if there is one 
function y(Y;) that is unbiased, y(¥1) is the only unbiased estimator based on the 
sufficient statistic Y). 


Remark 7.3.1. Since the unbiased estimator y(Yi), where y(Yi) = E(Y2|y1), has 
a variance smaller than that of the unbiased estimator Y2 of 0, students sometimes 
reason as follows. Let the function T(y3) = E[y(¥1)|Y3 = y3], where Y3 is another 
statistic, which is not sufficient for 6. By the Rao—Blackwell theorem, we have 
E[Y(Y¥3)] = 6 and Y(Y3) has a smaller variance than does y(Yi). Accordingly, 
Y(¥Y3) must be better than y(Y;) as an unbiased estimator of #. But this is not true, 
because Y3 is not sufficient; thus, 0 is present in the conditional distribution of Y;, 
given Y3 = y3, and the conditional mean T(y3). So although indeed E[Y(Y3)] = 0, 
YT(Y3) is not even a statistic because it involves the unknown parameter @ and hence 
cannot be used as an estimate. Hl 
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Example 7.3.2. Let X 1, X2,X3 be a random sample from an exponential distri- 
bution with mean @ > 0, so that the joint pdf is 


3 
(5) geese 0<4j< Hw, 


i = 1,2,3, zero elsewhere. From the factorization theorem, we see that Y; = 
X,+ Xo + X3 is a sufficient statistic for 0. Of course, 


E(Y,) = E(X, + X2 + X3) = 36, 


and thus Y;/3 = X is a function of the sufficient statistic that is an unbiased 
estimator of 0. 
In addition, let Yo = X2 + X3 and Y3 = X3. The one-to-one transformation 
defined by 
T1 = Y1— Y2, 2 = Y2— 3, 13 = YB 


has Jacobian equal to 1 and the joint pdf of Y1, Yo, Y3 is 


1 3 
g(Y1, Y25 y33 9) = (5) eN/9, O<y3 <y <y1 <0, 


zero elsewhere. The marginal pdf of Y; and Y3 is found by integrating out y2 to 
obtain 


i 7 
gi3(y1, y33) = (5) (yi —ys)e 8/9, O<y3<y1 <0, 


zero elsewhere. The pdf of Y3 alone is 
Wl /0 
93(y33 9) = 6° BE, Oia < OO, 
zero elsewhere, since Y3 = X3 is an observation of a random sample from this 
exponential distribution. 


Accordingly, the conditional pdf of Y,, given Y3 = ys, is 


gi3(41, Y33 9) 
93(y3; 9) 


2 
il 
= (5) (yr. — ys)e 1-4/9, OO < a3 <y1 < 00, 


0 
Y: 
H=%5],,) +5(2|m) 
co 1 2 y 
i (5) (yr — ys)?e 2-99)? dy + 
¥3 3 


=F + 3 =). 


91\3(yilys) = 


zero elsewhere. Thus 


oH 


3 
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Of course, E[T(Y3)] = 6 and var[Y(Y3)] < var(¥i/3), but T(Y3) is not a statistic, as 
it involves 6 and cannot be used as an estimator of 0. This illustrates the preceding 
remark. m 


EXERCISES 


7.3.1. In each of Exercises 7.2.1—7.2.4, show that the mle of 6 is a function of the 
sufficient statistic for 0. 


7.3.2. Let Y; < Yo < Y3 < Y4 < Ys be the order statistics of a random sample of size 
5 from the uniform distribution having pdf f(x;@) = 1/0, 0<4%<0,0<0<o, 
zero elsewhere. Show that 2Y3 is an unbiased estimator of 6. Determine the joint 
pdf of Y3 and the sufficient statistic Y; for 0. Find the conditional expectation 
E(2Y3|ys) = y(ys). Compare the variances of 2Y3 and y(Y5). 


7.3.3. If X,,X2 is a random sample of size 2 from a distribution having pdf 
f(x;0) = (1/0)e-*/9, 0 < & < co, 0 < @ < on, zero elsewhere, find the joint 
pdf of the sufficient statistic Yj = X1 + X2 for 6 and Yz = X2. Show that Yo is an 
unbiased estimator of 6 with variance 07. Find E(Y2|y1) = y(yi) and the variance 
of y(¥i). 


7.3.4. Let f(x,y) = (2/0?)e—t)/9, 0 < x < y < cw, zero elsewhere, be the joint 
pdf of the random variables X and Y. 


(a) Show that the mean and the variance of Y are, respectively, 30/2 and 56?/4. 


(b) Show that E(Y |x) = «+0. In accordance with the theory, the expected value 
of X + @ is that of Y, namely, 30/2, and the variance of X + 6 is less than 
that of Y. Show that the variance of X + is in fact 67/4. 


7.3.5. In each of Exercises 7.2.1—7.2.3, compute the expected value of the given 
sufficient statistic and, in each case, determine an unbiased estimator of @ that is a 
function of that sufficient statistic alone. 


7.3.6. Let X,, X2,...,X, be a random sample from a Poisson distribution with 
mean 9. Find the conditional expectation E(X1 + 2X2 +3X3| 37} Xi). 
7.4 Completeness and Uniqueness 


Let X1, X2,...,X, be a random sample from the Poisson distribution that has pmf 


Ore? 
-#)= a! - ae : 
f(x; 9) { 0 elsewhere. 


From Exercise 7.2.2, we know that Y; = ar X; is a sufficient statistic for 6 and 


its pmf is 
vp .—ne 
= 0,1 Dos ie 
0) 


:6) = a 
gi(yi3 9) elsewhere. 
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Let us consider the family {91 (y1;0) : @ > 0} of probability mass functions. Suppose 
that the function u(Yi) of Y; is such that E[u(Yi)] = 0 for every 6 > 0. We shall 
show that this requires u(y1) to be zero at every point y; = 0,1,2,.... That is, 
E|u(¥1)] = 0 for 6 > 0 requires 


We have for all 6 > 0 that 


and n Y1e—n 
9= Fu) = Yo uy) SE 
yi=0 : 
e wo) + u(y + (2 foes 


Since e~”® does not equal zero, we have shown that 


However, if such an infinite (power) series converges to zero for all 0 > 0, then each 
of the coefficients must equal zero. That is, 


2 
2 
u(0) =0, nu(1) = 0, . ui ) =0,..., 
and thus 0 = u(0) = u(1) = u(2) = ---, as we wanted to show. Of course, the 


condition E[u(Y;)] = 0 for all 6 > 0 does not place any restriction on u(y1) when y; 
is not a nonnegative integer. So we see that, in this illustration, E[u(Y1)] = 0 for all 
6 > 0 requires that u(yi) equals zero except on a set of points that has probability 
zero for each pmf gi(yi;@), 0 < @. From the following definition we observe that 
the family {gi (y1;0) : 0 < 0} is complete. 


Definition 7.4.1. Let the random variable Z of either the continuous type or the 
discrete type have a pdf or pmf that is one member of the family {h(z; 6): 0 € OQ}. If 
the condition E[u(Z)] = 0, for every 0 € Q, requires that u(z) be zero except on a set 
of points that has probability zero for each h(z;0), 0 € Q, then the family {h(z; 6) : 
0 € Q} is called a complete family of probability density or mass functions. 


Remark 7.4.1. In Section 1.8, it was noted that the existence of E/u(X)] implies 
that the integral (or sum) converges absolutely. This absolute convergence was 
tacitly assumed in our definition of completeness and it is needed to prove that 
certain families of probability density functions are complete. 


In order to show that certain families of probability density functions of the 
continuous type are complete, we must appeal to the same type of theorem in anal- 
ysis that we used when we claimed that the moment generating function uniquely 
determines a distribution. This is illustrated in the next example. 


394 Sufficiency 


Example 7.4.1. Consider the family of pdfs {h(z;0) : 0 < 0 < co}. Suppose Z 
has a pdf in this family given by 


ig-ale (eg < 06 
= o& 
hit) { 0 elsewhere. 
Let us say that E[u(Z)] = 0 for every 0 > 0. That is, 


>| u(z)e—7/° dz =0, 06> 0. 
8 Jo 


Readers acquainted with the theory of transformations recognize the integral in 
the left-hand member as being essentially the Laplace transform of u(z). In that 
theory we learn that the only function u(z) transforming to a function of @ which is 
identically equal to zero is u(z) = 0, except (in our terminology) on a set of points 
that has probability zero for each h(z;6), 9 > 0. That is, the family {h(z;6):0< 
6 < oo} is complete. m 


Let the parameter 6 in the pdf or pmf f(a;0), @ € Q, have a sufficient statis- 
tic Yy = ui (X41, Xo,..., Xn), where X1, X2,..., Xp is a random sample from this 
distribution. Let the pdf or pmf of Yi be fy, (yi;9), @ € Q. It has been seen that 
if there is any unbiased estimator Y2 (not a function of Y; alone) of 6, then there 
is at least one function of Y; that is an unbiased estimator of 6, and our search 
for a best estimator of 6 may be restricted to functions of Y;. Suppose it has been 
verified that a certain function y(Y1), not a function of 0, is such that E[y(¥1)] = 0 
for all values of 0, 0 € Q. Let W(¥i) be another function of the sufficient statistic 
Y; alone, so that we also have E[y(Y,)] = @ for all values of 6, 6 € 2. Hence 


E[y(%) -—¥(M%)] =0, 9eE 2. 


If the family { fy, (yi; 6) : 6 € Q} is complete, the function of p(y) — Y(y1) = 0, 
except on a set of points that has probability zero. That is, for every other unbiased 
estimator 7(Y1) of 0, we have 


e(y1) = Y(y1) 


except possibly at certain special points. Thus, in this sense [namely y(yi) = v(y1), 
except on a set of points with probability zero], y(Y,) is the unique function of Yj, 
which is an unbiased estimator of 6. In accordance with the Rao—Blackwell theorem, 
(Yi) has a smaller variance than every other unbiased estimator of 0. That is, the 
statistic y(Yi) is the MVUE of 6. This fact is stated in the following theorem of 
Lehmann and Scheffé. 


Theorem 7.4.1 (Lehmann and Scheffé). Let Xy,X2,...,Xn, n a fixed positive 
integer, denote a random sample from a distribution that has pdf or pmf f(x;0), 0 € 
Q, let Yr = u1(X1,X2,...,Xn) be a sufficient statistic for 0, and let the family 
{ fy, (y1;9) : 6 € Q} be complete. If there is a function of Y, that is an unbiased 
estimator of 0, then this function of Y, is the unique MVUE of 0. Here “unique” 
is used in the sense described in the preceding paragraph. 
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The statement that Yj, is a sufficient statistic for a parameter 6, 0 € Q, and 
that the family {fy,(yi;@) : @ © Q} of probability density functions is complete 
is lengthy and somewhat awkward. We shall adopt the less descriptive, but more 
convenient, terminology that Y; is a complete sufficient statistic for 6. In the 
next section, we study a fairly large class of probability density functions for which 
a complete sufficient statistic Y; for 9 can be determined by inspection. 


Example 7.4.2 (Uniform Distribution). Let X1, X2,...,X, be a random sample 
from the uniform distribution with pdf f(#;0) = 1/0,0 < « < 6,6 > 0, and 
zero elsewhere. As Exercise 7.2.3 shows, Y, = max{X,, X2,...,Xn} is a sufficient 
statistic for 0. It is easy to show that the pdf of Y,, is 


nyn* fa) 
9(Yn3 9) = ge <n < (7.4.1) 
0 elsewhere. 


To show that Y,, is complete, suppose for any function u(t) and any @ that E[u(Y;,)] = 


0; Le., 
é n-1 
t 
o= | u(t)— dt 
0 gn 


Since @ > 0, this equation is equivalent to 


0 
o- | wlte* dt: 
0 


Taking partial derivatives of both sides with respect to @ and using the Fundamental 
Theorem of Calculus, we have 


0=u(ae"'. 


Since 0 > 0, u(@) = 0, for all 0 > 0. Thus Y,, is a complete and sufficient statistic 
for @. It is easy to show that 


a 6. 
n+l 
Therefore, the MVUE of 6 is ((n+1)/n)Y,. m 


EXERCISES 


7.4.1. If az? +bz+c=0 for more than two values of z, then a = b = c= 0. Use 
this result to show that the family {b(2,0) : 0 < @< 1} is complete. 


7.4.2. Show that each of the following families is not complete by finding at least 
one nonzero function u(x) such that E[u(X)] = 0, for all 6 > 0. 


(a) 


+ -0<a2<6, where0<0<o 
f(as6) = { 


20 
elsewhere. 
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(b) N(0,0), where 0 <0 < om. 


7.4.3. Let X,, X2,...,X» represent a random sample from the discrete distribution 
having the pmf 


we) SAHK0e* 20,1, 04021 
f(x;6) = { 0 elsewhere. 


Show that Y; = a X; is a complete sufficient statistic for 0. Find the unique 
function of Y; that is the MVUE of 6. 

Hint: Display E[u(Y1)] = 0, show that the constant term u(0) is equal to zero, 
divide both members of the equation by 6 4 0, and repeat the argument. 


7.4.4. Consider the family of probability density functions {h(z;6) : 8 € OQ}, where 
h(z;0) = 1/0, 0 < z <9, zero elsewhere. 


(a) Show that the family is complete provided that 0 = {6:0 <6 < oo}. 
Hint: For convenience, assume that u(z) is continuous and note that the 
derivative of E[u(Z)] with respect to 6 is equal to zero also. 


(b) Show that this family is not complete if Q = {0:1<0@< ol}. 
Hint: Concentrate on the interval 0 < z < 1 and find a nonzero function 
u(z) on that interval such that E[u(Z)] = 0 for all 0 > 1. 


7.4.5. Show that the first order statistic Y; of a random sample of size n from 
the distribution having pdf f(2;0) = e~*-®, 0 < % < co, —00 < 8 < ©, zero 
elsewhere, is a complete sufficient statistic for 6. Find the unique function of this 
statistic which is the MVUE of 6. 


7.4.6. Let a random sample of size n be taken from a distribution of the discrete 
type with pmf f(z;0) = 1/6, « =1,2,...,6, zero elsewhere, where @ is an unknown 
positive integer. 


(a) Show that the largest observation, say Y, of the sample is a complete sufficient 
statistic for 6. 


(b) Prove that 
pee ae eae | 


is the unique MVUE of 6. 


7.4.7. Let X have the pdf fx(#;0) = 1/(20), for —@ < x < 0, zero elsewhere, where 
0>0. 


(a) Is the statistic Y = |X| a sufficient statistic for 0? Why? 


(b) Let fy(y;0) be the pdf of Y. Is the family { fy (y;@) : @ > 0} complete? Why? 


7.4.8. Let X have the pmf p(x; 6) = sue —9)"-l2], for ¢ =+1 
p(0,0) = (1 — 0)”, and zero elsewhere, where 0 < 0 < 1. 


2 


n 


F a | ? 


(a) Show that this family {p(a;@) : 0 < 0 < 1} is not complete. 
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(b) Let Y = |X|. Show that Y is a complete and sufficient statistic for 0. 


7.4.9. Let X1,...,X, be iid with pdf f(a;6) = 1/(30), —0 < a < 20, zero else- 
where, where 6 > 0. 


(a) Find the mle 6 of 0. 
(b) Is 6 a sufficient statistic for 6? Why? 
(c) Is (n +1)6/n the unique MVUE of 6? Why? 


7.4.10. Let Y; < Yo <--- < Y,, be the order statistics of a random sample of size n 
from a distribution with pdf f(x;@) = 1/0, 0 < a < @, zero elsewhere. By Example 
7.4.2, the statistic Y,, is a complete sufficient statistic for @ and it has pdf 


nm 0, 
ie 0< Yn < 


and zero elsewhere. 
(a) Find the distribution function H;,(z;0) of Z = n(0—Y,,). 


(b) Find the limp. Hn(z;0) and thus the limiting distribution of Z. 


7.5 The Exponential Class of Distributions 


In this section we discuss an important class of distributions, called the exponential 
class. As we show, this class possesses complete and sufficient statistics which are 
readily determined from the distribution. 

Consider a family {f(2;0) : 6 € Q} of probability density or mass functions, 
where 2 is the interval set Q = {0:7 < 0 < 6}, where y and 6 are known constants 
(they may be too), and where 


one xp[p(0) Kk (a) + H(x) + q(6)] res 
f(a @) = { 0 = " elsewhere, em) 


where S is the support of X. In this section we are concerned with a particular 
class of the family called the regular exponential class. 


Definition 7.5.1 (Regular Exponential Class). A pdf of the form (7.5.1) is said 
to be a member of the regular exponential class of probability density or mass 
functions if 


1. S, the support of X, does not depend upon @ 
2. p(0) is a nontrivial continuous function of @€ Q 
3. Finally, 


(a) if X is a continuous random variable, then each of K'(a) #0 and H(a) 
is a continuous function of x € S, 
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(b) if X is a discrete random variable, then K(x) is a nontrivial function of 
ces. 


For example, each member of the family {f(a;6) : 0 < 6 < oo}, where f(z; 0) 
is N (0,0), represents a regular case of the exponential class of the continuous type 
because 

1 2 
2:0) = err 
f(x; 8) Gea 


1 
= exp (gga? — log V0), -—0 <2<O. 


0 


On the other hand, consider the uniform density function given by 


ay J exp{—logé} xe (0,6) 
ae) = { 0 elsewhere. 


This can be written in the form (7.5.1), but the support is the interval (0,0), which 
depends on 6. Hence the uniform family is not a regular exponential family. 

Let X1, X2,...,X» denote a random sample from a distribution that represents 
a regular case of the exponential class. The joint pdf or pmf of X1, X2,..., Xn is 


exp bo >) K@) + >) Hai) + va 


for x; € S,i = 1,2,...,n and zero elsewhere. At points in the S of X, this joint 
pdf or pmf may be written as the product of the two nonnegative functions 


exp bo > kG) + 7) exp Ss A(2;) 


In accordance with the factorization theorem, Theorem 7.2.1, Yj = >} K(X;) isa 
sufficient statistic for the parameter 6. 

Besides the fact that Y, is a sufficient statistic, we can obtain the general form 
of the distribution of Y; and its mean and variance. We summarize these results in 
a theorem. The details of the proof are given in Exercises 7.5.5 and 7.5.8. Exercise 
7.5.6 obtains the mgf of Y; in the case that p(@) = 0. 


Theorem 7.5.1. Let X1,X2,...,Xp denote a random sample from a distribution 
that represents a regular case of the exponential class, with pdf or pmf given by 
(7.5.1). Consider the statistic Y; = ear K(X;). Then 


1. The pdf or pmf of Y, has the form 
fyi (ys 8) = R(y1) exp[p(@an + nq(4)), (7.5.2) 
for yi € Sy, and some function R(y1). Neither Sy, nor R(y1) depends on 0. 


2. B(Y;) = —n Sth. 


Pp 
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3. Var(Yi) = nH {p" (0)q' (0) — q"(@)p'(@)} . 


Example 7.5.1. Let X have a Poisson distribution with parameter @ € (0,0). 
Then the support of X is the set S = {0,1,2,...}, which does not depend on 6. 
Further, the pmf of X on its support is 


f(a.) =e = exp{(log 9) + log( 1/2!) + (-6)}. 


Hence the Poisson distribution is a member of the regular exponential class, with 
p(@) = log(6), q(@) = —@, and K(x) = x. Therefore, if X1, Xo,...,X, denotes 
a random sample on X, then the statistic Yj = $7", X; is sufficient. But since 
p'(@) = 1/0 and q'(@) = —1, Theorem 7.5.1 verifies that the mean of Y; is n@. It 
is easy to verify that the variance of Y; is n@ also. Finally, we can show that the 
function R(y1) in Theorem 7.5.1 is given by R(y,) = n¥(1/y1!). 


For the regular case of the exponential class, we have shown that the statistic 
Y, = a K(X;) is sufficient for 0. We now use the form of the pdf of Y; given in 
Theorem 7.5.1 to establish the completeness of Yj. 


Theorem 7.5.2. Let f(x;@), y < 6 <6, be a pdf or pmf of a random variable X 
whose distribution is a regular case of the exponential class. Then if X1, X2,...,Xn 
(where n is a fixed positive integer) is a random sample from the distribution of X, 
the statistic Y; = )\} K(X;) is a sufficient statistic for 0 and the family { fy, (y13) : 
y < @ < 6} of probability density functions of Y, is complete. That is, Y, is a 
complete sufficient statistic for 0. 


Proof: We have shown above that Y, is sufficient. For completeness, suppose that 
E|u(¥1)] = 0. Expression (7.5.2) of Theorem 7.5.1 gives the pdf of Yi. Hence we 
have the equation 


‘ u(y) R(ys) exp{p(0)yr + n9(8)} dyn = 0 
or equivalently since exp{ngq(6)} 4 0, 
[ u(y) R(y1) exp{p(4)yi} dyn = 0 


for all 6. However, p(@) is a nontrivial continuous function of 0, and thus this 
integral is essentially a type of Laplace transform of u(y1)R(y1). The only function 
of y; transforming to the 0 function is the zero function (except for a set of points 
with probability zero in our context). That is, 


u(yi)R(y1) = 0. 


However, R(y,) # 0 for all y; € Sy, because it is factor in the pdf of Yi. Hence 
u(y1) = 0 (except for a set of points with probability zero). Therefore, Y; is a 
complete sufficient statistic for 0. m 
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This theorem has useful implications. In a regular case of form (7.5.1), we can 
see by inspection that the sufficient statistic is Y; = }77’ K(X;). If we can see how 
to form a function of Yi, say (Yi), so that E[y(Yi)] = 0, then the statistic p(¥Y1) 
is unique and is the MVUE of 0. 


Example 7.5.2. Let X1, X2,...,X» denote a random sample from a normal dis- 
tribution that has pdf 


a 


552 |. —-o<z<0, -w<dI<o, 
or 


or 


0 
f(x; 0) = exp (40-2 3o2 — log V2r0? — =): 


Here o? is any fixed positive number. This is a regular case of the exponential class 
with 


0) = 4, K@)==. 
a 6? 

a “loe./on62 2 

H(«) = 552 log V2m0?, q(0) 552° 


Accordingly, Yj = X; + Xo +---+ Xy, = nX is a complete sufficient Btaistie for 
the mean @ of a normal distdbution for every fixed value of the variance a7. Since 
E(Y1) =n, then y(¥i) = Yi /n = X is the only function of Y; that is an abiecd 
estimator of 6; and being a function of the sufficient statistic Y,, it has a minimum 
variance. That is, X is the unique MVUE of 0. Incidentally, since Yj is a one-to-one 
function of X, X itself is also a complete sufficient statistic for 0. m 


Example 7.5.3 (Example 7.5.1, Continued). Reconsider the discussion concerning 
the Poisson distribution with parameter 0 found in Example 7.5.1. Based on this 
discussion, the statistic Yy = han X; was sufficient. It follows from Theorem 
7.5.2 that its family of distributions is complete. Since E(Y1) = 70, it follows that 
X =n7'Y;, is the unique MVUE of 6. = 


EXERCISES 
7.5.1. Write the pdf 


f(a; 0) = — pel) Vcr<w, 0<0<~aM, 


zero elsewhere, in the exponential form. If X1, X2,..., Xp is arandom sample from 
this distribution, find a complete sufficient statistic Y; for 6 and the unique function 
y(%1) of this statistic that is the MVUE of 0. Is y(¥1) itself a complete sufficient 
statistic? 


7.5.2. Let X1, X2,..., X, denote a random sample of size n > 1 from a distribution 
with pdf f(x;0) = 0e~°”, 0 < x < ov, zero elsewhere, and @ > 0. Then Y = 0} X. 
is a sufficient statistic for 0. Prove that (n — 1)/Y is the MVUE of 6. 
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7.5.3. Let X1, X2,...,X, denote a random sample of size n from a distribution 
with pdf f(x;0) = 6x°-!, 0 < x < 1, zero elsewhere, and 6 > 0. 


(a) Show that the geometric mean (X,X2---Xn)'/” of the sample is a complete 
sufficient statistic for 6. 


(b) Find the maximum likelihood estimator of #, and observe that it is a function 
of this geometric mean. 


7.5.4. Let X denote the mean of the random sample X,, X2,..., Xp from a gamma- 
type distribution with parameters a > 0 and 6 =6@ > 0. Compute E[X,|Z]. 

Hint: Can you find directly a function w(X) of X such that E[y(X)] = 0? Is 
B(X1|z) = vz)? Why? 


7.5.5. Let X be a random variable with the pdf of a regular case of the exponential 
class, given by f(z;0) = exp[6K (x) + H(x) + q(0)], a<a<b, y<6< 6. Show 
that E[k(X)] = —q'(0)/p'(@), provided these derivatives exist, by differentiating 
both members of the equality 


b 
J exvl0(0)K(e) + H(a) + 4(8)} de = 1 


with respect to 0. By a second differentiation, find the variance of K(X). 


7.5.6. Given that f(x;0) = exp[0K(x) + H(x)+ q(@)], a<a<by<A< 4, 
represents a regular case of the exponential class, show that the moment-generating 
function M(t) of Y = K(X) is M(t) = exp[¢q(@) — (04+ t)], y< 044 <6. 


7.5.7. In the preceding exercise, given that E(Y) = E[K(X)] = @, prove that Y is 
N(6,1). 
Hint: Consider M'(0) = @ and solve the resulting differential equation. 


7.5.8. If X1, X2,...,Xn is a random sample from a distribution that has a pdf 
which is a regular case of the exponential class, show that the pdf of Yj = )7) K(X;) 
is of the form fy, (y1;9) = R(y1) exp[p(A)y1 + ng(9)]. 

Hint: Let Yo = Xo,...,¥n = Xn be n—1 auxiliary random variables. Find the 
joint pdf of Y1, Y2,...,Y, and then the marginal pdf of Yj. 


7.5.9. Let Y denote the median and let X denote the mean of a random sample of 
size n = 2k +1 from a distribution that is N(u,0?). Compute E(Y|X =). 
Hint: See Exercise 7.5.4. 


7.5.10. Let X1,X2,...,X»n be a random sample from a distribution with pdf 
f(x;0) = 0?xe—®*, 0 < x < 00, where 6 > 0. 


(a) Argue that Y = 7) X; is a complete sufficient statistic for 0. 
(b) Compute £(1/Y) and find the function of Y which is the unique MVUE of 0. 


7.5.11. Let X1, X2,...,Xn, n > 2, be a random sample from the binomial distri- 
bution 6(1, 0). 
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(a) Show that Yj = X, + X2+---+ X, is a complete sufficient statistic for 0. 
(b) Find the function y(¥;) which is the MVUE of 0. 

(c) Let Y2 = (X, + X2)/2 and compute E(Y2). 

(d) Determine E(¥2|¥1 = y1). 


7.5.12. Let X1,X2,...,Xyn be a random sample from a distribution with pmf 
p(x; 0) = 6" (1 — 6), « =0,1,2,..., zero elsewhere, where 0 <0 <1. 


(a) Find the mle, 6, of 0. 
(b) Show that 5°) X; is a complete sufficient statistic for 0. 


(c) Determine the MVUE of 6. 


7.6 Functions of a Parameter 


Up to this point we have sought an MVUE of a parameter 6. Not always, however, 
are we interested in 6 but rather in a function of 6. There are several techniques 
we can use to the find the MVUE. One is by inspection of the expected value of a 
sufficient statistic. This is how we found the MVUEs in Examples 7.5.2 and 7.5.3 
of the last section. In this section and its exercises, we offer more examples of the 
inspection technique. The second technique is based on the conditional expectation 
of an unbiased estimate given a sufficient statistic. The third example illustrates 
this technique. 

Recall in Chapter 6, that under regularity conditions we obtained the asymptotic 
distribution theory for maximum likelihood estimators (mles). This allows certain 
asymptotic inferences (confidence intervals and tests) for these estimators. Such 
a simple theory is not available for MVUEs. As Theorem 7.3.2 shows, though, 
sometimes we can determine the relationship between the mle and the MVUE. In 
these situations, we can often obtain the asymptotic distribution for the MVUE 
based on the asymptotic distribution of the mle. We illustrate this for some of the 
following examples. 


Example 7.6.1. Let X,, X2,...,X, denote the observations of a random sample 
of size n > 1 from a distribution that is 6(1,0), 0 < 6 < 1. We know that if 
Y = X07 Xi, then Y/n is the unique minimum variance unbiased estimator of 0. 
Now suppose we want to estimate the variance of Y/n, which is 0(1 — 0)/n. Let 
6 = 0(1—8). Because Y is a sufficient statistic for 0, it is known that we can restrict 
our search to functions of Y. The maximum likelihood estimate of 6, which is given 
by 6 = (Y/n)(1 — Y/n), is a function of the sufficient statistic and seems to be a 
reasonable starting point. The expectation of this statistic is given by 


n n n n? 


E{é] = E = (1 ia ~)| = 1 Ey) = + Ry?), 
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Now E(Y) =n and E(Y?) = n6(1 — 0) +. n?6?. Hence 


Bie eae 
Ge lca 


nm mr nm 


If we multiply both members of this equation by n/(n—1), we find that the statistic 
6 = (n/(n—1))(Y/n)(1 — Y/n) = (n/(n — 1))6 is the unique MVUE of 6. Hence 
the MVUE of 6/n, the variance of Y/n, is 6/n. 

It is interesting to compare the mle 6 with 6. Recall from Chapter 6 that the 
mle 6 is a consistent estimate of 5 and that \/n(d — 6) is asymptotically normal. 


Because 1 


= 


j—b=5 45 5-0=0, 
nr 


it follows that 6 is also a consistent estimator of 6. Further, 


Vn(é — 5) — Vn(6 — 6) = Vn 5 Po, (7.6.1) 


Hence \/n(é — 5) has the same asymptotic distribution as //n(6 — 6). Using the 
A-method, Theorem 5.2.9, we can obtain the asymptotic distribution of \/n(6 — 6). 
Let g(@) = 0(1—@). Then g’(@) = 1— 26. Hence, by Theorem 5.2.9 and (7.6.1), the 
asymptotic distribution of \/n(6 — 6) is given by 

Vn(é — 5) 3 N(0,6(1 — 9)(1 — 26)2), 
provided 6 4 1/2; see Exercise 7.6.11 for the case 6 = 1/2. m 


In the next example, we consider the uniform (0,4) distribution and obtain the 
MVUE for all differentiable functions of #6. This example was sent to us by Professor 
Bradford Crain of Portland State University. 


Example 7.6.2. Suppose X1, X2,...,X» are iid random variables with the com- 
mon uniform (0,0) distribution. Let Y,, = max{X1, X2,...,X,}. In Example 7.4.2, 
we showed that Y,, is a complete and sufficient statistic of 9 and the pdf of Y,, is 
given by (7.4.1). Let g(@) be any differentiable function of 6. Then the MVUE of 
g(0) is the statistic u(Y,,), which satisfies the equation 


0 
(0) = [ uy ay, 9 >0, 
or equivalently, 
g(0)0” = [ u(y)ny”—* dy, @>0. 
Differentiating both sides of this equation with respect to 6, we obtain 


nO" g(0) + 0"g'(0) = u(0)ne"*. 
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Solving for u(@), we obtain 


6q' (6 
u(0) = (0) + 2) 
n 
Therefore, the MVUE of g(0@) is 
Mon 
u(Yn) = 9(¥n) + —9'(¥n). (7.6.2) 


Ya 1 
ee 
nr 


Yn 

n 

which agrees with the result obtained in Example 7.4.2. Other examples are given 
in Exercise 7.6.4. 


A somewhat different but also very important problem in point estimation is 
considered in the next example. In the example the distribution of a random variable 
X is described by a pdf f(x; @) that depends upon 6 € Q. The problem is to estimate 
the fractional part of the probability for this distribution, which is at, or to the left 
of, a fixed point c. Thus we seek an MVUE of F(c;0), where F(x; 0) is the cdf of 
Xx. 


Example 7.6.3. Let X1,X2,...,X, be a random sample of size n > 1 from a 
distribution that is N(@,1). Suppose that we wish to find an MVUE of the function 
of 6 defined by 


© 1 
P(X <oc= / e 2-822 dy = P(c— 9), 


S06 V2 


where c is a fixed constant. There are many unbiased estimators of ®(c — 0). We 
first exhibit one of these, say u(X1), a function of X, alone. We shall then compute 
the conditional expectation, E[u(X1)|X = Z] = y(Z), of this unbiased statistic, 
given the sufficient statistic X, the mean of the sample. In accordance with the 
theorems of Rao—Blackwell and Lehmann-Scheffé, p(X) is the unique MVUE of 
O(c — 0). 


Consider the function u(a1), where 


1 a<e 
ulti) = 0 a> Cc. 


The expected value of the random variable u(X1) is given by 
Elu(X1)] =1-P[X,-60<c— 6] = ®(c— 8). 


That is, u(X1) is an unbiased estimator of ®(c — @). = 
We shall next discuss, the joint distribution of X, and X and the conditional dis- 
tribution of X1, given X = %. This conditional distribution enables us to compute 
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the conditional expectation E[u(X1)|X = %] = y(%). In accordance with Exercise 
7.6.7, the joint distribution of X; and X is bivariate normal with mean vector (4, 0), 
variances 0? = 1 and o3 = 1/n, and correlation coefficient p = 1/\/n. Thus the 
conditional pdf of X,, given X = Z, is normal with linear conditional mean 


and with variance 


The conditional expectation of u(X1), given X = 7, is then 


a) = fue) rave | dey 
[ Vo exp [- Sao | 


The change of variable z = \/n(a1 — %)//n — 1 enables us to write this conditional 
expectation as 


y(Z) = - — dz =8(c) =6 oo 


where c’ = /n(c—@)/Wn—1. Thus the unique MVUE of ®(c — @) is, for every 
fixed constant c, given by p(X) = ®[/n(c — X)/vn — 1]. 
In this example the mle of ®(c— 0) is ®(c — X). These two estimators are close 


because \/n/(n — 1) > 1, asin — 00. @ 


Remark 7.6.1. We should like to draw the attention of the reader to a rather 
important fact. This has to do with the adoption of a principle, such as the principle 
of unbiasedness and minimum variance. A principle is not a theorem; and seldom 
does a principle yield satisfactory results in all cases. So far, this principle has 
provided quite satisfactory results. To see that this is not always the case, let X 
have a Poisson distribution with parameter 0, 0 < 6 < oo. We may look upon X as 
a random sample of size 1 from this distribution. Thus X is a complete sufficient 
statistic for 6. We seek the estimator of e~? that is unbiased and has minimum 
variance. Consider Y = (—1)*. We have 


pa 


E(Y) = {=p =e. 


Accordingly, (—1)* is the MVUE of e~?°. Here this estimator leaves much to be 
desired. We are endeavoring to elicit some information about the number e~??, 
where 0 < e~? < 1; yet our point estimate is either —1 or +1, each of which is a 
very poor estimate of a number between 0 and 1. We do not wish to leave the reader 
with the impression that an MVUE is bad. That is not the case at all. We merely 
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wish to point out that if one tries hard enough, one can find instances where such 
a statistic is not good. Incidentally, the maximum likelihood estimator of e~?° is, 
in the case where the sample size equals 1, e~?*, which is probably a much better 


estimator in practice than is the unbiased estimator (—1)*. m 


EXERCISES 


7.6.1. Let X 1, X2,...,X, denote a random sample from a distribution that is 
N(0,1), —oo < @ < oo. Find the MVUE of 67. 


Hint: First determine E(X ). 


7.6.2. Let X 1, X2,...,X, denote a random sample from a distribution that is 
N(0,0). Then Y = 5> X? is a complete sufficient statistic for 6. Find the MVUE 
of 67. 


7.6.3. In the notation of Example 7.6.3 of this section, does P(—c < X < c) have 
an MVUE? Here c > 0. 


7.6.4. Let X1,Xo,...,X, be a random sample from a uniform (0,6) distribution. 
Continuing with Example 7.6.2, find the MVUEs for the following functions of 0. 


(a) g(0) = os i.e., the variance of the distribution. 


(b) g(0) = G, i-e., the pdf of the distribution. 


(c) For t real, g(@) = cae i.e., the mgf of the distribution. 


7.6.5. Let X1, X2,...,Xn be a random sample from a Poisson distribution with 
parameter 0 > 0. 


(a) Find the MVUE of P(X < 1) = (14 @)e7®. 


Hint: Let u(a1) = 1, a1 < 1, zero elsewhere, and find E[u(X1)|Y = y|, 
where Y = 57} Xj. 


(b 


a 


Express the MVUE as a function of the mle of 0. 
(c) Determine the asymptotic distribution of the mle of 0. 


(d) Obtain the mle of P(X < 1). Then use Theorem 5.2.9 to determine its 
asymptotic distribution. 


7.6.6. Let X1,X2,...,X, denote a random sample from a Poisson distribution 
with parameter 0 > 0. From Remark 7.6.1, we know that E[(—1)*1] = e~??. 


(a) Show that E[(—1)**|Y¥1 = yi] = (1— 2/n)%, where Y) = X,+Xo4+---+ Xn. 
Hint: First show that the conditional pdf of X1, X2,...,Xn—1, given Y; = yi, 
is multinomial, and hence that of Xj, given Yi = yy, is b(y1,1/n). 


(b) Show that the mle of e~?? is e~?*. 
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2 


(c) Since y; = n%, show that (1 — 2/n)¥ is approximately equal to e~?” when n 


is large. 


7.6.7. As in Example 7.6.3, let X1, X2,...,Xn be a random sample of size n > 1 
from a distribution that is N(0,1). Show that the joint distribution of X; and X 
is bivariate normal with mean vector (0,6), variances 07 = 1 and 03 = 1/n, and 
correlation coefficient p = 1/,/n. 


7.6.8. Let a random sample of size n be taken from a distribution that has the pdf 
f(a; 0) = (1/0) exp(—2/)I(0,.0)(x). Find the mle and MVUE of P(X < 2). 


7.6.9. Let X1,Xo,..., X, be a random sample with the common pdf f(x) = 


’ ? 


6-'e-*/®, for x > 0, zero elsewhere; that is, f(x) is a P(1,0) pdf. 


(a 


Show that the statistic X =n~! )*"_, X; is a complete and sufficient statistic 
for 6. 


wa 


(b) Determine the MVUE of 0. 


a 


(c) Determine the mle of 0. 


(d 


wa 


Often, though, this pdf is written as f(x) = Te~**, for x > 0, zero elsewhere. 
Thus 7 = 1/0. Use Theorem 6.1.2 to determine the mle of rT. 


Show that the statistic X = n7!)7>"_, X; is a complete and sufficient statistic 
for T. Show that (n —1)/(nX) is the MVUE of r = 1/6. Hence, as usual, 
the reciprocal of the mle of @ is the mle of 1/0, but, in this situation, the 
reciprocal of the MVUE of @ is not the MVUE of 1/6. 


(e 


Na 


(f) Compute the variances of each of the unbiased estimators in parts (b) and 


(e). 


7.6.10. Consider the situation of the last exercise, but suppose we have the follow- 
ing two independent random samples: (1) X1, X2,..., Xn is arandom sample with 
the common pdf fx (x) = @~'e~*/®, for x > 0, zero elsewhere, and (2) Yi, Y2,...,Yn 
is a random sample with common pdf fy(y) = Te~7Y, for y > 0, zero elsewhere. As- 
sume that tT = 1/0. The last exercise suggests that, for some constant c, Z = cX /Y 
might be an unbiased estimator of 67. Find this constant c and the variance of Z. 
Hint: Show that X/(0?Y) has an F-distribution. 


7.6.11. Obtain the asymptotic distribution of the MVUE in Example 7.6.1 for the 
case 0 = 1/2. 


7.7 The Case of Several Parameters 
In many of the interesting problems we encounter, the pdf or pmf may not depend 


upon a single parameter 0, but perhaps upon two (or more) parameters. In general, 
our parameter space 2 is a subset of R?, but in many of our examples p is 2. 
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Definition 7.7.1. Let X,, X2,..., Xn denote a random sample from a distribution 
that has pdf or pmf f(a;@), where @€ QC RP. Let S denote the support of X. 
Let Y be an m-dimensional random vector of statistics Y = (Yi,...,¥m)/, where 
Y;, = uj(X1, Xo,...,Xn), fori =1,...,m. Denote the pdf or pmf of Y by fy(y;9) 
for y © R™. The random vector of statistics Y is jointly sufficient for 6 if and 
only if 

Ties f (xi; 6) 

fy(y;@) 


where H(x1,%2,...,%n) does not depend upon 6. 


= H(21,%2,...,%n), for alla, €S, 


In general, m F p, i.e., the number of sufficient statistics does not have to be 
the same as the number of parameters, but in most of our examples this is the case. 

As may be anticipated, the factorization theorem can be extended. In our 
notation it can be stated in the following manner. The vector of statistics Y is 
jointly sufficient for the parameter @ € 2 if and only if we can find two nonnegative 
functions k, and kg such that 


Ties 0) = ki(y; @)ko(a1,...,0%), for all x; € S, (7.7.1) 
i=1 
where the function kg(a1,22,...,@n) does not depend upon 6. 


Example 7.7.1. Let X1, Xo,...,X, be a random sample from a distribution hav- 
ing pdf 


1 
xs 0-0.<24<6,4+% 
: _) % 
f(x; 61, 62) = { 0 : elsewhere, 


where —oo < 0, < 0, 0< 02 < w. Let Y; < Yo <--- < Y,, be the order statistics. 
The joint pdf of Y; and Y,, is given by 


_ n(n — 1) 
Fyiys (yw, Yn3 1, 02) _ (202)” 


n—2 


(Yn -—y1)” *, 01-02 <y1 < Yn < 01 + 62, 


and equals zero elsewhere. Accordingly, the joint pdf of X1,X2,...,Xn can be 
written, for all points in its support (all x; such that 0, — 02 < a; < 61 + 62), 


Since min(a#,;) < av; < max(a,), 7 = 1,2,...,n, the last factor does not depend 
upon the parameters. Either the definition or the factorization theorem assures us 
that Y, and Y, are joint sufficient statistics for 0; and 62. ™ 


The concept of a complete family of probability density functions is generalized 
as follows: Let 


{Ff @i; Vaya tO) 70'S Q} 
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denote a family of pdfs of k random variables V;, V2,...,V, that depends upon the 
p-dimensional vector of parameters 0 € Q. Let u(v1,v2,...,v%) be a function of 
U1, U2,---,Uk (but not a function of any or all of the parameters). If 


Elu(V;, Vo,..-,Ve)] = 0 


for all 8 € QD implies that u(v1, v2,...,v%) = 0 at all points (v1, v2,..., Uk), except on 
a set of points that has probability zero for all members of the family of probability 
density functions, we shall say that the family of probability density functions is a 
complete family. 

In the case where @ is a vector, we generally consider best estimators of functions 
of 0, that is, parameters 6, where 6 = g(@) for a specified function g. For example, 
suppose we are sampling from a N (61, 62) distribution, where 62 is the variance. Let 
6 = (0),02)' and consider the two parameters 6; = gi(@) = 6, and 09 = go(0) = 
02. Hence we are interested in best estimates of 5; and do. 

The Rao—Blackwell, Lehmann—Scheffé theory outlined in Sections 7.3 and 7.4 
extends naturally to this vector case. Briefly, suppose 6 = g(@) is the parameter 
of interest and Y is a vector of sufficient and complete statistics for 8. Let T bea 
statistic which is a function of Y, such as T = T(Y). If F(T) = 6, then T is the 
unique MVUE of 6. 

The remainder of our treatment of the case of several parameters is restricted 
to probability density functions that represent what we shall call regular cases of 
the exponential class. Here m = p. 


Definition 7.7.2. Let X be a random variable with pdf or pmf f(x;0), where 
the vector of parameters 0 € QC R™. Let S denote the support of X. If X is 
continuous, assume that S = (a,b), where a or b may be —oo or co, respectively. If 
X is discrete, assume that S = {a1,a2,...}. Suppose f(x;@) is of the form 


Fs @) = exp [oP Pi (O)K5(e) + H(ax) + q(01,02,..-,O0m)| for allaeS 
0 elsewhere. 
(7.7.2) 
Then we say this pdf or pmf is a member of the exponential class. We say it is 
a regular case of the exponential family if, in addition, 


1. the support does not depend on the vector of parameters 0, 
2. the space Q contains a nonempty, m-dimensional open rectangle, 


3. the p;(0), 7 =1,...,m, are nontrivial, functionally independent, continuous 
functions of 0, 


4. and, depending on whether X is continuous or discrete, one of the following 
holds, respectively: 


(a) if X is a continuous random variable, then the m derivatives K}(x), for 
j = 1,2,...,m, are continuous fora < x < b and no one is a linear 
homogeneous function of the others, and H(a) is a continuous function 
oft%,a<au<b. 
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(b) if X is discrete, the K;(x), j = 1,2,...,m, are nontrivial functions of 
x on the support S and no one is a linear homogeneous function of the 
others. 


Let X1,...,X, be arandom sample on X where the pdf or pmf of X is a regular 
case of the exponential class with the same notation as in Definition 7.7.2. It follows 
from (7.7.2) that the joint pdf or pmf of the sample is given by 


i f (ai; 0) = exp S/p;(9) > Kj (x;) + nq(@)} exp > i) , (7.7.3) 
i=l j=l i=l i=l 
for all x; € S. In accordance with the factorization theorem, the statistics 
H= > Filey) Yes) Rilzi)jnicg Yan = > als) 
i=l i=l i=l 


are joint sufficient statistics for the m-dimensional vector of parameters @. It is left 


as an exercise to prove that the joint pdf of Y = (Y1,..., Yi)! is of the form 
R(y)exp | S° p;(@)y; +nq(8)} , (7.7.4) 
j=l 


at points of positive probability density. These points of positive probability density 
and the function R(y) do not depend upon the vector of parameters 0. Moreover, 
in accordance with a theorem in analysis, it can be asserted that in a regular case 
of the exponential class, the family of probability density functions of these joint 
sufficient statistics Y1, Yo,...,Ym is complete when n > m. In accordance with a 
convention previously adopted, we shall refer to Y1, Y2,..., Ym as joint complete 
sufficient statistics for the vector of parameters 0. 


Example 7.7.2. Let X,, X2,...,X, denote a random sample from a distribution 
that is N(01,02), —co < 6; < co, 0 < 62 < co. Thus the pdf f(a; 61,62) of the 
distribution may be written as 


—1 01 60? 
-0,.05) — — 7? + =e 1 -] 2702). 
f(a; 1, 02) or (Fa ae 305 n 4/27 >) 


Therefore, we can take K(x) = x? and K2(x) = x. Consequently, the statistics 


4 = 50x? and ¥5 = 2X: 
1 1 


are joint complete sufficient statistics for 6; and 02. Since the relations 


Yo ~— Y, — Y? X,;—X)? 
Fi us X, ga 2 
n n—-1 n—-1 
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define a one-to-one transformation, Z, and Z2 are also joint complete sufficient 
statistics for 6; and 62. Moreover, 


E(Z) =); and E(Z2) = Op. 


From completeness, we have that Z, and Z2 are the only functions of Y; and Y2 
that are unbiased estimators of 0; and 62, respectively. Hence Z, and Z2 are the 
unique minimum variance estimators of #; and 62, respectively. The MVUE of the 
standard deviation \/@2 is derived in Exercise 7.7.5. ™ 


In this section we have extended the concepts of sufficiency and completeness 
to the case where @ is a p-dimensional vector. We now extend these concepts to 
the case where X is a k-dimensional random vector. We only consider the regular 
exponential class. 

Suppose X is a k-dimensional random vector with pdf or pmf f(x;@), where 
9€QC R?. Let S C R* denote the support of X. Suppose f(x; 0) is of the form 


(7.7.5) 
0 elsewhere. 


m 
f(x; 0) = -“ 
Then we say this pdf or pmf is a member of the exponential class. If, in addition, 
p =m, the support does not depend on the vector of parameters 0, and conditions 
similar to those of Definition 7.7.2 hold, then we say this pdf is a regular case of 
the exponential class. 


Suppose that X1,...,X, constitute a random sample on X. Then the statistics, 
y=) FAS), rg 1.3m, (7.7.6) 
i=1 


are sufficient and complete statistics for 8. Let Y = (Yi,..., Ym)’. Suppose 6 = g(@) 
is a parameter of interest. If T = h(Y) for some function h and E(T) = 6 then T 
is the unique minimum variance unbiased estimator of 6. 


Example 7.7.3 (Multinomial). In Example 6.4.5, we consider the mles of the 
multinomial distribution. In this example we determine the MVUEs of several of the 
parameters. As in Example 6.4.5, consider a random trial which can result in one, 
and only one, of k outcomes or categories. Let Xj be 1 or 0 depending on whether 
the jth outcome does or does not occur, for 7 = 1,...,k. Suppose the probability 
that outcome j occurs is p;; hence, yi pj =1. Let X = (X4,...,Xx-1)' and 
Pp = (pi,.--,;pr—1)’. The distribution of X is multinomial and can be found in 
expression (6.4.18), which can be reexpressed as 


k-1 
= Dj = 


j=l itxk 


Because this a regular case of the exponential family, the following statistics, re- 
sulting from a random sample Xj,...,X, from the distribution of X, are jointly 
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sufficient and complete for the parameters p = (pi,...,De—1)': 


y= ya for j =1,...,4—-1. 


i=l 


Each random variable X;; is Bernoulli with parameter p; and the variables Xj; 
are independent for 1 = 1,...,n. Hence the variables Y; are binomial(n,p,;) for 
j =1,...,k. Thus the MVUE of p; is the statistic n~1Y;. 

Next, we shall find the MVUE of pj;m, for 7 Al. Exercise 7.7.8 shows that the 
mle of pip, is n~*Y;Y;. Recall from Section 3.1 that the conditional distribution of 
Yj, given Y;, is b[n — Yi, p;/(1—pi)]. As an initial guess at the MVUE, consider the 
mle, which, as shown by Exercise 7.7.8, is n~*Y;Y;. Hence 


1 1 
E(nY;¥i] = (2 PE (Yi MIM)| = SEM EGY) 

1 Dj 1p; 

= SEY (n—-Y)—-| = —=—{EIny) - Ely? 
SE [yn —v) AL] = SB (ein — Bb?) 
1p; 2 2.2 

= Piaget ee 
1p; (n — 1) 

- = =i o)= Dl. 
ian )(1 — pr) ~ Pipl 


Hence the MVUE of pj; is amon YiNi- | 


Example 7.7.4 (Multivariate Normal). Let X have the multivariate normal distri- 
bution N;.(u, ©), where B is a positive definite k x k matrix. The pdf of X is given 
in expression (3.5.12). In this case 6 is a {k+[k(k+1)/2]}-dimensional vector whose 
first k components consist of the mean vector and whose last si) components 


2 
consist of the componentwise variances a and the covariances o;;, for 7 > 7. The 
density of X can be written as 


fx(x) = exp {-3x'Ex ay ye 5H - 5108 || — Jog 2n| : 

CE7.7) 
for x € R®. Hence, by (7.7.5), the multivariate normal pdf is a regular case of the 
exponential class of distributions. We need only identify the functions K(x). The 
second term in the exponent on the right side of (7.7.7) can be written as (u’~+)x; 
hence, Ky(x) = x. The first term is easily seen to be a linear combination of the 
products z;2;, i,j =1,2,...,k, which are the entries of the matrix xx’. Hence we 
can take K2(x) = xx’. Now, let X1,...,X, be a random sample on X. Based on 
(7.7.7) then, a set of sufficient and complete statistics is given by 


nm n 
¥i =) X and ¥2= 5X, Xi. (7.7.8) 

i=1 i=1 
Note that Y, is a vector of k statistics and that Yo is a k x k symmetric matrix. 
Because the matrix is symmetric, we can eliminate the bottom-half [elements (i, 7) 
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with i > j] of the matrix, which results in {k + [k(k + 1)]} complete sufficient 
statistics, i.e., as many complete sufficient statistics as there are parameters. 

Based on marginal distributions, it is easy to show that Xj; = n7!S>;_, Xi; is 
the MVUE of yj and that (n — 1)~' S07, (Xij — Xj)? is the MVUE of o7. The 
MVUEs of the covariance parameters are obtained in Exercise 7.7.9. @ 


For our last example, we consider a case where the set of parameters is the cdf. 


Example 7.7.5. Let X,, X2,..., Xp, be a random sample having the common con- 
tinuous cdf F(a). Let Y; < Yo <--- < Y, denote the corresponding order statis- 
tics. Note that given Yj = yi, Y2 = y2,---,Yn = Yn, the conditional distribution 
of X1, X2,..., Xp is discrete with probability — on each of the n! permutations of 
the vector (y1, y2,---,Yn), [because F(x) is continuous, we can assume that each 
of the values yj, y2,---,Yn is distinct]. That is, the conditional distribution does 
not depend on F(x). Hence, by the definition of sufficiency, the order statistics are 
sufficient for F(x). Furthermore, while the proof is beyond the scope of this book, 
it can be shown that the order statistics are also complete; see page 72 of Lehmann 
and Casella (1998). 


Let T = T (21, %2,...,%p) be any statistic which is symmetric in its arguments; 
Le, T(@1,%2,...,Un) = T(@i,,0i,,---,%i,,) for any permutation (2j,,2i,,-.-,Vi,,) 
of (@1,%9,...,%,). Then T is a function of the order statistics. This is useful in 


determining MVUEs for this situation; see Exercises 7.7.12 and 7.7.13. @ 


EXERCISES 


7.7.1. Let Y; < Yo < Y3 be the order statistics of a random sample of size 3 from 
the distribution with pdf 


= #1 _ 
f(a; 01,02) = + exp ( 02 ) 0,<2%< 0, —00 <6, < 00, 0< 42 < 00 
elsewhere. 


Find the joint pdf of 7, = Y1, Z2 = Yo, and Z3 = Y, + Yo + Y3. The corresponding 
transformation maps the space {(y1,y2,y3) : 01 < yi < y2 < y3 < oo} onto the 
space 

{(21, 22,23) : 01 < z1 < 22 < (23 — 21)/2 < oo}. 
Show that Z, and Zs are joint sufficient statistics for 6, and 02. 


7.7.2. Let X 1, X2,...,Xn be a random sample from a distribution that has a 
pdf of the form (7.7.2) of this section. Show that Y; = )>y, Ki(X;i),...,¥m = 
vt Km(X;) have a joint pdf of the form (7.7.4) of this section. 


= 


7.7.3. Let (X1, Yi), (X2, Y2),...,(Xn, Yn) denote a random sample of size n from 
a bivariate normal distribution with means yp, and 2, positive variances a? and 
o§, and correlation coefficient p. Show that 77 Xi, SY Yi, 3) X?, ST 7, and 
ey X;Y; are joint complete sufficient statistics for the five parameters. Are xX = 
ye Xi/n, ¥ =D" Yi/n, $2 = TX, — XP /(n- 1), $F = TMV -VP/(n- 0), 
and 57} (X; — X)(Y; — Y)/(n — 1)$1$2 also joint complete sufficient statistics for 
these parameters? 
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7.7.4. Let the pdf f(x; 01,02) be of the form 
exp[p1 (91, 02) Ki (a) + p2(@1, 02) Ko(x) + A(x) + qi(fi,92)|, a<a <b, 


zero elsewhere. Suppose that AY (x) = ck4(x). Show that f(a; 01,02) can be written 
in the form 
exp[p(91, 02) Ko(x) + H(z) + q(1, 92), a<a2<b, 


zero elsewhere. This is the reason why it is required that no one K/(x) be a 
linear homogeneous function of the others, that is, so that the number of sufficient 
statistics equals the number of parameters. 


7.7.5. In Example 7.7.2, find the MVUE of the standard deviation 02. 


7.7.6. Let X 1, X2,...,X, be a random sample from the uniform distribution with 
pdf f(a; 61,02) = 1/(2602), 0; — 02 < a < 6; +02, where —oo < 6; < co and 6) > 0, 
and the pdf is equal to zero elsewhere. 


(a) Show that Y; = min(X;) and Y, = max(X;), the joint sufficient statistics for 
@; and 62, are complete. 


(b) Find the MVUEs of 6; and 62. 
7.7.7. Let X1, X2,...,X» be a random sample from N(61, 2). 


(a) If the constant b is defined by the equation P(X < b) = 0.90, find the mle 
and the MVUE of b. 


(b) If c is a given constant, find the mle and the MVUE of P(X < c). 
7.7.8. In the notation of Example 7.7.3, show that the mle of p;p; is n~?Y;Yi. 
7.7.9. Refer to Example 7.7.4 on sufficiency for the multivariate normal model. 


(a) Determine the MVUE of the covariance parameters o;;. 


(b) Let g = ajfi, Where a1,...,@, are specified constants. Find the MVUE 
for g. 


7.7.10. In a personal communication, LeRoy Folks noted that the inverse Gaussian 
pdf 


1/2 
f(x; 61, 62) = ( ue ) exp cee , Oe as; (7.7.9) 


Qrx 262. 
where 6, > 0 and @ > 0, is often used to model lifetimes. Find the complete 


sufficient statistics for (01,02) if X1,X2,..., Xn is a random sample from the dis- 
tribution having this pdf. 


7.7.11. Let X1, Xo,...,X, be a random sample from a N (61,62) distribution. 
(a) Show that E[(X1 — 01)4] = 363. 
(b) Find the MVUE of 363. 
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7.7.12. Let X1,...,X» be a random sample from a distribution of the continuous 
type with cdf F(x). Suppose the mean, pp = E(X1), exists. Using Example 7.7.5, 
show that the sample mean, X = n~! 7""_, Xj, is the MVUE of p. 


7.7.13. Let X1,...,X» be a random sample from a distribution of the continuous 
type with cdf F(a). Let @ = P(X, < a) = F(a), where a is known. Show that the 
proportion n~!#{4X; < a} is the MVUE of 0. 


7.8 Minimal Sufficiency and Ancillary Statistics 


In the study of statistics, it is clear that we want to reduce the data contained in 
the entire sample as much as possible without losing relevant information about the 
important characteristics of the underlying distribution. That is, a large collection 
of numbers in the sample is not as meaningful as a few good summary statistics of 
those data. Sufficient statistics, if they exist, are valuable because we know that 
the statisticians with those summary measures have as much information as the 
statistician with the entire sample. Sometimes, however, there are several sets of 
joint sufficient statistics, and thus we would like to find the simplest one of these sets. 
For illustration, in a sense, the observations X1, X2,...,Xn, n > 2, of a random 
sample from N (61,02) could be thought of as joint sufficient statistics for 6; and 02. 
We know, however, that we can use X and S? as joint sufficient statistics for those 
parameters, which is a great simplification over using X,, X2,..., Xn, particularly 
if n is large. 

In most instances in this chapter, we have been able to find a single sufficient 
statistic for one parameter or two joint sufficient statistics for two parameters. 
Possibly the most complicated cases considered so far are given in Example 7.7.3, 
in which we find k+k(k+1)/2 joint sufficient statistics for k+k(k+1)/2 parameters; 
or the multivariate normal distribution given in Example 7.7.4; or the use the order 
statistics of a random sample for some completely unknown distribution of the 
continuous type as in Example 7.7.5. 

What we would like to do is to change from one set of joint sufficient statistics 
to another, always reducing the number of statistics involved until we cannot go 
any further without losing the sufficiency of the resulting statistics. Those statistics 
that are there at the end of this reduction are called minimal sufficient statis- 
tics. These are sufficient for the parameters and are functions of every other set of 
sufficient statistics for those same parameters. Often, if there are k parameters, we 
can find k joint sufficient statistics that are minimal. In particular, if there is one 
parameter, we can often find a single sufficient statistic which is minimal. Most of 
the earlier examples that we have considered illustrate this point, but this is not 
always the case, as shown by the following example. 


Example 7.8.1. Let X), X2,...,X, be a random sample from the uniform distri- 
bution over the interval (9 — 1,6 +1) having pdf 


f (239) = ($)I@-1,041)(z), where— 00 <0<o. 
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The joint pdf of X1, X2,...,Xn equals the product of (3)” and certain indicator 
functions, namely, 


(5) [] te-1e+n (es) = (5) {J(o—1,9+1) [min (a; )]} {L(o—1,641) [max(z;)]}, 


because @— 1 < min(a;) < x; < max(z;) <@4+1, 7 =1,2,...,n. Thus the order 
statistics Y; = min(X;) and Y,, = max(X;) are the sufficient statistics for 6. These 
two statistics actually are minimal for this one parameter, as we cannot reduce the 
number of them to less than two and still have sufficiency. 


There is an observation that helps us see that almost all the sufficient statistics 
that we have studied thus far are minimal. We have noted that the mle @ of @ is 
a function of one or more sufficient statistics, when the latter exists. Suppose that 
this mle @ is also sufficient. Since this sufficient statistic 6 is a function of the other 
sufficient statistics, by Theorem 7.3.2, it must be minimal. For example, we have 


1. The mle 6 = X of 6 in N(6,07), o? known, is a minimal sufficient statistic 
for 0. 


2. The mle 6 = X of @ in a Poisson distribution with mean @ is a minimal 
sufficient statistic for 6. 


3. The mle @ = Y, = max(X;) of 6 in the uniform distribution over (0,0) is a 
minimal sufficient statistic for 0. 


4. The maximum likelihood estimators 6, =X and 62 = [(n —1)/n]S? of 6, and 
62 in N (61,62) are joint minimal sufficient statistics for 0; and 6b. 


From these examples we see that the minimal sufficient statistics do not need 
to be unique, for any one-to-one transformation of them also provides minimal 
sufficient statistics. The linkage between minimal sufficient statistics and the mle, 
however, does not hold in many interesting instances. We illustrate this in the next 
two examples. 


Example 7.8.2. Consider the model given in Example 7.8.1. There we noted that 
Y, = min(X;) and Y,, = max(X;) are joint sufficient statistics. Also, we have 


@é-1<Y,<Y,<04+1 


or, equivalently, 
Y, -1<0<Y,+1. 


Hence, to maximize the likelihood function so that it equals (4)”, @ can be any 
value between Y,, — 1 and Y; +. 1. For example, many statisticians take the mle to 


be the mean of these two endpoints, namely, 


Ye-1+¥it1 YitYn 


6 = - 
2 2° 
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which is the midrange. We recognize, however, that this mle is not unique. Some 
might argue that since 6 is an mle of @ and since it is a function of the joint sufficient 
statistics, Y; and Y,,, for 0, it is a minimal sufficient statistic. This is not the case at 
all, for 6 is not even sufficient. Note that the mle must itself be a sufficient statistic 
for the parameter before it can be considered the minimal sufficient statistic. m 


Note that we can model the situation in the last example by 
Xi =0+Wi, (7.8.1) 


where Wi, W2,...,W, are iid with the common uniform(—1,1) pdf. Hence this is 
an example of a location model. We discuss these models in general next. 


Example 7.8.3. Consider a location model given by 
X,=0+Wi, (7.8.2) 


where W,, W2,...,W, are iid with the common pdf f(w) and common continuous 
cdf Fw). From Example 7.7.5, we know that the order statistics Y1 < Yo <---< Y, 
are a set of complete and sufficient statistics for this situation. Can we obtain a 
smaller set of minimal sufficient statistics? Consider the following four situations: 


(a) Suppose f(w) is the N(0,1) pdf. Then we know that X is both the MVUE 
and mle of 6. Also, X = n~1 yo, Yi, i-e., a function of the order statistics. 
Hence X is minimal sufficient. 


(b) Suppose f(w) = exp{—w}, for w > 0, zero elsewhere. Then the statistic Y1 is 
a sufficient statistic as well as the mle, and thus is minimal sufficient. 


(c) Suppose f(w) is the logistic pdf. As discussed in Example 6.1.2, the mle of 0 
exists and it is easy to compute. As shown on page 38 of Lehmann and Casella 
(1998), though, the order statistics are minimal sufficient for this situation. 
That is, no reduction is possible. 


(d) Suppose f(w) is the Laplace pdf. It was shown in Example 6.1.1 that the 
median, Q2 is the mle of #, but it is not a sufficient statistic. Further, similar 
to the logistic pdf, it can be shown that the order statistics are minimal 
sufficient for this situation. m 


In general, the situation described in parts (c) and (d), where the mle is obtained 
rather easily while the set of minimal sufficient statistics is the set of order statistics 
and no reduction is possible, is the norm for location models. 


There is also a relationship between a minimal sufficient statistic and complete- 
ness that is explained more fully in Lehmann and Scheffé (1950). Let us say simply 
and without explanation that for the cases in this book, complete sufficient statis- 
tics are minimal sufficient statistics. The converse is not true, however, by noting 
that in Example 7.8.1, we have 

Yn -Yir n-1 


20 pce 


—| = for all 0. 
5 Aad 0, fora 
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That is, there is a nonzero function of those minimal sufficient statistics, Y; and Y,,, 
whose expectation is zero for all 0. 

There are other statistics that almost seem opposites of sufficient statistics. 
That is, while sufficient statistics contain all the information about the parameters, 
these other statistics, called ancillary statistics, have distributions free of the 
parameters and seemingly contain no information about those parameters. As an 
illustration, we know that the variance S$? of a random sample from N(6,1) has 
a distribution that does not depend upon @ and hence is an ancillary statistic. 
Another example is the ratio Z = X1/(X1+X2), where X1, X2 is a random sample 
from a gamma distribution with known parameter a > 0 and unknown parameter 
6B = 86, because Z has a beta distribution that is free of 6. There are many examples 
of ancillary statistics, and we provide some rules that make them rather easy to 
find with certain models, which we present in the next three examples. 


Example 7.8.4 (Location-Invariant Statistics). In Example 7.8.3, we introduced 


the location model. Recall that a random sample X 1, X2,...,X»n follows this model 
if 

where —oco < @ < oo is a parameter and W,, W2,..., Wr» are iid random variables 
with the pdf f(w), which does not depend on @. Then the common pdf of X; is 
f(x — 9). 


Let Z = u(X1, Xo,..., Xn) be a statistic such that 
u(a, +d,%o+d,...,& +d) = u(a1,2,...,2n), 
for all real d. Hence 
Z =ulW, +0, Wo +0,...,Wn +9) = ul(W1, Wo,..., Wr) 


is a function of W1, W2,...,W, alone (not of 0). Hence Z must have a distribution 
that does not depend upon 6. We call Z = u(X1, Xo,..., Xn) a location-invariant 
statistic. 

Assuming a location model, the following are some examples of location-invariant 
statistics: the sample variance = S?, the sample range = max{ X;} — min{ X;}, the 
mean deviation from the sample median = (1/n) S> |X; — median(X;)|, X1 + X2—- 
X3—X4, X1 + X3—2Xo, (1/n) ¥>[X; — min(X;)], and so on. To see that the range 
is location-invariant, note that 


max{X;}—@ = max{X;— 0} = max{W;} 
min{X;}—-@ = min{X;— 0} = min{W;}. 


So, 
range = max{ X;}—min{X;} = max{X;}—0—(min{X;}—0) = max{W;}—min{W;}. 


Hence the distribution of the range only depends on the distribution of the Wis 
and, thus, it is location-invariant. For the location invariance of other statistics, see 
Exercise 7.8.4. lf 
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Example 7.8.5 (Scale-Invariant Statistics). Consider a random sample X1,..., Xn 
which follows a scale model, i.e., a model of the form 


X;,=0W;, i=1,...,n, (7.8.4) 


where 0 > 0 and W,,Wo,...,W, are iid random variables with pdf f(w), which 
does not depend on 6. Then the common pdf of X; is 0-1! f(a/0). We call 6 a scale 
parameter. Suppose that Z = u(X1, X2,..., Xn) is a statistic such that 


u(cx1, C@2,...,CX@n) = u(@1, ©2,...,Ln) 
for all c > 0. Then 
Z= u(X1, Xo, see py) = u(OW1, OWa, os .,OW,,) — u(W1, Wa, o. .,W,). 


Since neither the joint pdf of W,,W2,...,W, nor Z contains 6, the distribution of 
Z rust not depend upon 6. We say that Z is a scale-invariant statistic. 

The following are some examples of scale-invariant statistics: X1/(X, + X2), 
X?/ So) X?, min(X;)/ max(X;), and so on. The scale invariance of the first statistic 
follows from 

Xy (0X1)/0 Wi 


Xi+X_ [(0X1) + (0X2)|/9  WitWo 
The scale invariance of the other statistics is asked for in Exercise 7.8.5. 
Example 7.8.6 (Location- and Scale-Invariant Statistics). Finally, consider a ran- 
dom sample X1, X2,...,X» which follows a location and scale model as in Example 
7.7.5. That is, 
X; = 0, + 02.W;, — Wes ang My (7.8.5) 


where W; are iid with the common pdf f(t) which is free of 6; and 62. In this case, 
the pdf of X; is 0y'f((a — 6,)/02). Consider the statistic Z = u(X1, X2,...,Xn), 
where 

u(ca, + d,...,c&m +d) = u(a1,...,2p). 


Then 
Z =u(X1,. o Xn) = u(O, + 42.W),.. Oy + 02W,,) = u(Wi,.. .,W,). 


Since neither the joint pdf of W,..., W, nor Z contains 0; and 62, the distribution 


’ ) 


of Z must not depend upon 6; nor 2. Statistics such as Z = u(X1, X2,..., Xn) are 
called location- and scale-invariant statistics. The following are four examples 
of such statistics: 


(a) T, = [max(X;) — min(X;)]/S; 
(b) T2 = 7P7) (Xia — Xi)?/8?; 
(c) T3 = (X; —X)/S: 

(d) T, = |X; — X3|/5,, 564 3. 
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Let X — 6, = n~1 >, (X; — 01). Then the location and scale invariance of the 
statistic in (d) follows from ‘the two identities 


“[Xi-0, X-0 ” 
g2 — #>| 7 1 =H) = BSW, wy 
i=1 i=l 


Xi — 0, XxX; — 0, 
02 7D) 


R=, = | | =20W. - 1). 


See Exercise 7.8.6 for the other statistics. ™ 


Thus, these location-invariant, scale-invariant, and location- and scale-invariant 
statistics provide good illustrations, with the appropriate model for the pdf, of an- 
cillary statistics. Since an ancillary statistic and a complete (minimal) sufficient 
statistic are such opposites, we might believe that there is, in some sense, no rela- 
tionship between the two. This is true, and in the next section we show that they 
are independent statistics. 


EXERCISES 


7.8.1. Let X1, X2,...,X, be a random sample from each of the following distribu- 
tions involving the parameter @. In each case find the mle of # and show that it is 
a sufficient statistic for 9 and hence a minimal sufficient statistic. 


(a) b(1,0), where0 <0 <1. 

(b) Poisson with mean 6 > 0. 

(c) Gamma with a = 3 and G=06> 0. 
(d) N(0,1), where —co < 6 < cw. 

(e) N(0,0), where 0 < 6 < co. 


7.8.2. Let Y, < Yo < --- < Y, be the order statistics of a random sample of 
size n from the uniform distribution over the closed interval [—0,0] having pdf 


f(e0) = (1/26) T_-6,0)(«). 
(a) Show that Y, and Y,, are joint sufficient statistics for 0. 
(b) Argue that the mle of @ is 6 = max(—Yj, Y;). 


(c) Demonstrate that the mle @ is a sufficient statistic for 0 and thus is a minimal 
sufficient statistic for 0. 


7.8.3. Let Yi < Yo <--- < Y, be the order statistics of a random sample of size n 
from a distribution with pdf 


1 
f(z; 1,62) = (=) AT ps iol), 


where —oo < 6; < cw and 0 < 62 < oo. Find the joint minimal sufficient statistics 
for 0; and @9. 
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7.8.4. Continuing with Example 7.8.4, show that the following statistics are location- 
invariant: 


(a) The sample variance = S?. 
(b) The mean deviation from the sample median = (1/n) S> |X; — median(X;)|. 


(c) (/n) d7[X; — min(X;)).- 


7.8.5. In Example 7.8.5, a scale model was presented and scale invariance was 
defined. Using the notation of this example, show that the following statistics are 
scale-invariant: 


(a) X?/)/X?. 


(b) min{X;}/max{X;}. 


7.8.6. Obtain the location and scale invariance of the other statistics listed in 
Example 7.8.6, i.e., the statistics 


(a) T, = [max(X;) — min(X;)|/S. 
(b) Te = yy (Xia — X4)?/8?. 


7.8.7. With random samples from each of the distributions given in Exercises 
7.8.1(d), 7.8.2, and 7.8.3, define at least two ancillary statistics that are differ- 
ent from the examples given in the text. These examples illustrate, respectively, 
location-invariant, scale-invariant, and location- and scale-invariant statistics. 


7.9 Sufficiency, Completeness, and Independence 


We have noted that if we have a sufficient statistic Y, for a parameter 6, 0 € Q, 
then h(z|yi), the conditional pdf of another statistic Z, given Yi = y1, does not 
depend upon 6. If, moreover, Y; and Z are independent, the pdf go(z) of Z is 
such that go(z) = h(z|yi), and hence g2(z) must not depend upon @ either. So the 
independence of a statistic Z and the sufficient statistic Y; for a parameter 6 mean 
that the distribution of Z does not depend upon 6 € 2. That is, Z is an ancillary 
statistic. 

It is interesting to investigate a converse of that property. Suppose that the 
distribution of an ancillary statistic Z does not depend upon 6; then are Z and the 
sufficient statistic Y, for 6 independent? To begin our search for the answer, we 
know that the joint pdf of Yi and Z is gi(yi;@)h(zly1), where gi(yi;) and h(z|y1) 
represent the marginal pdf of Y; and the conditional pdf of Z given Yi = yi, 
respectively. Thus the marginal pdf of Z is 


i © gulyasO)h(elys) dys = 92(2), 


—oco 
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which, by hypothesis, does not depend upon 6. Because 


a g2(z)g1(y1; 8) dy1 = ge(z), 


—co 


if follows, by taking the difference of the last two integrals, that 
J lo2le) = helwdlgn(u:8) dys =0 (79.1) 


for all 9 € Q. Since Yj is sufficient statistic for 0, h(z|y1) does not depend upon 0. 
By assumption, g2(z) and hence g2(z) — h(z|y1) do not depend upon @. Now if the 
family {gi (y1;0) : 8 € Q} is complete, Equation (7.9.1) would require that 


go(z) — h(z|y1) =0 or  go(z) = h(z|y1). 


That is, the joint pdf of Y; and Z must be equal to 


gyi; Yh(z|y1) = gi(yi5 8) ga(z). 


Accordingly, Y; and Z are independent, and we have proved the following theorem, 
which was considered in special cases by Neyman and Hogg and proved in general 
by Basu. 


Theorem 7.9.1. Let X1, X2,...,Xn denote a random sample from a distribution 
having a pdf f(x;0), 0 € Q, where Q is an interval set. Suppose that the statistic 
Y, is a complete and sufficient statistic for 0. Let Z = u(X1, X2,...,Xn) be any 
other statistic (not a function of Y; alone). If the distribution of Z does not depend 
upon 0, then Z is independent of the sufficient statistic Y,. 


In the discussion above, it is interesting to observe that if Y] is a sufficient 
statistic for #, then the independence of Y; and Z implies that the distribution 
of Z does not depend upon 6 whether {g1(y1;@) : @ € Q} is or is not complete. 
Conversely, to prove the independence from the fact that go(z) does not depend 
upon 0, we definitely need the completeness. Accordingly, if we are dealing with 
situations in which we know that family {g:(y1;6) : 6 € Q} is complete (such as a 
regular case of the exponential class), we can say that the statistic Z is independent 
of the sufficient statistic Y, if and only if the distribution of Z does not depend 
upon O(i.e., Z is an ancillary statistic). 

It should be remarked that the theorem (including the special formulation of 
it for regular cases of the exponential class) extends immediately to probability 
density functions that involve m parameters for which there exist m joint sufficient 
statistics. For example, let X1, X2,...,X, be a random sample from a distribution 
having the pdf f(x; 1,02) that represents a regular case of the exponential class 
so that there are two joint complete sufficient statistics for 6; and 62. Then any 
other statistic Z = u(X1, X2,..., Xn) is independent of the joint complete sufficient 
statistics if and only if the distribution of Z does not depend upon 6; or @2. 

We present an example of the theorem that provides an alternative proof of the 
independence of X and S$”, the mean and the variance of a random sample of size n 
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from a distribution that is N(u,07). This proof is given as if we were unaware that 
(n—1)S?/o? is x?(n—1), because that fact and the independence were established 
in Theorem 3.6.1. 


Example 7.9.1. Let X1, X2,...,X, denote a random sample of size n from a 
distribution that is N(j,07). We know that the mean X of the sample is, for 
every known o?, a complete sufficient statistic for the parameter 4, —oo < pp < ov. 
Consider the statistic 


which is location-invariant. Thus S? must have a distribution that does not depend 
upon p; and hence, by the theorem, $? and X, the complete sufficient statistic for 
Lt, are independent. @ 


Example 7.9.2. Let X1, X2,...,X, be a random sample of size n from the distri- 
bution having pdf 


f(@;0) = e 9) §<xr<w, -wW<I<0@, 


= 0. elsewhere. 


Here the pdf is of the form f(«—0), where f(w) =e”, 0 < w < ~, zero elsewhere. 
Moreover, we know (Exercise 7.4.5) that the first order statistic Y; = min(X;) is a 
complete sufficient statistic for 6. Hence Y; must be independent of each location- 
invariant statistic u(X1, X2,...,Xn), enjoying the property that 


ula, +d,%o4+d,...,U +d) = u(a1, £2,...,2n) 


for all real d. Illustrations of such statistics are $7, the sample range, and 


Example 7.9.3. Let X , X2 denote a random sample of size n = 2 from a distri- 
bution with pdf 


il 
f(z;@) = aos 0<a<w, 0<d<~aM, 


= 0. elsewhere. 


The pdf is of the form (1/0) f(#/@), where f(w) = e~”, 0 < w < ov, zero else- 
where. We know that Y; = X,; + X2 is a complete sufficient statistic for 0. Hence, 
Y, is independent of every scale-invariant statistic u(X1,X2) with the property 
u(cx1,c®2) = u(#1, £2). Illustrations of these are X,/X2 and X1/(X,+ X2), statis- 
tics that have F- and beta distributions, respectively. m 


Example 7.9.4. Let X,, Xo,...,X,, denote a random sample from a distribution 
that is N(01,02), —co < 01 < cw, 0 < 02 < oo. In Example 7.7.2 it was proved 
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that the mean X and the variance S? of the sample are joint complete sufficient 
statistics for 6, and 62. Consider the statistic 


= u(X1, Xo, Bic p Xn) 


which satisfies the property that u(cr1 + d,...,c%, +d) = u(%1,...,%n). That is, 
the ancillary statistic Z is independent of both X and S?. m 


In this section we have given several examples in which the complete sufficient 
statistics are independent of ancillary statistics. Thus, in those cases, the ancillary 
statistics provide no information about the parameters. However, if the sufficient 
statistics are not complete, the ancillary statistics could provide some information 
as the following example demonstrates. 


Example 7.9.5. We refer back to Examples 7.8.1 and 7.8.2. There the first and 
nth order statistics, Y; and Y,,, were minimal sufficient statistics for 0, where the 
sample arose from an underlying distribution having pdf (4)J(g-1,041)(z). Often 
T, = (¥1 + Y,)/2 is used as an estimator of 0, as it is a function of those sufficient 
statistics which is unbiased. Let us find a relationship between 7, and the ancillary 
statistic T, = Y, — Yj. 

The joint pdf of Y; and Y,, is 


9(Y1 Yn; 9) = n(n — 1) (yn — y1)"~7/2", O-1l<yr <n < O41, 


zero elsewhere. Accordingly, the joint pdf of T; and T> is, since the absolute value 
of the Jacobian equals 1, 


t t 
A(t, t2;0) = n(n — 1)th-?/2”, aa <t)<O+1- zi I< <2, 


zero elsewhere. Thus the pdf of T> is 
ho(te; 0) = n(n — 1)th-2(2 — ta)/2", O<t2 <2, 


zero elsewhere, which, of course, is free of # as T> is an ancillary statistic. Thus, 
the conditional pdf of T,, given T> = to, is 


t t 
d=1e Se b4l=—, << 2 


1 
hyjo(tilte; @) = 5 


— ty 
zero elsewhere. Note that this is uniform on the interval (6 — 1+ t2/2,0+ 1-2/2); 
so the conditional mean and variance of T) are, respectively, 


(2 — ta)? 


E(T,|t2)=0 and var(T\|t2) = 7 
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Given T> = tz, we know something about the conditional variance of T;. In particu- 
lar, if that observed value of T> is large (close to 2), then that variance is small and 
we can place more reliance on the estimator J;. On the other hand, a small value 
of tg means that we have less confidence in J; as an estimator of 0. It is extremely 
interesting to note that this conditional variance does not depend upon the sample 
size n but only on the given value of T> = tz. As the sample size increases, T> tends 
to becomes larger and, in those cases, T, has smaller conditional variance. m 


While Example 7.9.5 is a special one demonstrating mathematically that an 
ancillary statistic can provide some help in point estimation, this does actually 
happen in practice, too. For illustration, we know that if the sample size is large 
enough, then 

X—p 
«S/n 
has an approximate standard normal distribution. Of course, if the sample arises 
from a normal distribution, X and S are independent and T has a ¢-distribution with 
n — 1 degrees of freedom. Even if the sample arises from a symmetric distribution, 
X and S are uncorrelated and T has an approximate ¢-distribution and certainly an 
approximate standard normal distribution with sample sizes around 30 or 40. On 
the other hand, if the sample arises from a highly skewed distribution (say to the 
right), then X and S are highly correlated and the probability P(—1.96 < T < 1.96) 
is not necessarily close to 0.95 unless the sample size is extremely large (certainly 
much greater than 30). Intuitively, one can understand why this correlation exists if 
the underlying distribution is highly skewed to the right. While S has a distribution 
free of ys (and hence is an ancillary), a large value of S$ implies a large value of X, 
since the underlying pdf is like the one depicted in Figure 7.9.1. Of course, a small 
value of X (say less than the mode) requires a relatively small value of S. This 
means that unless n is extremely large, it is risky to say that 


T 


_ 1.96s 1.96s 


, &+—— 
Jn Jn 

provides an approximate 95% confidence interval with data from a very skewed 
distribution. As a matter of fact, the authors have seen situations in which this 


confidence coefficient is closer to 80%, rather than 95%, with sample sizes of 30 to 
AO. 


x 


EXERCISES 


7.9.1. Let Yi < Yo < Y3 < Y4 denote the order statistics of a random sample 
of size n = 4 from a distribution having pdf f(#;@) = 1/0, 0 < a < 0, zero 
elsewhere, where 0 < 0 < oo. Argue that the complete sufficient statistic Y4 for 0 
is independent of each of the statistics ¥1/Y4 and (Yi + Y2)/(Y3 + Y4). 

Hint: Show that the pdf is of the form (1/0)f(x/0), where f(w) =1,0<w<l1, 
zero elsewhere. 
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f(x) 
A 


Figure 7.9.1: Graph of a right skewed distribution; see also Exercise 7.9.14. 


7.9.2. Let Y; < Yo <--- < Y,, be the order statistics of a random sample from a 
N(0,07), —oo < @ < &, distribution. Show that the distribution of Z = Y, — X 
does not depend upon 6. Thus Y = >>! Y;/n, a complete sufficient statistic for 0 is 
independent of Z. 


7.9.3. Let X1,X,...,Xn be iid with the distribution N(@,07), —oo < @ < o. 
Prove that a necessary and sufficient condition that the statistics Z = a;X; and 
Y = 577 Xi, a complete sufficient statistic for 0, are independent is that }77 a; = 0. 


7.9.4. Let X and Y be random variables such that E(X") and E(Y*) 4 0 exist 
for k = 1,2,3,.... If the ratio X/Y and its denominator Y are independent, prove 
that E/(X/Y)"| = BCX") / RY"), k= 1,2, 3.04.5 

Hint: Write E(X*) = E[Y*®(X/Y)*]. 


7.9.5. Let Yi < Yo <--- < Y, be the order statistics of a random sample of size n 
from a distribution that has pdf f(a;0) = (1/@)e-*/°, 0< a < wo, 0< 0 <.«@, zero 
elsewhere. Show that the ratio R = nY, /)*} Y; and its denominator (a complete 
sufficient statistic for 6) are independent. Use the result of the preceding exercise 
to determine E(R*), k = 1,2,3,.... 


7.9.6. Let X1, Xo,...,X5 be iid with pdf f(x) = e~*, 0 < x < ©, zero elsewhere. 
Show that (X, + X2)/(X1 + X2 +--:+ Xs) and its denominator are independent. 
Hint: The pdf f(x) is a member of {f(x;0) : 0 < 0 < co}, where f(x;0) = 
(1/0)e-*/9, 0 < a < 00, zero elsewhere. 


7.9.7. Let Y; < Yo <--- < Y, be the order statistics of a random sample from the 
normal distribution N (01,02), —co < 6; < co, 0 < 62 < oo. Show that the joint 
complete sufficient statistics X = Y and S? for 6, and 6 are independent of each 
of (Y, — Y)/S and (Y, — Yi)/S. 


7.9.8. Let Yj < Yo <--- < Y,, be the order statistics of a random sample from a 
distribution with the pdf 


1 x— 0; 
f (x; 61, 02) _ 6°? (- 05 i 
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0, < x < ow, zero elsewhere, where —oo < 6; < oo, 0 < 62 < oo. Show that the 
joint complete sufficient statistics Y; and X = Y for the parameters 0; and 62 are 
independent of (Y2 — Yi) /S°7 (Yi — Y1)- 


7.9.9. Let X),X2,...,X5 be a random sample of size n = 5 from the normal 
distribution N (0, @). 


(a) Argue that the ratio R = (X? + X3)/(X? +---+ X#) and its denominator 
(X? +---+ X?) are independent. 


(b) Does 5R/2 have an F-distribution with 2 and 5 degrees of freedom? Explain 
your answer. 


(c) Compute F(R) using Exercise 7.9.4. 


7.9.10. Referring to Example 7.9.5 of this section, determine c so that 
P(-c <T,-0< c|T> = tz) = 0.95. 


Use this result to find a 95% confidence interval for @, given Tz = tz; and note how 
its length is smaller when the range of t2 is larger. 


7.9.11. Show that Y = |X| is a complete sufficient statistic for 0 > 0, where X has 
the pdf fx (x; @) = 1/(20), for —0 < x < 6, zero elsewhere. Show that Y = |X| and 
Z = sgn(X) are independent. 


7.9.12. Let Y; < Yo <--- < Y, be the order statistics of a random sample from a 
N(6,07) distribution, where o? is fixed but arbitrary. Then Y = X is a complete 
sufficient statistic for 0. Consider another estimator T of 0, such as T = (Y; + 
Yn41-i)/2, for i = 1,2,...,[n/2], or T could be any weighted average of these latter 
statistics. 


(a) Argue that T — X and X are independent random variables. 
(b) Show that Var(T) = Var(X) + Var(T — X). 


(c) Since we know Var(X) = o?/n, it might be more efficient to estimate Var(T) 
by estimating the Var(T’ — X) by Monte Carlo methods rather than doing 
that with Var(T) directly, because Var(T’) > Var(T’— X). This is often called 
the Monte Carlo Swindle. 


7.9.13. Suppose X1, X2,...,Xp is a random sample from a distribution with pdf 
f(a; 0) = (1/2)08x?e-*, 0 < x < ov, zero elsewhere, where 0 < 6 < ov: 


(a) Find the mle, 6, of 0. Is 6 unbiased? 
Hint: Find the pdf of Y = 7} X; and then compute E(6). 


(b) Argue that Y is a complete sufficient statistic for 0. 
(c) Find the MVUE of 6. 
(d) Show that X,/Y and Y are independent. 
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(e) What is the distribution of X,/Y? 


7.9.14. The pdf depicted in Figure 7.9.1 is given by 
fing (@) = 7-7 (1+ mzte*)- O24), 00 < & < cW, (7.9.2) 


where mg > 0 (the pdf graphed is for mz = 0.1). This is a member of a large family 
of pdfs, log F-family, which are useful in survival (lifetime) analysis; see Chapter 3 
of Hettmansperger and McKean (2011). 


(a) Let W be a random variable with pdf (7.9.2). Show that W = log Y, where 
Y has an F-distribution with 2 and 2mz2 degrees of freedom. 


(b) Show that the pdf becomes the logistic (6.1.8) if mz = 1. 
(c) Consider the location model where 
X;,=0+W; t= 1, 2.5.7; 


where W,,...,W,, are iid with pdf (7.9.2). Similar to the logistic location 
model, the order statistics are minimal sufficient for this model. Show, similar 
to Example 6.1.2, that the mle of @ exists. 


Chapter 8 


Optimal Tests of Hypotheses 


8.1 Most Powerful Tests 


In Section 4.5, we introduced the concept of hypotheses testing and followed it with 
the introduction of likelihood ratio tests in Chapter 6. In this chapter, we discuss 
certain best tests. 

For convenience to the reader, in the next several paragraphs we quickly review 
concepts of testing which were presented in Section 4.5. We are interested in a 
random variable X which has pdf or pmf f(x;@), where 6 € Q. We assume that 
? € wo or 8 € wy, where wo and wy, are disjoint subsets of Q and wo Uw; = 2. We 
label the hypotheses as 


Ho: @ € wo versus Hy: 0 € wy. (8.1.1) 


The hypothesis Ho is referred to as the null hypothesis, while H, is referred to 
as the alternative hypothesis. The test of Hg versus H, is based on a sample 


Xj ,...,X»p from the distribution of X. In this chapter, we often use the vector 
X’ = (X1,..., Xn) to denote the random sample and x’ = (a1,...,2,) to denote 
the values of the sample. Let S denote the support of the random sample X’ = 
(X1,...,Xn). 


A test of Ho versus H, is based on a subset C of S. This set C is called the 
critical region and its corresponding decision rule is 


Reject Hp (Accept H;) ifX ec (8.1.2) 
Retain Hp (Reject H;) ifX eC. 


Note that a test is defined by its critical region. Conversely, a critical region defines 
a test. 

Recall that the 2 x 2 decision table, Table 4.5.1, summarizes the results of the 
hypothesis test in terms of the true state of nature. Besides the correct decisions, 
two errors can occur. A Type I error occurs if Ho is rejected when it is true, while 
a Type I error occurs if Ho is accepted when H is true. The size or significance 
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level of the test is the probability of a Type I error; i.e., 


a = max Po(X € C). (8.1.3) 


OEwo 


Note that Ps(X € C) should be read as the probability that X € C when @ is 
the true parameter. Subject to tests having size a, we select tests that minimize 
Type II error or equivalently maximize the probability of rejecting Ho when @ € w}. 
Recall that the power function of a test is given by 


yc(@) = Po(X EC); GE ur. (8.1.4) 


In Chapter 4, we gave examples of tests of hypotheses, while in Sections 6.3 and 
6.4, we discussed tests based on maximum likelihood theory. In this chapter, we 
want to construct best tests for certain situations. 

We begin with testing a simple hypothesis Hp against a simple alternative Hy. 
Let f(2;0) denote the pdf or pmf of a random variable X, where 6 € Q = {6',@”}. 
Let wo = {6'} and w, = {0”}. Let X’ = (Xj,...,X,) be a random sample from 
the distribution of X. We now define a best critical region (and hence a best test) 
for testing the simple hypothesis Hp against the alternative simple hypothesis Hj. 


Definition 8.1.1. Let C denote a subset of the sample space. Then we say that C 
is a best critical region of size a for testing the simple hypothesis Hy : 0 = 6’ 
against the alternative simple hypothesis H, : 0 = 6" if 


(a) Po [X € C] =a. 
(b) And for every subset A of the sample space, 


Poi (X E Al =a> Pon (X E Cl es Pon (X E Al. 


This definition states, in effect, the following: In general, there is a multiplicity 
of subsets A of the sample space such that Py [X € A] = a. Suppose that there 
is one of these subsets, say C, such that when Hy, is true, the power of the test 
associated with C is at least as great as the power of the test associated with every 
other A. Then C is defined as a best critical region of size a for testing Hp against 
A. 

As Theorem 8.1.1 shows, there is a best test for this simple versus simple case. 
But first, we offer a simple example examining this definition in some detail. 


Example 8.1.1. Consider the one random variable X that has a binomial distri- 
bution with n = 5 and p= 9. Let f(#;0) denote the pmf of X and let Hp : 6 = = 
and H, :@0= 3 The following tabulation gives, at points of positive probability 
density, the values of f(x;4), f(a; #%), and the ratio f(x; 4$)/ f(z; 2). 
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We shall use one random value of X to test the simple hypothesis Ho : 0 = 4 
against the alternative simple hypothesis H, : 6 = 3 and we shall first assign 
the significance level of the test to be a = We seek a best critical region of 
size a = gy. If Ay = {x : & = O} or Ap = {x : & = 5B}, then Prpiyoy\(X € 


Ai) = Pranija}(X € Ao) = = and there is no other subset A3 of the space {x : 


x = 0,1,2,3,4,5} such that Prgii/2}(X € A3) = oe Then either A; or Ag is 
the best critical region C’ of size a = _ for testing Hp against H;. We note that 
Pronij2}(X € Ai) = yy and Prpezyay(X € At) = qqoq- Thus, if the set Aj is 
used as a critical region of size a = oe we have the intolerable situation that the 
probability of rejecting Hp when Hj is true (Ho is false) is much less than the 
probability of rejecting Ho when Ho is true. 

On the other hand, if the set Ag is used as a critical region, then Prg—1/2}(X € 


Az) = y and Prp—3/4;(X € Az) = 74. That is, the probability of rejecting Ho 
when H, is true is much greater than the probability of rejecting Ho when Ho is 
true. Certainly, this is a more desirable state of affairs, and actually Ag is the best 
critical region of size a = a: The latter statement follows from the fact that when 
Hp is true, there are but two subsets, A, and Ag, of the sample space, each of whose 


“7: i 1 
probability measure is 35 and the fact that 


I Sle 


oa = Pro=3/4}(X € Ag) > Pro=3/4}(X E Aj) = ae 


It should be noted in this problem that the best critical region C = Ag of size 
a = = is found by including in C the point (or points) at which f(x; 4) is small in 
comparison with f(z; 2). This is seen to be true once it is observed that the ratio 
f(x;4)/f(z; 4) is a minimum at x = 5. Accordingly, the ratio f(x; 4)/ f(z; 4), 
which is given in the last line of the above tabulation, provides us with a precise 
tool by which to find a best critical region C for certain given values of a. To 
illustrate this, take a = =. When Hp is true, each of the subsets {x : x = 0,1}, 
{a : a = 0,4}, {a : x = 1,5}, {@ : « = 4,5} has probability measure %. By direct 
computation it is found that the best critical region of this size is {w : « = 4,5}. 
This reflects the fact that the ratio f(a; 4)/f(x;%) has its two smallest values for 
x =4and «=5. The power of this test, which has a = 3, is 


_ _ 405 | 243 _ 648 
Pro=sja}(X = 4,5) = igs + iooa = ioe So 


The preceding example should make the following theorem, due to Neyman and 
Pearson, easier to understand. It is an important theorem because it provides a 
systematic method of determining a best critical region. 
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Theorem 8.1.1. Neyman—Pearson Theorem. Let Xj, X2,...,Xn, where n 
is a fixed positive integer, denote a random sample from a distribution that has pdf 


or pmf f(a;0). Then the likelihood of X1,X2,...,Xn is 


nm 


L(0;x) = [[f@o, for x’ = (a1,...,2n). 


i=1 


Let 0’ and 6” be distinct fixed values of 0 so that QQ = {0:0=6',0"}, and let k be 
a positive number. Let C be a subset of the sample space such that 


4) O53) 
@) Tams < 

LOSx) 
>) Tas 


(c) @= Px [X € Cl. 


<k, for each point x € C. 


>k, for each point x € C°. 


Then C is a best critical region of size a for testing the simple hypothesis Hp : 0 = 6’ 
against the alternative simple hypothesis H, : 0 = 0". 


Proof: We shall give the proof when the random variables are of the continuous 
type. If C is the only critical region of size a, the theorem is proved. If there 
is another critical region of size a, denote it by A. For convenience, we shall let 
7 - J L(0;21,...,%n) dx 1---dxn be denoted by & L(6). In this notation we wish 


to show that 
foe L(6") >0 
Cc A 


Since C is the union of the disjoint sets CM A and C/N A* and A is the union of 
the disjoint sets AN C and AN C*%, we have 


a ee as 


However, by the hypothesis of the theorem, L(6”) > (1/k)L(6’) at each point of C, 
and hence at each point of CN A‘; thus, 


| Lo") >> | L(6’). 
CnAc k Jonac 


But L(0”) < (1/k)L(0’) at each point of C°, and hence at each point of AN C*; 


accordingly, 
1 
| L(e") < ;/ L(@’). 
ANCe k Jance 


These inequalities imply that 
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and, from Equation (8.1.5), we obtain 


[x0 - [20 = = L(0') — fH) : (8.1.6) 
However, 


-[ L(6’) -f 2) 
fw - [ 20) =a-a=0. 


If this result is substituted in inequality (8.1.6), we obtain the desired result, 


[10 - [ 107 20. 


If the random variables are of the discrete type, the proof is the same with integra- 
tion replaced by summation. m 


Remark 8.1.1. As stated in the theorem, conditions (a), (b), and (c) are sufficient 
ones for region C' to be a best critical region of size a. However, they are also 
necessary. We discuss this briefly. Suppose there is a region A of size a that does 
not satisfy (a) and (b) and that is as powerful at 0 = 6” as C’, which satisfies (a), 
(b), and (c). Then expression (8.1.5) would be zero, since the power at 0” using A is 
equal to that using C. It can be proved that to have expression (8.1.5) equal zero, A 
must be of the same form as C. As a matter of fact, in the continuous case, A and C 
would essentially be the same region; that is, they could differ only by a set having 
probability zero. However, in the discrete case, if Py,[L(0’) = kL(0”)| is positive, 
A and C could be different sets, but each would necessarily enjoy conditions (a), 
(b), and (c) to be a best critical region of size a. Hl 


It would seem that a test should have the property that its power should never 
fall below its significance level; otherwise, the probability of falsely rejecting Ho 
(level) is higher than the probability of correctly rejecting Hp (power). We say a 
test having this property is unbiased, which we now formally define: 


Definition 8.1.2. Let X be a random variable which has pdf or pmf f(x; 0), where 
6€Q. Consider the hypotheses given in expression (8.1.1). Let X! = (Xq,...,Xn) 
denote a random sample on X. Consider a test with critical region C and level a. 
We say that this test 1s unbiased if 


Po(X E C) =a, 


for all 6 € wy. 
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As the next corollary shows, the best test given in Theorem 8.1.1 is an unbiased 
test. 


Corollary 8.1.1. As in Theorem 8.1.1, let C be the critical region of the best test 
of Hy) :6 = 6 versus Hy : 0 = 0". Suppose the significance level of the test is a. 
Let yc (0") = Pou |[X € C] denote the power of the test. Then a < yc(0@"). 


Proof: Consider the “unreasonable” test in which the data are ignored, but a 
Bernoulli trial is performed which has probability a of success. If the trial ends 
in success, we reject Hp. The level of this test is a. Because the power of a test 
is the probability of rejecting Hp when Hy; is true, the power of this unreasonable 
test is a also. But C is the best critical region of size a and thus has power greater 
than or equal to the power of the unreasonable test. That is, yo(0”) > a, which is 
the desired result. m 


Another aspect of Theorem 8.1.1 to be emphasized is that if we take C to be 
the set of all points x which satisfy 


L(6’;x) 
y. 


———_<k, k 
L0"x) = *>% 


then, in accordance with the theorem, C is a best critical region. This inequality 
can frequently be expressed in one of the forms (where c; and cz are constants) 


ur(x;0',0") < ce 
or 
u2(x; 0,0") > cp. 


Suppose that it is the first form, uy < c,. Since 6’ and @” are given constants, 
ui(X; 6’, 0”) is a statistic; and if the pdf or pmf of this statistic can be found when 
Ho is true, then the significance level of the test of Ho against H, can be determined 
from this distribution. That is, 


a = Py, [ur(X%;6',0") < ci]. 


Moreover, the test may be based on this statistic; for if the observed vector value 
of X is x, we reject Hp (accept Hy) if u(x) < 1. 

A positive number k determines a best critical region C whose size is a = 
Py,(X € C] for that particular k. It may be that this value of a is unsuitable for 
the purpose at hand; that is, it is too large or too small. However, if there is a 
statistic u;(X) as in the preceding paragraph, whose pdf or pmf can be determined 
when Ho is true, we need not experiment with various values of & to obtain a 
desirable significance level. For if the distribution of the statistic is known, or can 
be found, we may determine c; such that Py, [ui(X) < ci] is a desirable significance 
level. 

An illustrative example follows. 
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Example 8.1.2. Let X’ = (Xj,...,X»,) denote a random sample from the distri- 
bution that has the pdf 


f(x;0) = 


CS) 
exp a > ~O<kL< OO. 


1 
V2 
It is desired to test the simple hypothesis Hp : 6 = 6’ = 0 against the alternative 
simple hypothesis H; : 6 = 6” = 1. Now 


(1/V2n)" yes | | 
a/R) |— Soler / 2 
= on(-Sa 8), 


If k > 0, the set of all points (71, x2,...,@n) such that 


exp (-o=1+3) <k 
1 


is a best critical region. This inequality holds if and only if 


— Sixt 5 <logk 
if 


or, equivalently, 
n 
DE? > 5 —logk=c. 
1 


In this case, a best critical region is the set C = {(x1,22,...,@n) : D>) i > ch, 
where c is a constant that can be determined so that the size of the critical region is 
a desired number a. The event 77 X; > c is equivalent to the event X > c/n = ci, 
for example, so the test may be based upon the statistic X. If Ho is true, that 
is, 0 = 0’ = 0, then X has a distribution that is N(0,1/n). For a given positive 
integer n, the size of the sample and a given significance level a, the number c; can 
be found from Table III in Appendix C, so that Py,(X > c1) = a. Hence, if the 
experimental values of X,, X2,..., Xn were, respectively, 71, %2,...,%n, we would 
compute 7 = >>} a;/n. If F > c1, the simple hypothesis Hp : 6 = 0’ = 0 would be 
rejected at the significance level a; if © < c,, the hypothesis Ho would be accepted. 
The probability of rejecting Ho when Ho is true is a; the probability of rejecting 
Ho, when Hp is false, is the value of the power of the test at 0 = 0” = 1. That is, 


— | dz. 


=f, eerie? | are 


Py (X > 


436 Optimal Tests of Hypotheses 


For example, if n = 25 and if a is selected to be 0.05, then from Table III we find 
c1 = 1.645//25 = 0.329. Thus the power of this best test of Ho against Hy is 0.05 
when Ho is true, and is 


= =—1)? oe 1 
te | ee e-¥"/2 dw = 0.9996, 
I 
0.329 /Pry/t 2( ae) 3.355 V2 


when H; is true. @ 


There is another aspect of this theorem that warrants special mention. It has to 
do with the number of parameters that appear in the pdf. Our notation suggests 
that there is but one parameter. However, a careful review of the proof reveals 
that nowhere was this needed or assumed. The pdf or pmf may depend upon 
any finite number of parameters. What is essential is that the hypothesis Hp and 
the alternative hypothesis H; be simple, namely, that they completely specify the 
distributions. With this in mind, we see that the simple hypotheses Hp and H, do 
not need to be hypotheses about the parameters of a distribution, nor, as a matter 
of fact, do the random variables X1, X2,...,X, need to be independent. That is, if 
Ho is the simple hypothesis that the joint pdf or pmf is g(a1,22,...,@n), and if Hy 
is the alternative simple hypothesis that the joint pdf or pmf is h(a1,x2,...,2n), 
then C is a best critical region of size a for testing Hp against Hy if, for k > 0, 


g(a1, 2, Ln) 

Serer a rereytn) EC, 
a a. = or (x1, XQ x ) 

2. fi ke) > k for (#1, %2,...,2n) € C®. 
h(a1,%,.. oe 


3. a= Py, ((X1, X2,- oa , Xn) E Ci. 
An illustrative example follows. 


Example 8.1.3. Let X1,...,X,, denote a random sample from a distribution which 
has a pmf f(x) that is positive on and only on the nonnegative integers. It is desired 
to test the simple hypothesis 


et 


<- =0,1,2,... 
Ao: = al « pares 
0: F(2) { 0 elsewhere, 


against the alternative simple hypothesis 


Hife)={ ye “Geers 
Here 

OG ixsgtn) _. CU ela, |) 

h(a,--+;2n) (Lya( deter ten 


(2e71)"Q> 2% 


nm 


[[@) 


1 


8.1. Most Powerful Tests 437 


If k > 0, the set of points (71,x2,...,%n) such that 
b> «| log 2 — log i) < logk — nlog(2e~*) =c 
1 1 


is a best critical region C. Consider the case of k = 1 and n = 1. The preceding 
inequality may be written 27! /a,! < e/2. This inequality is satisfied by all points 
in the set C = {a1 : x; = 0,3,4,5,...}. Thus the power of the test when Ho is true 
is 

Py,(X1 € C) =1— Py, (Xi = 1,2) = 0.448, 


approximately, in accordance with Table I of Appendix C; i.e., the significance level 
of this test is 0.448. The power of the test when Hj is true is given by 


Py, (X1 € C) =1—- Py,(X1 =1,2) =1-(44+4)=0.625. m 
Note that these results are consistent with Corollary 8.1.1. 


Remark 8.1.2. In the notation of this section, say C is a critical region such that 
a =} L(@’) and B= L(6"), 
C ce 


where a and @ equal the respective probabilities of the Type I and Type II errors 
associated with C’. Let d, and dz be two given positive constants. Consider a 
certain linear function of a and Z, namely, 


ay f LO) +a f 110") a f ne) +ali- f 26] 


= da + f (dsL(6") ~ daL(6"), 
C 


I 


If we wished to minimize this expression, we would select C' to be the set of all 
(@1,%2,...,%n) such that 


d,L(6') — doL(6") <0 


or, equivalently, 


d 
L(6”) a for all (@1,22,---,En) EC, 


which according to the Neyman—Pearson theorem provides a best critical region 
with k = do/d,. That is, this critical region C is one that minimizes dja + d2f. 
There could be others, including points on which L(6’)/L(6”) = dg/di, but these 
would still be best critical regions according to the Neyman—Pearson theorem. 
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EXERCISES 


8.1.1. In Example 8.1.2 of this section, let the simple hypotheses read Hp : 0 = 
6’ = 0 and H, : 0 = 6” = —1. Show that the best test of Hp against H, may be 
carried out by use of the statistic X, and that if n = 25 and a = 0.05, the power of 
the test is 0.9996 when H; is true. 


8.1.2. Let the random variable X have the pdf f(2;0) = (1/@)e~*/°, 0< a < ~@, 
zero elsewhere. Consider the simple hypothesis Ho : 6 = 6’ = 2 and the alternative 
hypothesis H, : 0 = 06” =4. Let X1, X2 denote a random sample of size 2 from this 
distribution. Show that the best test of Hp against H; may be carried out by use 
of the statistic X; + Xo. 


8.1.3. Repeat Exercise 8.1.2 when H; : 6 = 6” = 6. Generalize this for every 
6” > 2. 


8.1.4. Let X1, X2,..., X19 be arandom sample of size 10 from a normal distribution 
N(0,07). Find a best critical region of size a = 0.05 for testing Hp : 0? = 1 against 
H, : 0? = 2. Is this a best critical region of size 0.05 for testing Hp : 0? = 1 against 
Hy: 07 =4? Against A, i: @7 =o7 > 1? 

8.1.5. If X1, X2,..., Xp is a random sample from a distribution having pdf of the 
form f(r;0) = 0x°-1, 0 < a < 1, zero elsewhere, show that a best critical region 
for testing Hp : 0 = 1 against H, : 0 = 2 is C = {(a1,22,...,2n):¢< []j_, a}. 
8.1.6. Let X1, X2,..., X19 be arandom sample from a distribution that is N (61, 02). 
Find a best test of the simple hypothesis Ho : 6, = 6, = 0, 02 = 04 = 1 against the 
alternative simple hypothesis Hy : 0, = 0 = 1, 09 = 04 = 4. 


8.1.7. Let X 1, Xo,...,Xpn denote a random sample from a normal distribution 
N(6,100). Show that C = {(1,22,...,2n):¢< EF = 0} 2;/n} is a best critical 
region for testing Hp : @ = 75 against H, :@ = 78. Find n and ¢ so that 


Pu, [(X1, X2,...,Xn) € C] = Pu, (X > c) = 0.05 


and 
Pr, [(X1,X2,---,Xn) € C] = Px, (X > c) = 0.90, 
approximately. 
8.1.8. If X1, X2,..., Xp is a random sample from a beta distribution with param- 


eters a = 8 = 0 > O, find a best critical region for testing Hp : 6 = 1 against 
Ay 1625 


8.1.9. Let X1,X2,...,Xn be iid with pmf f(z;p) = p*(1 — p)'-*, x = 0,1, zero 
elsewhere. Show that C = {(2,...,@n) : )o} vi < c} is a best critical region for 
testing Hp : p= 4 against 1, : p= z. Use the Central Limit Theorem to find n 
and c so that approximately Py, (57 Xi < c) = 0.10 and Py, (30) Xi < c) = 0.80. 
8.1.10. Let X1, X2,...,Xi9 denote a random sample of size 10 from a Poisson 
distribution with mean @. Show that the critical region C defined by wa a, > 3 is 
a best critical region for testing Ho : 0 = 0.1 against H, : 6 = 0.5. Determine, for 
this test, the significance level a and the power at @ = 0.5. 
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8.2 Uniformly Most Powerful Tests 


This section takes up the problem of a test of a simple hypothesis Hp against an 
alternative composite hypothesis H,. We begin with an example. 


Example 8.2.1. Consider the pdf 


-7/ Q<a<oo 
-9,/—2 of 
f(x; 9) e 0 elsewhere 


of Exercises 8.1.2 and 8.1.3. It is desired to test the simple hypothesis Hp : 0 = 2 
against the alternative composite hypothesis H, : 0 > 2. Thus 2 = {0:6 > 2}. 
A random sample, X 1, X2, of size n = 2 is used, and the critical region is C = 
{(a1,%2) : 9.5 < a, +22 < co}. It was shown in the exercises cited that the 
significance level of the test is approximately 0.05 and the power of the test when 
6 = 4 is approximately 0.31. The power function 7(0) of the test for all 6 > 2 is 


9.5 9.5-22 F 
(9) = tp [ =e »(-% 7) dx dx 


_ (2508), — 


For example, y(2) = 0.05, 7(4) = 0.31, and 7(9.5) = 2/e = 0.74. It is shown 
(Exercise 8.1.3) that the set C = {(@1, 22) : 9.5 < #1 + 22 < oo} is a best critical 
region of size 0.05 for testing the simple hypothesis Hp : 6 = 2 against each simple 
hypothesis in the composite hypothesis H, :@ > 2. m 


The preceding example affords an illustration of a test of a simple hypothesis 
Ho that is a best test of Ho against every simple hypothesis in the alternative 
composite hypothesis H;. We now define a critical region, when it exists, which 
is a best critical region for testing a simple hypothesis Ho against an alternative 
composite hypothesis H,. It seems desirable that this critical region should be a 
best critical region for testing Hp against each simple hypothesis in H,. That is, 
the power function of the test that corresponds to this critical region should be at 
least as great as the power function of any other test with the same significance 
level for every simple hypothesis in Hj. 


Definition 8.2.1. The critical region C is a uniformly most powerful (UMP) 
critical region of size a for testing the simple hypothesis Ho against an alternative 
composite hypothesis H, if the set C is a best critical region of size a for testing 
Ho against each simple hypothesis in H,. A test defined by this critical region C 
is called a uniformly most powerful (UMP) test, with significance level a, for 
testing the simple hypothesis Ho against the alternative composite hypothesis Hy. 


As will be seen presently, uniformly most powerful tests do not always exist. 
However, when they do exist, the Neyman—Pearson theorem provides a technique 
for finding them. Some illustrative examples are given here. 
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Example 8.2.2. Let X,, X2,...,X, denote a random sample from a distribution 
that is N (0,0), where the variance @ is an unknown positive number. It will be 
shown that there exists a uniformly most powerful test with significance level a 
for testing the simple hypothesis Hp : 6 = 6’, where @’ is a fixed positive number, 
against the alternative composite hypothesis H, : @ > 0’. Thus Q = {8:6 > 6’}. 
The joint pdf of X1, X2,..., Xn is 


| n/2 1 n 
L(0; 21, %2,...,%n) = (5) exp =p : 
i=1 


Let 6” represent a number greater than 6’, and let k denote a positive number. Let 
C be the set of points where 


L(0'; 21, %2,...,%n) 


—_—_ <i 
LO" ti, 95.06.58) — 


“J 


that is, the set of points where 
6g” n/2 6” — 6! n r 
(5) exp - €a doa] <k 
1 
or, equivalently, 
nm 26'6" n Q”’ 
2 ‘ = 


The set C = {(1,%2,...,%n) : )o} x? > c} is then a best critical region for testing 
the simple hypothesis Ho : 6 = 6’ against the simple hypothesis 6 = 6”. It remains 
to determine c, so that this critical region has the desired size a. If Ho is true, the 
random variable )>/' X?/6’ has a chi-square distribution with n degrees of freedom. 
Since a = Py (>>) X?/0' > c/6’), c/6’ may be read from Table II in Appendix 
C and c determined. Then C = {(a#1,22,...,2n) : 1 > c} is a best critical 
region of size a for testing Hp : 0 = 6’ against the hypothesis 6 = 0”. Moreover, 
for each number 6” greater than 6’, the foregoing argument holds. That is, C = 
{(a1,...,@n) : 30} v? > c} is a uniformly most powerful critical region of size a for 
testing Hp : 06 = 6’ against H, : 0 > 6’. If x1,22,...,2%n denote the experimental 
values of X1,X2,...,Xn, then Ho : 0 = 6’ is rejected at the significance level a, 
and H; : 0 > 6 is accepted if )>/' 2? > c; otherwise, Ho : 0 = 0’ is accepted. 

If, in the preceding discussion, we take n = 15, a = 0.05, and 6’ = 3, then here 
the two hypotheses are Hp : 6 = 3 and H, : 8 > 3. From Table II, c/3 = 25 and 
hence c= 75. & 


Example 8.2.3. Let X,, X2,...,X, denote a random sample from a distribution 
that is (0,1), where @ is unknown. It will be shown that there is no uniformly most 
powerful test of the simple hypothesis Hp : 6 = 6’, where @’ is a fixed number against 
the alternative composite hypothesis H; : 6 4 6’. Thus Q = {@: —co < 6 < co}. 
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Let 6” be a number not equal to 6’. Let k be a positive number and consider 


n 


(1/27)"/? exp -S - nr 
<k 


1 


(1/27)"/2 exp -Se — P| 


1 


The preceding inequality may be written as 


on —_ oa [(0")? - ori} <k 


or 


Gs > e > SI [(0”)? — (6')?] — log k. 


1 


This last inequality is equivalent to 


rovided that 6” > 6’, and it is equivalent to 
p 


” n logk 
So 2; a ea 
1 


if 0” < 6’. The first of these two expressions defines a best critical region for testing 
Hy :6=0 against the hypothesis 6 = 6” provided that 6” > 6’, while the second 
expression defines a best critical region for testing Ho : 6 = 6’ against the hypothesis 
6 = 6” provided that 6” < 6’. That is, a best critical region for testing the simple 
hypothesis against an alternative simple hypothesis, say 6 = 6’+1, does not serve as 
a best critical region for testing Hp : 6 = 6’ against the alternative simple hypothesis 
6 = 6’ —1. By definition, then, there is no uniformly most powerful test in the case 
under consideration. 

It should be noted that had the alternative composite hypothesis been one-sided, 
either H, : 0 > 06’ or H, : @ < 6’, a uniformly most powerful test would exist in each 
instance. 


Example 8.2.4. In Exercise 8.1.10, the reader was asked to show that if a random 
sample of size n = 10 is taken from a Poisson distribution with mean 6, the critical 
region defined by 577 2; > 3 is a best critical region for testing Ho : 0 = 0.1 against 
A, :@=0.5. This critical region is also a uniformly most powerful one for testing 
Hy :6=0.1 against H, : 6 > 0.1 because, with 0” > 0.1, 


(0.1)% i e—10(0-1) / (75 Iara! conical 
(0) Xt e-10(6") (ay lao! +++ an!) — 
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is equivalent to 
oe 10(0.1—6” 
= 1-6”) 
The preceding inequality may be written as 


6s «) (log 0.1 — log 6”) < logk + 10(1 — 6”) 
I 


or, since 6” > 0.1, equivalently as 


R = ” 
s s log k + 10 — 100 


7 log0.1—log 6” ° 


Of course, }*} 2; > 3 is of the latter form. m 


Let us make an important observation, although obvious when pointed out. 
Let X 1, X2,...,X, denote a random sample from a distribution that has pdf 
f(x;@), @ € Q. Suppose that Y = u(X1, X2,...,Xn) is a sufficient statistic for 
@. In accordance with the factorization theorem, the joint pdf of X1, X2,...,Xn 
may be written 


L(0;21,%2,...,%n) = ki[u(vi, v2,..., Un); Oko (a1, 2,...,2n), 
where ko(a1,%2,...,%n) does not depend upon 6. Consequently, the ratio 


L(6"; 21, %2,...,%n) _ ky [u(a1,22,...,2n)} 4] 


L(0";21,22,..-,2n)  ka[u(ai,22,...,2n); 0" 

depends upon 21, %2,...,%p only through u(a1,72,...,%p). Accordingly, if there 
is a sufficient statistic Y = u(X1, Xo,...,X,) for 0 and if a best test or a uniformly 
most powerful test is desired, there is no need to consider tests which are based upon 
any statistic other than the sufficient statistic. This result supports the importance 
of sufficiency. 

In the above examples, we have presented uniformly most powerful tests. For 
some families of pdfs and hypotheses, we can obtain general forms of such tests. 
We sketch these results for the general one-sided hypotheses of the form 


Ho: 0< @ versus H,: 0> 0’. (8.2.1) 


The other one-sided hypotheses with the null hypothesis Hp : 6 > 6’, is completely 
analogous. Note that the null hypothesis of (8.2.1) is a composite hypothesis. Recall 
from Chapter 4 that the level of a test for the hypotheses (8.2.1) is defined by 
maxg<e 7(8@), where y(@) is the power function of the test. That is, the significance 
level is the maximum probability of Type I error. 

Let X’ = (X1,..., X,) be a random sample with common pdf (or pmf) f(x; 6), 
8 € Q, and, hence with the likelihood function 


L(0,) =|] fagt), 2 Gig te) « 
i=1 


We consider the family of pdfs which has monotone likelihood ratio as defined next. 
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Definition 8.2.2. We say that the likelihood L(0,x) has monotone likelihood 
ratio (mlr) in the statistic y = u(x) if, for 01 < 02, the ratio 


L(61,x) 


TGs, e) (8.2.2) 


is a monotone function of y = u(x). 


Assume then that our likelihood function L(0,x) has a monotone decreasing 
likelihood ratio in the statistic y = u(x). Then the ratio in (8.2.2) is equal to g(y), 
where g is a decreasing function. The case where the likelihood function has a mono- 
tone increasing likelihood ratio (i.e., g is an increasing function) follows similarly 
by changing the sense of the inequalities below. Let a@ denote the significance level. 
Then we claim that the following test is UMP level a for the hypotheses (8.2.1): 


Reject Hp if Y > cy, (8.2.3) 


where cy is determined by a = P9:[Y > cy]. To show this claim, first consider the 
simple null hypothesis Hj : 6 = 6’. Let 0” > 0 be arbitrary but fixed. Let C 
denote the most powerful critical region for 0’ versus 0”. By the Neyman—Pearson 
Theorem, C’ is defined by 


L(6',X) 
L(0",X) <kif and only ifXeEc, 


where k is determined by a = Py[X € C]. But by Definition 8.2.2, because 0” > 6’, 


L(@',X 
eT TI) Sk OY > o', 
where g~'(k) satisfies a = Py [Y > g~'(k)]; i-e., cy = g~'(k). Hence the Neyman- 
Pearson test is equivalent to the test defined by (8.2.3). Furthermore, the test is 
UMP for 6’ versus 6” > 6’ because the test only depends on 0” > 6’ and g~1(k) is 
uniquely determined under 6’. 

Let yy (0) denote the power function of the test (8.2.3). To finish, we need to 
show that maxg<@ yy (9) = a. But this follows immediately if we can show that 
yy (8) is a nondecreasing function. To see this, let 6; < 62. Note that since 0; < 62, 
the test (8.2.3) is the most powerful test for testing 6; versus 62 with the level 
yy (81). By Corollary 8.1.1, the power of the test at 62 must not be below the level; 
ie., yy (02) > yy (01). Hence yy (0) is a nondecreasing function. Since the power 
function is nondecreasing, it follows from Definition 8.1.2 that the mlr tests are 
unbiased tests for the hypotheses (8.2.1); see Exercise 8.2.14. 


Example 8.2.5. Let X1, Xo,...,X, be a random sample from a Bernoulli distri- 
bution with parameter p = 0, where 0 < 6 < 1. Let 6’ < 6”. Consider the ratio of 
likelihoods 


L(6';@1,2,..-,0n) — (P)U™(L—O)P-E™ — [61 — 6") Sieg \ 
6" (1 — 6") 1-69” 


L(0";1,02,--%n) ONE=H(L— OE 
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Since 6’/0” <1 and (1 — 0”)/(1 — @) < 1, so that 6’(1 — 0”)/0"(1 — 0’) < 1, the 
ratio is a decreasing function of y = 5>a;. Thus we have a monotone likelihood 
ratio in the statistic Y = )> Xj. 

Consider the hypotheses 


Ho: 0<@ versus H,: 0> 0’. (8.2.4) 


By our discussion above, the UMP level a decision rule for testing Hp versus H, is 
given by 
Reject Ho if Y = yy, Xi > «, 


where c is such that a = Py |Y > c]. a 


In the last example concerning a Bernoulli pmf, we obtained a UMP test by 
showing that its likelihood possesses mlr. The Bernoulli distribution is a regular 
case of the exponential family and our argument, under the one assumption below, 
can be generalized to the entire regular exponential family. To show this, suppose 
that the random sample X,, X2,...,Xp arises from a pdf or pmf representing a 
regular case of the exponential class, namely, 


f(2;0) = { Se) CEG) ae. 


where the support of X, S, is free of 6. Further assume that p(@) is an increasing 
function of #. Then 


L(6") 


exp ond atey + 0H (zi) + va 


1 


= exp [P(6’) — p(6" | K (ws) + n[a(6’) - x") 


1 


If & < 6”, p(@) being an increasing function, requires this ratio to be a decreasing 
function of y = >>} K(a;). Thus, we have a monotone likelihood ratio in the 
statistic Y = )\7’ K(X;). Hence consider the hypotheses 


Ho: 0< 6 versus H,: 0> 6’. (8.2.5) 


By our discussion above concerning mlr, the UMP level a decision rule for testing 
Ho versus Hy, is given by 


Reject Hp if Y = 5“ K(X;j) >, 
4=1 


where c is such that a = Pg [Y > c]. Furthermore, the power function of this test 
is an increasing function in 0. 
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For the record, consider the other one-sided alternative hypotheses, 
Ho: 0>06' versus H,: 0< 6. (8.2.6) 


The UMP level a decision rule is, for p(@) an increasing function, 


Reject Ho if Y = )K(Xj) <c, 


i=l 


where c is such that a = Po [Y < c]. 

If in the preceding situation with monotone likelihood ratio we test Ho : 0 = 
0’ against H, : 0 > 6’, then )> K(a;) > c would be a uniformly most powerful 
critical region. From the likelihood ratios displayed in Examples 8.2.2—8.2.5, we see 
immediately that the respective critical regions 


nm n nm n 

2 
S Li, 26, S U2, S U2, S LS 
i=1 i=1 i=l i=1 


are uniformly most powerful for testing Hp : 6 = 0’ against H, :0 > 6’. 

There is a final remark that should be made about uniformly most powerful 
tests. Of course, in Definition 8.2.1, the word uniformly is associated with 6; that 
is, C is a best critical region of size a for testing Ho : 6 = 09 against all @ values 
given by the composite alternative H,. However, suppose that the form of such a 
region is 

u(@1,@2,---,2n) <e¢. 


Then this form provides uniformly most powerful critical regions for all attainable 
a@ values by, of course, appropriately changing the value of c. That is, there is a 
certain uniformity property, also associated with a, that is not always noted in 
statistics texts. 


EXERCISES 


8.2.1. Let X have the pmf f(z;0@) = 6%(1 — 6)!~*, x = 0,1, zero elsewhere. We 

test the simple hypothesis Hp : @é = + against the alternative composite hypothesis 

M:0< + by taking a random sample of size 10 and rejecting Ho : 0 = - if and 

only if the observed values x1, %2,...,219 of the sample observations are such that 
. a; <1. Find the power function 7(0), 0 < 4 < 4, of this test. 


8.2.2. Let X have a pdf of the form f(x;0) = 1/0, 0 < x < 0, zero elsewhere. Let 
Y, < Yo < Y3 < Y4 denote the order statistics of a random sample of size 4 from 
this distribution. Let the observed value of Y4 be y4. We reject Ho : 0 = 1 and 
accept H, : 6 £1 if either ys < + or y4 > 1. Find the power function 7(6), 0 < @, 
of the test. 


8.2.3. Consider a normal distribution of the form N(0,4). The simple hypothesis 
Ho : 0 = 0 is rejected, and the alternative composite hypothesis H, : 6 > 0 is 
accepted if and only if the observed mean & of a random sample of size 25 is greater 
than or equal to 3. Find the power function (0), 0 < 0, of this test. 
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8.2.4. Consider the distributions N (41,400) and N(p2, 225). Let 6 = jy — pa. Let 
zx and ¥ denote the observed means of two independent random samples, each of 
size n, from these two distributions. We reject Ho : @ = 0 and accept Hy : 6 > 0 if 
and only if f—Y > c. If y(@) is the power function of this test, find n and ¢ so that 
(0) = 0.05 and 7(10) = 0.90, approximately. 


8.2.5. Consider Example 8.2.2. Show that £(@) has a monotone likelihood ratio in 
the statistic }7\"_, X?. Use this to determine the UMP test for Ho : 6 = 6’, where 
0’ is a fixed positive number, versus Hy, : 0 < 6’. 


8.2.6. If, in Example 8.2.2 of this section, Hp : 0 = 0’, where 0’ is a fixed positive 
number, and H; : 6 4 0’, show that there is no uniformly most powerful test for 
testing Hp against A. 


8.2.7. Let X1, Xo,...,X25 denote a random sample of size 25 from a normal dis- 
tribution N(0, 100). Find a uniformly most powerful critical region of size a = 0.10 
for testing Hp : 6 = 75 against Hy : 0 > 75. 


8.2.8. Let X 1, Xo,...,X, denote a random sample from a normal distribution 
N(0,16). Find the sample size n and a uniformly most powerful test of Ho : 6 = 25 
against H, : 0 < 25 with power function y(@) so that approximately y(25) = 0.10 
and ¥(23) = 0.90. 


8.2.9. Consider a distribution having a pmf of the form f(;0) = 67(1—6)!~*, x= 
0,1, zero elsewhere. Let Hp : 0 = o and H,:@0> aa Use the Central Limit 
Theorem to determine the sample size n of a random sample so that a uniformly 
most powerful test of Ho against H; has a power function y(@), with approximately 


1(35) = 0.05 and (74) = 0.90. 


8.2.10. Illustrative Example 8.2.1 of this section dealt with a random sample of 
size n = 2 from a gamma distribution with a = 1, 6 = 6. Thus the mef of the 
distribution is (1 — 0t)~!, t < 1/0, 6 > 2. Let Z = X, + X2. Show that Z has 
a gamma distribution with a = 2, G = 0. Express the power function 7(@) of 
Example 8.2.1 in terms of a single integral. Generalize this for a random sample of 
size n. 


8.2.11. Let X),Xo,...,X, be a random sample from a distribution with pdf 
f(a;0) = 0x°-!, 0 < a <1, zero elsewhere, where 6 > 0. Show the likelihood has 
mlr in the statistic []j_, X;. Use this to determine the UMP test for Hp : 0 = 0’ 
against H, : 6 < 6’, for fixed 0’ > 0. 


8.2.12. Let X have the pdf f(z;0) = 6*(1 — 0)'~*, x = 0,1, zero elsewhere. We 
test Hp : 0 = 4 against H, : 0 < = by taking a random sample X,, X9,...,X5 of 
size n = 5 and rejecting Ho if Y = )7/' X; is observed to be less than or equal to a 
constant c. 


(a) Show that this is a uniformly most powerful test. 


(b) Find the significance level when c = 1. 
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(c) Find the significance level when c = 0. 


(d) By using a randomized test, as discussed in Example 4.6.4, modify the tests 


given in parts (b) and (c) to find a test with significance level a = 5. 


8.2.13. Let X1,...,X, denote a random sample from a gamma-type distribution 
with a=2 and G=86. Let H)p:90=1 and H,:0>1. 


(a) Show that there exists a uniformly most powerful test for Hp against Hy, 
determine the statistic Y upon which the test may be based, and indicate the 
nature of the best critical region. 


(b) Find the pdf of the statistic Y in part (a). If we want a significance level of 
0.05, write an equation which can be used to determine the critical region. 
Let y(@), 6 > 1, be the power function of the test. Express the power function 
as an integral. 


8.2.14. Show that the mlr test defined by expression (8.2.3) is an unbiased test for 
the hypotheses (8.2.1). 


8.3 Likelihood Ratio Tests 


In the first section of this chapter, we presented the most powerful tests for sim- 
ple versus simple hypotheses. In the second section, we extended this theory to 
uniformly most powerful tests for essentially one-sided alternative hypotheses and 
families of distributions which have a monotone likelihood ratio. What about the 
general case? That is, suppose the random variable X has pdf or pmf f(a; @), where 
@ is a vector of parameters in Q. Let w C 2 and consider the hypotheses 


Ho: 0€w versus Hy: OE NN. (8.3.1) 


There are complications in extending the optimal theory to this general situ- 
ation, which are addressed in more advanced books; see, in particular, Lehmann 
(1986). We illustrate some of these complications with an example. Suppose X has 
a N(61, 02) distribution and that we want to test 6; = 01, where 0{ is specified. 
In the notation of (8.3.1), 8 = (61,02), Q = {@: —cw < 0; < ~,62 > O}, and 
w= {0:6, = 0,02 > 0}. Notice that Hp : @ € w is a composite null hypothesis. 
Let X),...,X, be a random sample on X. 

Assume for the moment that 02 is known. Then Ho becomes the simple hypoth- 
esis 6; = 04. This is essentially the situation discussed in Example 8.2.3. There 
it was shown that no UMP test exists for this situation. If we restrict attention 
to the class of unbiased tests (Definition 8.1.2), then a theory of best tests can be 
constructed; see Lehmann (1986). For our illustrative example, as Exercise 8.3.18 
shows, the test based on the critical region 


—_ 0 
C2 = {Fa > 2a} 
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is unbiased. Then it follows from Lehmann that it is an UMP unbiased level a test. 

In practice, though, the variance 62 is unknown. In this case, theory for optimal 
tests can be constructed using the concept of what are called conditional tests. 
We do not pursue this any further in this text, but refer the interested reader to 
Lehmann (1986). 

Recall from Chapter 6 that the likelihood ratio tests (6.3.3) can be used to test 
general hypotheses such as (8.3.1). There is no guarantee that they are optimal. 
However, as are tests based on the Neyman-—Pearson Theorem, they are based on a 
ratio of likelihood functions. In many situations, the likelihood ratio test statistics 
are optimal. In the example above on testing for the mean of a normal distribution, 
with known variance, the likelihood ratio test is the same as the UMP unbiased test. 
When the variance is unknown, the likelihood ratio test results in the one-sample 
t-test as shown in Example 6.5.1 of Chapter 6. This is the same as the conditional 
test discussed in Lehmann (1986). 

In Chapter 6, we presented likelihood ratio tests for several situations. For 
example, the one-sample t-test to test for the mean of a normal distribution with 
unknown variance was derived in Example 6.5.1. In the remainder of this section, 
we present likelihood ratio tests for other situations when sampling from normal 
distributions. 


Example 8.3.1. Let the independent random variables X and Y have distributions 
that are N (01, 03) and N (02, 03), where the means 6; and 62 and common variance 03 
are unknown. Then Q = {(61, 42, 43) : —0o < 01 < 00, —0c0 < 02 < 00,0 < 03 < oo}. 
Let X 1, Xo,...,X, and Y), Y2,..., Ym denote independent random samples from 
these distributions. The hypothesis Hp : 6; = 62, unspecified, and 63 unspecified, 
is to be tested against all alternatives. Then w = {(61,02,03) : —co < 0; = 62 < 
00,0 < 03 < oo}. Here X41, Xo,...,Xn, V1, Yo,...,¥m aren +m > 2 mutually 
independent random variables having the likelihood functions 


(n+m) /2 n m 
Lw) = (=) on Sin - ay? +300" 


and 


1 


(n+m)/2 n me 


If Olog L(w)/06; and Olog L(w)/003 are equated to zero, then (Exercise 8.3.2) 


n 


So (ai — 01) + Sui = (i) 


1 


= oe 0)? 4+ 3 -u A:)7| = n+m. (8.3.2) 
83 


I 
S 
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The solutions for 6; and 63 are, respectively, 


«= er0r{ arf] 
w = (ntm)7 {de —u)? + wi- of 3 


Further, u and w maximize L(w). The maximum is 


10) = =a 


27w 
In a like manner, if 
OlogL(Q) AlogL(Q) Alog L(Q) 
06,” 06,” 063 
are equated to zero, then (Exercise 8.3.3) 


n 


S “(yi — 92) = 0 (8.3.3) 
(xi 


—(nbm) + Sei — 1)? + (ys — 02)? | = 0. 


1 1 


The solutions for 0;, 02, and @3 are, respectively, 


n 
Uu= nS Xi 
1 
_ a1 
Uw = m y Yi 


1 


we = (n+m)* Pe —m)? + oy 2) ; 


1 1 


and, further, ui, u2, and w’ maximize L(Q). The maximum is 
. gat (n+m)/2 
KO) = (sa) : 


Le w! (n+m)/2 
AC .-sosths- tm) =A = Fa) = (S) a 


so that 
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The random variable defined by A?/("+™) is 


n m 


LCE) =e): 


1 1 


YOLK: — [(nX + mY)/(n + mV + SV; — [(nX + mY)/(n + mV? 


Now 
is nX +mY ° is nxX +mY . 
Bee ae 
7 n+m ; m+ 
n 2 
=o - FP +n (X-E) 
‘ n+m 
and 
ie nX +mY . = nxX +mY : 
Ei ) -E ono (r- eat) 
: n+tm +m 
m 2 
Ey V)+m(¥ aS ~) 
n+m 
1 
But 
—_— Vy 2 — — 
n(x ~) mn X-Y) 
n+m (n +m)? 
and 
—_— Vy 2 — — 
m(7- a) __ nm (x - ? 
n+m (n +m)? 
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If the hypothesis Ho : 0; = @2 is true, the random variable 


n m —1/2 
T= pa -¥) {0 +m 2)" page - B+ 0% - 7 
(8.3.4) 


has, in accordance with Section 3.6, a t-distribution with n + m — 2 degrees of 
freedom. Thus the random variable defined by A2/("+™) is 


n+m—2 
(n+m-—2)+T?° 


The test of Hp against all alternatives may then be based on a t-distribution with 
n +m — 2 degrees of freedom. 

The likelihood ratio principle calls for the rejection of Ho if and only if A < Xo < 
1. Thus the significance level of the test is 


a= Pr, |A(%,. oa Re Gone Siew og Yor) < Xo]. 
However, A(X1,..-,Xn,¥1,---;¥m) < Ao is equivalent to |T| > c, and so 
a= P(|T| > c; Ho). 


For given values of n and m, the number c is determined from Table IV in Appendix 
C (with n +m — 2 degrees of freedom) to yield a desired a. Then Ho is rejected at 
a significance level a if and only if |t] > c, where t is the observed value of T. If, 
for instance, n = 10, m = 6, and a = 0.05, then c = 2.124. m 


For this last example as well as the one-sample t-test derived in Example 6.5.1, 
it was found that the likelihood ratio test could be based on a statistic which, when 
the hypothesis Ho is true, has a t-distribution. To help us compute the powers of 
these tests at parameter points other than those described by the hypothesis Ho, 
we turn to the following definition. 


Definition 8.3.1. Let the random variable W be N(6,1); let the random variable 
V be x?(r), and let W and V be independent. The quotient 


W 
V/r 


is said to have a noncentral t-distribution with r degrees of freedom and noncen- 
trality parameter 6. If 6 =0, we say that T has a central t-distribution. 


In the light of this definition, let us reexamine the t-statistics of Examples 6.5.1 
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and 8.3.1. In Example 6.5.1 we had 


tf Xipdadg dy) _ 


Here, where 6; is the mean of the normal distribution, W; = /nX/a is N(./n61/o, 1), 
Vi = Y(X; — X)?/o? is x?(n — 1), and W, and Vj are independent. Thus, if 

6, # 0, we see, in accordance with the definition, that t(X,...,X,) has a non- 

central ¢-distribution with n — 1 degrees of freedom and noncentrality parameter 

61 = n/c. In Example 8.3.1 we had 


pe 
J/V2/(n +m — 2) 
where 
W2= = ¥-¥)/o 
n+m 
and 


Here W2 is N[,/nm/(n + m)(01 — 62)/0, 1], V2 is x2(n +m — 2), and W2 and V2 are 
independent. Accordingly, if 0; 4 02, T has a noncentral t-distribution with n+m—2 
degrees of freedom and noncentrality parameter 62 = \/nm/(n + m)(01 — 02)/o. It 
is interesting to note that 6; = \/n6,/o measures the deviation of 6; from 6; = 0 
in units of the standard deviation o/\/n of X. The noncentrality parameter 62 = 
Vnm/(n+m)(0, — 02)/o is equal to the deviation of 6; — 62 from 0; — 62 = 0 in 
units of the standard deviation o/\/(n +m)/mn of X —Y. 

The package R contains functions which evaluate noncentral ¢-distributional 
quantities. For example, to obtain the value P(T < t) when T has a t-distribution 
with a degrees of freedom and noncentrality parameter b, use the command pt(t, 
a, ncp=b). For the value of the associated pdf at t, use the command dt(t, a, 
ncp=b). There are also various tables of the noncentral ¢-distribution, but they are 
much too cumbersome to be included in this book. 


Remark 8.3.1. The one- and two-sample tests for normal means, presented in 
Examples 6.5.1 and 8.3.1, are the tests for normal means presented in most elemen- 
tary statistics books. They are based on the assumption of normality. What if the 
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underlying distributions are not normal? In that case, with finite variances, the t- 
test statistics for these situations are asymptotically correct. For example, consider 
the one-sample t-test. Suppose X1,...,X, are iid with a common nonnormal pdf 
which has mean 6, and finite variance o?. The hypotheses remain the same, i.e., 
Ho: 0; = 04 versus Hy: 6; 4 6{. The t-test statistic, T,,, is given by 


vn(X — 91) 


Th = ’ 
Sn 


(8.3.5) 
where S;, is the sample standard deviation. Our critical region is Cy = {|T;,| > 
te/2n—1}- Recall that S;, — o in probability. Hence, by the Central Limit Theorem, 
under Ho, 
o Vn(X — 61) D 
Oe NN 
Sn oO 
where Z has a standard normal distribution. Hence the asymptotic test would use 
the critical region Cz = {|Tn| > 2a/2}. By (8.3.6) the critical region Cz would have 
approximate size a. In practice, we would use C;. Because t critical values are 
generally larger than z critical values, the use of C; would be conservative; i.e., the 
size of C, would be slightly smaller than that of C2. For nonnormal situations where 
the distribution is “close” to the normal distribution, the t-test is essentially valid; 
i,e., the true level of significance is close to the nominal a. In terms of robustness, 
we would say that for these situations the t-test possesses robustness of validity. 
But the t-test may not possess robustness of power. For nonnormal situations, 
there are more powerful tests than the t-test; see Chapter 10 for discussion. For 
distributions which are decidedly not normal, very skewed for instance, the validity 
of the t-test may be questionable. Example 8.3.2 shows that the t-test may be quite 
liberal (empirical a levels much larger than the nominal a level) for such situations. 
In this case, the tests discussed in Chapter 10 could be used. 

As Exercise 8.3.4 shows, the two-sample t-test is also asymptotically correct, 
provided the underlying distributions have the same variance. @ 


T, = (8.3.6) 


Example 8.3.2 (Skewed Contaminated Normal Distribution). Consider the ran- 
dom variable X given by 


X=(1-1)Z+(1—-1.)Y, (8.3.7) 


where Z has a N(0, 1) distribution, Y has a N(j1-, 02) distribution, I, has a bin(1, €) 
distribution, and 7, Y, and J, are mutually independent. Assume that € < 0.5 and 
0. > 1, so that Y is the contaminating random variable in the mixture. Note that 
if we = 0, then X has the contaminated normal distribution discussed in Section 
3.4.1, which is symmetrically distributed about 0. For uw. 4 0, the distribution of X, 
(8.3.7), is skewed and we call it the skewed contaminated normal distribution, 
SCN(e, 0c, uc). Note that E(X) = eu. and in Exercise 8.3.15 the cdf and pdf of 
X are derived. In this example, we show the results of a small simulation study on 
the validity of the t-test for random samples from the distribution of X. Consider 
the one-sided hypotheses 


Ho: =x versus Ho: pb < px. 
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Table 8.3.1: Empirical a Levels for the Nominal 0.05 t-Test of Example 8.3.2 
Empirical @ 


Er en 


Let X1,X2,...,Xn be a random sample from the distribution of X. As a test 
statistic we consider the t-test discussed in Example 4.5.4, which is also given in 
expression (8.3.5); that is, the test statistic is T, = (X — px)/(Sn//Vn), where X 
and S;, are the sample mean and standard deviation of X;, X2,..., Xn, respectively. 
We set the level of significance at a = 0.05 and used the decision rule: Reject Ho if 
Th < to.o5n—-1- For the study, we set n = 30, € = 0.20, and o, = 25. We chose the 
five values of 0,5,10,15, and 20 for ., as shown in Table 8.3.1. For each of these 
five situations, we ran 10,000 simulations and recorded @, which is the number of 
rejections of Hp divided by the number of simulations, i.e., the empirical a level. For 
the test to be valid, @ should be close to the nominal value of 0.05. As Table 8.3.1 
shows, though, for all cases other than pz. = 0, the t-test is quite liberal; that is, 
its empirical significance level far exceeds the nominal 0.05 level (as Exercise 8.3.16 
shows, the sampling error in the table is about 0.004). Note that when py. = 0 the 
distribution of X is symmetric about 0 and in this case the empirical level is close 
to the nominal value of 0.05. m 


In Example 8.3.1, in testing the equality of the means of two normal distribu- 
tions, it was assumed that the unknown variances of the distributions were equal. 
Let us now consider the problem of testing the equality of these two unknown 
variances. 


Example 8.3.3. We are given the independent random samples Xj,...,X,, and 
Yi,..-,¥m from the distributions, which are N(0),03) and N (62,04), respectively. 
We have 

OQ= {(01, 42, A3, 04) :—-0oo0 < 01, 2 <0o0,0< A3, 04 < oo}. 
The hypothesis Hp : 63 = 04, unspecified, with 0, and 62 also unspecified, is to be 
tested against all alternatives. Then 


w= {(01, 62, 43, 04) :—-00 < 01, 02 <o,0< 63 = 04 < oo}. 
It is easy to show (see Exercise 8.3.8) that the statistic defined by A = L(@)/L(Q) 
is a function of the statistic 
Yo(% — XP /(n-1) 
ree (8.3.8) 


m 


Si - ¥)2/(m 1) 


1 


If 63 = 64, this statistic F has an F-distribution with n — 1 and m — 1 degrees of 
freedom. The hypothesis that (01, 02, 63,04) € w is rejected if the computed F’ < c, 
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or if the computed F' > cg. The constants cy; and cp are usually selected so that, if 
03 = 04, 
Qa) 
PF a aq)=P(F>eq)= = 
where a is the desired significance level of this test. m 


Example 8.3.4. Let the independent random variables X and Y have distributions 
that are N (41,03) and N(62, 64). In Example 8.3.1, we derived the likelihood ratio 
test statistic T of the hypothesis 6; = 62 when #3 = 64, while in Example 8.3.3 
we obtained the likelihood ratio test statistic F of the hypothesis 063 = 04. The 
hypothesis that 0; = 62 is rejected if the computed |T'| > c, where the constant c is 
selected so that ag = P(|T| > c; 61 = 02, 03 = 04) is the assigned significance level of 
the test. We shall show that, if #3 = 64, the likelihood ratio test statistics for equality 
of variances and equality of means, respectively F' and T, are independent. Among 
other things, this means that if these two tests based on F' and T, respectively, 
are performed sequentially with significance levels a, and ag, the probability of 
accepting both these hypotheses, when they are true, is (1 — a1)(1— ag). Thus the 
significance level of this joint test is a = 1 — (1 — a,)(1 — ag). 

Independence of F and T, when 63 = 64, can be established using sufficiency 
and completeness. The statistics X, Y, and >} (X; — X)? + 07 (Yi — Y)? are 
joint complete sufficient statistics for the three parameters 6,, 02, and 03 = 04. 
Obviously, the distribution of F' does not depend upon 61, 02, or 63 = 64, and hence 
F is independent of the three joint complete sufficient statistics. However, T is a 
function of these three joint complete sufficient statistics alone, and, accordingly, T 
is independent of F’. It is important to note that these two statistics are independent 
whether 0; = 02 or 6; 4 62. This permits us to calculate probabilities other than 
the significance level of the test. For example, if 03 = 04 and 6; 4 02, then 


Pia <F <e@, |T|)>0 = P(a < F <c)P(|T| > ©). 


The second factor in the right-hand member is evaluated by using the probabilities 
of a noncentral t-distribution. Of course, if 03 = 64 and the difference 6, — 02 is 
large, we would want the preceding probability to be close to 1 because the event 
{a1 < F < cg, |T| > c} leads to a correct decision, namely, accept 63 = 04 and 
reject 0; = 62. & 


Remark 8.3.2. We caution the reader on this last test for the equality of two 
variances. In Remark 8.3.1, we discussed that the one- and two-sample t-tests for 
means are asymptotically correct. The two-sample variance test of the last example 
is not, however; see, for example, page 143 of Hettmansperger and McKean (2011). 
If the underlying distributions are not normal, then the F-critical values may be 
far from valid critical values (unlike the t-critical values for the means tests as 
discussed in Remark 8.3.1). In a large simulation study, Conover, Johnson, and 
Johnson (1981) showed that instead of having the nominal size of a = 0.05, the 
F-test for variances using the F-critical values could have significance levels as high 
as 0.80, in certain nonnormal situations. Thus the two-sample F-test for variances 
does not possess robustness of validity. It should only be used in situations where 
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the assumption of normality can be justified. See Exercise 8.3.14 for an illustrative 
data set. 


In the above examples, we were able to determine the null distribution of the test 
statistic. This is often impossible in practice. As discussed in Chapter 6, though, 
minus twice the log of the likelihood ratio test statistic is asymptotically y? under 
Ho. Hence we can obtain an approximate test in most situations. 


EXERCISES 


8.3.1. In Example 8.3.1, suppose n = m = 8, ¥ = 75.2, 9 = 78.6, oe (ai -7)= 
71.2, and (yi —%)? = 54.8. If we use the test derived in that example, do we 
accept or reject Ho : 61 = 62 at the 5% significance level? Obtain the p-value of the 
test; see Remark (4.6.1). 


8.3.2. Verify Equations (8.3.2) of Example 8.3.1 of this section. 
8.3.3. Verify Equations (8.3.3) of Example 8.3.1 of this section. 


8.3.4. Let X1,...,X, and Y,,..., Ym follow the location model 


X; a 6,4+ Z;, eal eee 0) 
xX = 02+ Zn+is t=1,...,m, 
where Z1,...,Zn4+m are iid random variables with common pdf f(z). Assume that 


E(Z;) =0 and Var(Z;) = 03 < oo. 
(a) Show that E(X;) = 01, E(Y;) = 02, and Var(X;) = Var(Y;) = 63. 
(b) Consider the hypotheses of Example 8.3.1, i-e., 
Fo : 0, = 02 versus Hy: 0; 4 02. 


Show that under Ho, the test statistic T given in expression (8.3.4) has a 
limiting N(0,1) distribution. 


(c) Using part (b), determine the corresponding large sample test (decision rule) 
of Ho versus H,. (This shows that the test in Example 8.3.1 is asymptotically 
correct.) 


8.3.5. Show that the likelihood ratio principle leads to the same test when testing 
a simple hypothesis Hp against an alternative simple hypothesis Hj, as that given 
by the Neyman—Pearson theorem. Note that there are only two points in 2. 


8.3.6. Let X1, X2,..., Xn be arandom sample from the normal distribution N (6, 1). 
Show that the likelihood ratio principle for testing Ho : 8 = 0’, where 6” is specified, 
against H, : 0 4 6’ leads to the inequality |% — 6’| > c. 


(a) Is this a uniformly most powerful test of Hp against H)? 
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(b) Is this a uniformly most powerful unbiased test of Hp against Hy)? 


8.3.7. Let X1, Xo,..., X,, be iid N (61, 02). Show that the likelihood ratio principle 


for testing Ho : 02 = 64 specified, and 0, unspecified, against H, : 02 4 05, (1 
unspecified, leads to a test that rejects when 577 (aj —Z)? < cy or 0} (aj —F)? > co, 
where c, < C2 are selected appropriately. 


8.3.8. Let X1,...,X, and Yj,...,¥Ym be independent random samples from the 
distributions N (1,03) and N (62, 64), respectively. 


(a) Show that the likelihood ratio for testing Hp : 0: = 02, 03 = 04 against all 
alternatives is given by 


n n/2 7 m m/2 
Sie nt” Snare 
n m (n+m)/2? 
Yi@i - wy)? + Vw - u| / (m+ »| 


where u = (n& + my)/(n +m). 


(b) Show that the likelihood ratio for testing Ho : 63 = 04 with 6; and 62 unspec- 
ified can be based on the test statistic F’ given in expression (8.3.8). 


8.3.9. Let Yi; < Yo <--- < Ys be the order statistics of a random sample of size 
n = 5 from a distribution with pdf f(#;0) = ge le 4, —coo <a“ < o, for all real 
6. Find the likelihood ratio test A for testing Ho : 0 = 09 against Hi : 0 A 0%. 


8.3.10. A random sample X1, X2,...,X, arises from a distribution given by 
1 
Ho: f(2;6) = a 0<a<40, zero elsewhere, 
or 
1 —a2/0 
Ay: f(#;0) = a° , O0<a2<oo, zero elsewhere. 


Determine the likelihood ratio (A) test associated with the test of Ho against Hy. 


8.3.11. Consider a random sample X 1, X2,...,X, from a distribution with pdf 
f(a;0) = 0(1 —2)°!, 0 < x <1, zero elsewhere, where 0 > 0. 


(a) Find the form of the uniformly most powerful test of Hp : 6 = 1 against 
A,:@>1. 


(b) What is the likelihood ratio A for testing Hp : 6 = 1 against H; : 0 #1? 


8.3.12. Let X1, Xo,...,X, and Yi, Y2,..., Y, be independent random samples from 
two normal distributions N(j11,07) and N(2,07), respectively, where o? is the 
common but unknown variance. 
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(a) Find the likelihood ratio A for testing Hp : 1 = 2 = 0 against all alterna- 
tives. 


(b) Rewrite A so that it is a function of a statistic Z which has a well-known 
distribution. 


(c) Give the distribution of Z under both null and alternative hypotheses. 


8.3.13. Let (X1,¥1), (Xe, Y2),...,(Xn, Y,) be a random sample from a bivariate 
normal distribution with ju, 2,07 = 03 = 07, p = 4, where j11, 2, and o? > 0 are 
unknown real numbers. Find the likelihood ratio A for testing Ho : w1 = w2 = 0, 0? 
unknown against all alternatives. The likelihood ratio A is a function of what 
statistic that has a well-known distribution? 


8.3.14. Let X be a random variable with pdf fx(x) = (2bx)~! exp{—|z|/bx}, for 
—oo <a < oo and bx > 0. First, show that the variance of X is 0% = 2b}. Next, 
let Y, independent of X, have pdf fy (y) = (2by)~1 exp{—|y|/by}, for —co < x < 00 
and by > 0. Consider the hypotheses 


2 pts = we . ge 2 
fg: oX% = oy versus HM, : oY > oy. 


To illustrate Remark 8.3.2 for testing these hypotheses, consider the following data 
set. Sample 1 represents the values of a sample drawn on X with bx = 1, while 
Sample 2 represents the values of a sample drawn on Y with by = 1. Hence, in this 
case Ho is true. 


Sample | —0.389 —2.177 0.813 —0.001 
1 —0.110 —0.709 0.456 0.135 

Sample 0.763 —0.570 —2.565 —1.733 
1 0.403 0.778 —O0.115 

Sample | —1.067 —0.577 0.361 —0.680 
2 —0.634 —0.996 —0.181 0.239 

Sample | —0.775 —1.421 —0.818 0.328 
2 0.213 1.425 —0.165 


(a) Obtain comparison boxplots of these two samples. Comparison boxplots con- 
sist of boxplots of both samples drawn on the same scale. Based on these 
plots, in particular the interquartile ranges, what do you conclude about Ho? 


(b) Obtain the F-test (for a one-sided hypothesis) as discussed in Remark 8.3.2 
at level a = 0.10. What is your conclusion? 


(c) The test in part (b) is not exact. Why? 


8.3.15. For the skewed contaminated normal random variable X of Example 8.3.2, 
derive the cdf, pdf, mean, and variance of X. 


8.3.16. For Table 8.3.1 of Example 8.3.2, show that the half-width of the 95% 
confidence interval for a binomial proportion as given in Chapter 4 is 0.004 at the 
nominal value of 0.05. 
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8.3.17. If computational facilities are available, perform a Monte Carlo study of 
the two-sided t-test for the skewed contaminated normal situation of Example 8.3.2. 
The R function rscn of Appendix B generates variates from the distribution of X. 


8.3.18. Suppose X1,...,Xn is a random sample on X which has a N(,02) dis- 
tribution, where o@ is known. Consider the two-sided hypotheses 


Hy: »=0 versus Hy: wp #0. 


Show that the test based on the critical region C = {|X| > \/o§/nza/2} is an 
unbiased level a test. 


8.3.19. Assume that same situation as in the last exercise but consider the test 
with critical region C* = {X > \/o¢/nz_}. Show that the test based on C* has 
significance level a but that it is not an unbiased test. 


8.4 The Sequential Probability Ratio Test 


Theorem 8.1.1 provides us with a method for determining a best critical region 
for testing a simple hypothesis against an alternative simple hypothesis. Recall its 
statement: Let X,, X2,...,X, be a random sample with fixed sample size n from 
a distribution that has pdf or pmf f(a; 0), where 6 = {0:6 = 6’,6”} and @’ and 0” 
are known numbers. For this section, we denote the likelihood of X 1, X2,...,Xn 
by 

L(O;n) = f (x1; 6) f (239) +++ f(an5 9), 


a notation that reveals both the parameter @ and the sample size n. If we reject 
Hy :6=6' and accept H; : 6 = 6” when and only when 


L(6’; n) 


al 
L(6";n) — k, 


where k > 0, then by Theorem 8.1.1 this is a best test of Hp against H,. 

Let us now suppose that the sample size n is not fixed in advance. In fact, 
let the sample size be a random variable N with sample space {1,2,,3,...}. An 
interesting procedure for testing the simple hypothesis Hp : 6 = 6’ against the 
simple hypothesis H, : 6 = @” is the following: Let ko and k, be two positive 
constants with kg < kj. Observe the independent outcomes Xj, X2, X3,... in a 
sequence, for example, x1, 2%2,%3,..., and compute 

L(0';1) L(6';2) L(0’;3) 


L(6"; 1)? L(6"; 2)" L(6";3) 0 


The hypothesis Ho : 6 = 0’ is rejected (and H, : 6 = 0” is accepted) if and only if 


there exists a positive integer n so that x, = (11, 22,...,2n,) belongs to the set 
L(0',j) L(0',n) 
= 4 Xi k —— < ky, j=l,...,n—1, and ——— <ko?. (8.4.1 
C, {x 0 < L(6", j) x 1, J nm » an L(6",n) 0 ( ) 
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On the other hand, the hypothesis Hp) : 6 = 6’ is accepted (and H, : 6 = 6” 
is rejected) if and only if there exists a positive integer n so that (71,¥2,...,2n) 
belongs to the set 


L(6',3) L(6’,n) 
as Myth — ky, j=1,...,n-1, ——— > ki. 4.2 
B {x o< L(0”,j) <A, J n and L(6",n) 1 (8 ) 
That is, we continue to observe sample observations as long as 
L(6’,n) 
k —_ < ky. 8.4.3 
oT ee) 


We stop these observations in one of two ways: 
1. With rejection of Ho : 0 = 0’ as soon as 


L(6',n) 
ee 
L(o",n)~ 


or 
2. With acceptance of Hp : 6 = 0’ as soon as 


L(6',n) 


——__ >k 
L(6",n)—~ 


A test of this kind is called Wald’s sequential probability ratio test. Fre- 
quently, inequality (8.4.3) can be conveniently expressed in an equivalent form: 


co(n) < uli, 22,---,%n) < ci(n), (8.4.4) 


where u(X1, X2,...,X») is a statistic and co(n) and c;(n) depend on the constants 
ko, ki, 0’, 0”, and on n. Then the observations are stopped and a decision is reached 
as soon as 


U(©1,%2,--.,%n) Seo(m) or u(x, ©2,...,%n) 2 e1(n). 


We now give an illustrative example. 
Example 8.4.1. Let X have a pmf 


pS 8 -6)-* 2=0,1 
f(x;6) = { 0 elsewhere. 


In the preceding discussion of a sequential probability ratio test, let Hp : 0 = z and 
AL: d= 2; then, with 0 2; = 7y_, 2, 


L(g,n) _ (3) ™*( 


- je 
L(3,n)  (3)= 


_ 9n-2>0 a; 
n= 2 


oe) Fo (Se) [ed 
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If we take logarithms to the base 2, the inequality 
L(3,n) 
L(s ’ n) 


ko < < ky, 


iw) 


with 0 < ko < ki, becomes 
logy ko <n — ay a < logs ki, 
1 


or, equivalently, in the notation of expression (8.4.4), 


n 1 


co(n) = 5 ~ 5 082k ay a — 
1 


n oil 
2 = 3 1082 ko = c1(n). 


Note that L($,n)/L(,n) < ko if and only if e1(n) < OY a4; and L($,n)/L(3,n) > 
ky if and only if co(n) > oe x;. Thus we continue to observe outcomes as long as 
co(n) < So} 2; < ci(n). The observation of outcomes is discontinued with the first 
value of n of N for which either cj(n) < cy vj or co(n) > So} xj. The inequality 
ci(n) < do} 2; leads to rejection of Hp : 6 = % (the acceptance of H;), and the 
inequality co(n) > 37} a; leads to the acceptance of Ho : 8 = % (the rejection of 
H;). wf 


Remark 8.4.1. At this point, the reader undoubtedly sees that there are many 
questions that should be raised in connection with the sequential probability ratio 
test. Some of these questions are possibly among the following: 


1. What is the probability of the procedure continuing indefinitely? 


2. What is the value of the power function of this test at each of the points 0 = 0’ 
and 6 = 6”? 


3. If 6” is one of several values of 6 specified by an alternative composite hy- 
pothesis, say H, :@> 6’, what is the power function at each point 6 > 6’? 


4. Since the sample size N is a random variable, what are some of the properties 
of the distribution of N? In particular, what is the expected value E(N) of 
N? 


5. How does this test compare with tests that have a fixed sample size n? 


A course in sequential analysis would investigate these and many other problems. 
However, in this book our objective is largely that of acquainting the reader with 
this kind of test procedure. Accordingly, we assert that the answer to question 1 is 
zero. Moreover, it can be proved that if 0 = 0’ or if 0 = 6”, E(N) is smaller for this 
sequential procedure than the sample size of a fixed-sample-size test which has the 
same values of the power function at those points. We now consider question 2 in 
some detail. 
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In this section we shall denote the power of the test when Hp is true by the 
symbol @ and the power of the test when Hj is true by the symbol 1 — 3. Thus 
a is the probability of committing a Type I error (the rejection of Hy when Ho is 
true), and @ is the probability of committing a Type II error (the acceptance of Ho 
when Hp is false). With the sets C,, and B, as previously defined, and with random 
variables of the continuous type, we then have 


0= 0 [Hen i-g= 5 f Le ,n). 


Since the probability is 1 that the procedure terminates, we also have 


1-a=) fom, p=> f v0 :n). 


If (1, 22,..-,2n) € Cn, we have L(6’,n) < ko L(0",n); hence, it is clear that 


a= a0 L(6',n) < ae ko L(0",n) = ko(1 — 8). 


Because L(6’,n) > ky L(0",n) at each point of the set B,, we have 


i-a= yf een) > a ky L(6",n) = kf. 


n=1 


Accordingly, it follows that 
(8.4.5) 


provided that (@ is not equal to 0 or 1. 
Now let aq and (, be preassigned proper fractions; some typical values in the 
applications are 0.01, 0.05, and 0.10. If we take 


Qa 1—aq 
ko = ——, k= ; 
: l= Ba ' Ba 
then inequalities (8.4.5) become 
2 a Oa 1 Qa < oe (8.4.6) 


1— 1- Be Ba 
or, equivalently, 
a(1 — Ba) < (1 — B)aa, B(1 — a) < (1a) 6g. 


If we add corresponding members of the immediately preceding inequalities, we find 
that 


at B-aBa — Baa < a+ Ba — Ba — aBa 
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and hence 
Ob-F B <q + Bai 


that is, the sum a+ ( of the probabilities of the two kinds of errors is bounded 
above by the sum aq + Gq of the preassigned numbers. Moreover, since a and (@ are 
positive proper fractions, inequalities (8.4.6) imply that 


consequently, we have an upper bound on each of a and (@. Various investigations 
of the sequential probability ratio test seem to indicate that in most practical cases, 
the values of a and (7 are quite close to ag and @,. This prompts us to approximate 
the power function at the points 6 = 6’ and @ = 6” by aq and 1 — fa, respectively. 


Example 8.4.2. Let X be N(6,100). To find the sequential probability ratio 
test for testing Ho : 0 = 75 against Hy : 8 = 78 such that each of a and £ is 
approximately equal to 0.10, take 


_ 040. © 2 1-00 _, 
~ t= fay 6? “Gag. --* 


Since 


the inequality 


can be rewritten, by taking logarithms, as 


6 aj — 459n 


—| 
og 9 < 00 


< log 9. 
This inequality is equivalent to the inequality 


153 100 = 100 
co(n) = —-n n——-lo g9< oa n+ 2 log9 = ei(n n). 


Moreover, [(75,n)/L(78,n) < ko and £(75,n)/L(78,n) > ky are equivalent to the 
inequalities }7) 2; > ci(n) and S>} x; < co(n), respectively. Thus the observation 
of outcomes is discontinued with the first value of n of N for which either i u4> 
ci(n) or So} a < eo(n). The inequality S>/ 2; > ci(n) leads to the rejection 
of Ho : 6 = 75, and the inequality S>}' 2; < co(n) leads to the acceptance of 

0 : 8 = 75. The power of the test is approximately 0.10 when Hp is true, and 
approximately 0.90 when H; is true. m 
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Remark 8.4.2. It is interesting to note that a sequential probability ratio test can 
be thought of as a random-walk procedure. To illustrate, the final inequalities of 
Examples 8.4.1 and 8.4.2 can be written as 


— logy ki < Ye ; — 0.5) < — logy ko 
and 
_ 100 100 
Fred < D| xj — 76.5) < —- log9, 


respectively. In each instance, think of starting at the point zero and taking random 
steps until one of the boundaries is reached. In the first situation the random steps 
are 2(X1 — 0.5), 2(X2 — 0.5), 2(X3 — 0.5),..., which have the same length, 1, but 
with random directions. In the second instance, both the length and the direction 
of the steps are random variables, X; — 76.5, X2 — 76.5, X3 — 76.5,.... ™ 


In recent years, there has been much attention devoted to improving quality 
of products using statistical methods. One such simple method was developed by 
Walter Shewhart in which a sample of size n of the items being produced is taken and 
they are measured, resulting in n values. The mean X of these n measurements has 
an approximate normal distribution with mean pz and variance o?/n. In practice, 
and o? must be estimated, but in this discussion, we assume that they are known. 
From theory we know that the probability is 0.997 that 7 is between 


: 3 
UCi=e=== sad VCheyt==, 


vn vn 

These two values are called the lower (LCL) and upper (UCL) control limits, respec- 
tively. Samples like these are taken periodically, resulting in a sequence of means, 
say &1,€2,%3,.... These are usually plotted; and if they are between the LCL and 
UCL, we say that the process is in control. If one falls outside the limits, this 
would suggest that the mean yz has shifted, and the process would be investigated. 

It was recognized by some that there could be a shift in the mean, say from p to 
+ (o//n); and it would still be difficult to detect that shift with a single sample 
mean, for now the probability of a single T exceeding UCL is only about 0.023. This 
means that we would need about 1/0.023 ~ 43 samples, each of size n, on the average 
before detecting such a shift. This seems too long; so statisticians recognized that 
they should be cumulating experience as the sequence Xi, Xo, 23, ... 1s observed 
in order to help them detect the shift sooner. It is the practice to compute the 
standardized variable Z = (X — p)/(a/./n); thus, we state the problem in these 
terms and provide the solution given by a sequential probability ratio test. 

Here Z is N(0,1), and we wish to test Hp : 6 = 0 against H; : 0 = 1 using the 
sequence of iid random variables 21, Z2,...,Zm,.... We use m rather than n, as 
the latter is the size of the samples taken periodically. We have 


a | die oa) 


i=1 
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Thus 


by < exp |- Ss 2-03) < ky 


i=l 


can be written as 


h= — logo > YK (z; — 0.5) > —logk; = —A. 


It is true that —logky = logk; when ag = (a. Often, h = —logko is taken 
to be about 4 or 5, suggesting that ag = (a is small, like 0.01. As }°(z; — 0.5) 
is cumulating the sum of z; — 0.5, 7 = 1,2,3,..., these procedures are often called 


CUSUMS. If the CUSUM = $7(z;—0.5) exceeds h, we would investigate the process, 
as it seems that the mean has shifted upward. If this shift is to 6 = 1, the theory 
associated with these procedures shows that we need only eight or nine samples on 
the average, rather than 43, to detect this shift. For more information about these 
methods, the reader is referred to one of the many books on quality improvement 
through statistical methods. What we would like to emphasize here is that through 
sequential methods (not only the sequential probability ratio test), we should take 
advantage of all past experience that we can gather in making inferences. 


EXERCISES 


8.4.1. Let X be N(0,@) and, in the notation of this section, let 0’ = 4, 0” = 
Qq = 0.05, and 8, = 0.10. Show that the sequential probability ratio test can be 
based upon the statistic }>)’ X?. Determine co(n) and ci (n). 


8.4.2. Let X have a Poisson distribution with mean 6. Find the sequential proba- 
bility ratio test for testing Hp : 6 = 0.02 against H, : 6 = 0.07. Show that this test 
can be based upon the statistic ey X;. If aq = 0.20 and 8, = 0.10, find co(n) and 


ci(n). 


8.4.3. Let the independent random variables Y and Z be N(i,1) and N(j12, 1), 
respectively. Let 9 = pw, — p2. Let us observe independent observations from 
each distribution, say Y1, Yo,.. send Z1, Z2,.... To test sequentially the hypothesis 

0: 0 = 0 against H, : 0 = 4, use the sequence X; = Y; — Z;, i = 1,2,.... If 
Qq = Bq = 0.05, show that the cm can be based upon X = Y — Z. Find c9(n) and 
Ci (n). 


8.4.4. Suppose that a manufacturing process makes about 3% defective items, 
which is considered satisfactory for this particular product. The managers would 
like to decrease this to about 1% and clearly want to guard against a substantial 
increase, say to 5%. To monitor the process, periodically n = 100 items are taken 
and the number X of defectives counted. Assume that X is b(n = 100,p = @). 
Based on a sequence Xj, X2,...,Xm,.--, determine a sequential probability ratio 
test that tests Hp : 9 = 0.01 against Hy, : 0 = 0.05. (Note that 6 = 0.03, the present 
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level, is in between these two values.) Write this test in the form 
m 
ho > Ss" (a = nd) > hy 
i=1 


and determine d, ho, and hy if ag = Ba = 0.02. 


8.4.5. Let X1, Xo,...,X» be arandom sample from a distribution with pdf f(a; 6) = 
6x°-!, 0 <a <1, zero elsewhere. 


(a) Find a complete sufficient statistic for 6. 


b) Ifag = Ba = +, find the sequential probability ratio test of Hp : @ = 2 against 
0 


TO 
A, :0=3. 


8.5 Minimax and Classification Procedures 


We have considered several procedures which may be used in problems of point 
estimation. Among these were decision function procedures (in particular, minimax 
decisions). In this section, we apply minimax procedures to the problem of testing a 
simple hypothesis Hp against an alternative simple hypothesis H,. It is important 
to observe that these procedures yield, in accordance with the Neyman-—Pearson 
theorem, a best test of Ho against H,. We end this section with a discussion on an 
application of these procedures to a classification problem. 


8.5.1 Minimax Procedures 


We first investigate the decision function approach to the problem of testing a simple 
null hypothesis against a simple alternative hypothesis. Let the joint pdf of the n 
random variables X,, X2,...,X, depend upon the parameter @. Here n is a fixed 
positive integer. This pdf is denoted by L(0;21,22,...,2n) or, for brevity, by L(6). 
Let 6’ and @” be distinct and fixed values of 6. We wish to test the simple hypothesis 
Hy: 6=06' against the simple hypothesis H, : 6 = 6’. Thus the parameter space is 
Q = {0:0=0',0"}. In accordance with the decision function procedure, we need 
a function 6 of the observed values of X),...,Xn (or, of the observed value of a 
statistic Y) that decides which of the two values of 6, 6’ or 6”, to accept. That is, 
the function 6 selects either Hp : 6 = 6’ or H, :0 = 6". We denote these decisions 
by 6 = 0’ and 6 = @”, respectively. Let £(0,5) represent the loss function associated 
with this decision problem. Because the pairs (0 = 6’,5 = 0’) and (6 = 0,6 = 0”) 
represent correct decisions, we shall always take £(6’, 0’) = £(0”,0”) = 0. On the 
other hand, if either 6 = 6” when 6 = 6’ or 6 = 6’ when 6 = @”, then a positive value 
should be assigned to the loss function; that is, £(6’,0”) > 0 and £(0”, 6’) > 0. 

It has previously been emphasized that a test of Hp : 6 = 6’ against H, : 0 = 0” 
can be described in terms of a critical region in the sample space. We can do the 
same kind of thing with the decision function. That is, we can choose a subset of C 
of the sample space and if (#1, 22,...,%n) € C, we can make the decision 6 = 6”; 
whereas if (v1, 22,...,2%n) € C°, the complement of C, we make the decision 6 = 6’. 
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Thus a given critical region C determines the decision function. In this sense, we 
may denote the risk function by R(@,C) instead of R(6,5). That is, in a notation 
used in Section 7.1, 


R(0,C) = R(6,6) = / £(0,5)L(6). 


Cucse 


Since 6 = 6” if (a1,...,an) € Cand 6 =@' if (a1,...,an) € C*, we have 
R(0,C) = [cee Le) + | £00,020). (8.5.1) 
If, in Equation (8.5.1), we take 0 = 6’, then £(6’, 0’) = 0 and hence 
R(0’,C) = [conn ~ £(6',6") [ 20. 


On the other hand, if in Equation (8.5.1) we let 6 = 6”, then £(0”,0”) = 0 and, 
accordingly, 


Re’.C)= LO". 10" = cco",0') | L(6"). 
Ce é 


It is enlightening to note that if (0) is the power function of the test associated 
with the critical region C, then 


R(6",C) = £(6', 6") (6") = £(6',6")ay, 
where a = (0) is the significance level; and 
R(6",C) = £6", 6’) [1 — y(0")] = £6", 0’) 8, 


where 3 = 1 — 7(6”) is the probability of the type II error. 
Let us now see if we can find a minimax solution to our problem. That is, we 
want to find a critical region C’ so that 


max[R(6",C), R(6", C)] 
is minimized. We shall show that the solution is the region 


: TAG Bisaiugy) < Kb 


provided the positive constant k is selected so that R(6’,C) = R(6”,C). That is, if 
k is chosen so that 


c(o'.o") | 20" = c(o",6+) | L(6"), 


c 


then the critical region C provides a minimax solution. In the case of random vari- 
ables of the continuous type, & can always be selected so that R(0’,C) = R(0”,C). 
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However, with random variables of the discrete type, we may need to consider an 
auxiliary random experiment when L(0’)/L(0”) = k in order to achieve the exact 
equality R(6’,C) = R(@",C). 

To see that C is the minimax solution, consider every other region A for which 
R(O',C) > R(@’, A). A region A for which R(0’,C) < R(6’, A) is not a candidate for 
a minimax solution, for then R(6’,C) = R(0”,C) < max[R(6’, A), R(O”, A)]. Since 
R(6’,C) > R(6’, A) means that 


c(0'.0") | £00) > 2(0',0") | 10), 


a= [10> f 10) 


that is, the significance level of the test associated with the critical region A is less 
than or equal to a. But C, in accordance with the Neyman—Pearson theorem, is a 
best critical region of size a. Thus 


[xe [xe 
fe < 20". 


cio". L(0") <£",6/) | Le"), 


fa 


we have 


and 


Accordingly, 


or, equivalently, 
R(@",C) < R(@", A). 


That is, 
R(@’,C) = R(0",C) < R(0", A). 


This means that 
max[R(6’,C), R(@”,C)] < R(@", A). 


Then certainly, 
max[R(6’,C), R(0”, C)| < max[R(6’, A), R(0”, A)], 
and the critical region C’ provides a minimax solution, as we wanted to show. 


Example 8.5.1. Let X,, X2,...,Xi09 denote a random sample of size 100 from 
a distribution that is N(@,100). We again consider the problem of testing Ho : 
6 = 75 against H, : 0 = 78. We seek a minimax solution with £(75,78) = 3 and 
£(78, 75) = 1. Since L(75)/L(78) < k is equivalent to T > c, we want to determine 
c, and thus k, so that 


3P(X > c,0 = 75) = P(X <c0 = 78). (8.5.2) 
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Because X is N(6,1), the preceding equation can be rewritten as 
3[1 — ®(c — 75)] = ®(c — 78). 


As requested in Exercise 8.5.4, the reader can show by using Newton’s algorithm 
that the solution to one place is c = 76.8. The significance level of the test is 
1 — ®(1.8) = 0.036, approximately, and the power of the test when H; is true is 
1 — 6(—1.2) = 0.885, approximately. m 


8.5.2 Classification 


The summary above has an interesting application to the problem of classification, 
which can be described as follows. An investigator makes a number of measurements 
on an item and wants to place it into one of several categories (or classify it). 
For convenience in our discussion, we assume that only two measurements, say 
X and Y, are made on the item to be classified. Moreover, let X and Y have 
a joint pdf f(x,y;0), where the parameter 6 represents one or more parameters. 
In our simplification, suppose that there are only two possible joint distributions 
(categories) for X and Y, which are indexed by the parameter values 6’ and 6”, 
respectively. In this case, the problem then reduces to one of observing X = x and 
Y = y and then testing the hypothesis 6 = 0’ against the hypothesis 0 = 6”, with 
the classification of X and Y being in accord with which hypothesis is accepted. 
From the Neyman—Pearson theorem, we know that a best decision of this sort is of 
the following form: If 
f(x, 450) 


f(x,y; 0”) 
choose the distribution indexed by 6”; that is, we classify (a, y) as coming from the 
distribution indexed by 6”. Otherwise, choose the distribution indexed by 6’; that 
is, we classify (a, y) as coming from the distribution indexed by 6’. Some discussion 
on the choice of & follows in the next remark. 


Remark 8.5.1 (On the Choice of k). Consider the following probabilities: 


<k 


3 


mw = P{(X,Y) is drawn from the distribution with pdf f(x, y; 6’)| 
nm’ = P{(X,Y) is drawn from the distribution with pdf f(x, y;@”)]. 


Note that 7’ +7” = 1. Then it can be shown that the optimal classification rule 
is determined by taking k = 7”/7'; see, for instance, Seber (1984). Hence, if we 
have prior information on how likely the item is drawn from the distribution with 
parameter 0’, then we can obtain the classification rule. In practice, it is common 
for each distribution to be equilikely, in which case, 7’ = 7” = 1/2 and, hence, 
k=1.5 


Example 8.5.2. Let (x,y) be an observation of the random pair (X,Y), which has 
a bivariate normal distribution with parameters ju1, 2,07, 03, and p. In Section 3.5 
that joint pdf is given by 


eT Ue yi o2)/2 
? 


1 
f(x,y; w1; Ma,07,09) = 5) 


270102\/1—p 
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for —co < x < oo and —oo < y < ~w, where oj > 0, 02 > 0, -—1 < p< 1, and 


1 |(e-my* x—ja\ (y= pe y-b2\” 
q(2, Y3 Ha, H2) = 7—3 ( ) — 2 (= ee 
=P O71 O71 02 02 


Assume that 07,03, and p are known but that we do not know whether the respec- 
tive means of (X,Y) are (uw, 5) or (ui, ug). The inequality 


f(@,Y5 Hay Ha, OT 02,0) — 
oe pgll.. pg ll. pee 2 _— 
f(x,y; wy, v3, 07, 04, p) 


is equivalent to 
sla(x, ys ei, oy) — a(x, y; HL, Md)] < log k. 


Moreover, it is clear that the difference in the left-hand member of this inequality 
does not contain terms involving x”, ry, and y?. In particular, this inequality is the 
same as 


1 Ha — Hr _ Pla ~ Ha) ae Mo — Hg p(y — 1) ; 
1— p? OF 0102 
< logk + $[q(0, 0; 14, u) — (0,0; uf, u3)], 


or, for brevity, 
ax + by <c. (8.5.3) 


That is, if this linear function of x and y in the left-hand member of inequality 
(8.5.3) is less than or equal to a constant, we classify (x,y) as coming from the 
bivariate normal distribution with means pu! and yy. Otherwise, we classify (x, y) 
as arising from the bivariate normal distribution with means py, and ps4. Of course, 
if the prior probabilities can be assigned as discussed in Remark 8.5.1 then k and 
thus c can be found easily; see Exercise 8.5.3. lf 


Once the rule for classification is established, the statistician might be interested 
in the two probabilities of misclassifications using that rule. The first of these two is 
associated with the classification of (a, y) as arising from the distribution indexed by 
6” if, in fact, it comes from that index by 6’. The second misclassification is similar, 
but with the interchange of 6’ and 6”. In the preceding example, the probabilities 
of these respective misclassifications are 


P(aX +bY <cyyi,us) and P(aX +bY > cpl, 15). 


The distribution of Z = aX + bY is obtained from Theorem 3.5.1. It follows 
that the distribution of Z = aX + bY is given by 


N(apy + bps, a’oy + 2abpo,a2 + bP an )i 


With this information, it is easy to compute the probabilities of misclassifications; 
see Exercise 8.5.3. 
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One final remark must be made with respect to the use of the important classi- 
fication rule established in Example 8.5.2. In most instances the parameter values 
Li, ey and py, uy as well as 07,03, and p are unknown. In such cases the statis- 
tician has usually observed a random sample (frequently called a training sample) 
from each of the two distributions. Let us say the samples have sizes n’ and n”, 
respectively, with sample characteristics 

Ts Mey and Cy ee) he) Ps 
The statistics r’ and r” are the sample correlation coefficients, as defined in ex- 
pression (9.7.1) of Section 9.7. The sample correlation coefficient is the mle for the 
correlation parameter p of a bivariate normal distribution; see Section 9.7. If in 
inequality (8.5.3) the parameters py), u5, U1, us,07,03, and poic2 are replaced by 
the unbiased estimates 


Se (n' _ 1a) + (n” = Cae (n' _ 1)(sy)* a (nl _ 1)(sy)? 


TY i,t sy , vin’ —2 ’ nn! —2 ’ 
/ Tol ol 1 WOW GoW 
(n! —1)r’s sy, + (n” — 1)r"s7 sh 
ni +n" —2 : 


the resulting expression in the left-hand member is frequently called Fisher’s lin- 
ear discriminant function. Since those parameters have been estimated, the 
distribution theory associated with aX + bY does provide an approximation. 

Although we have considered only bivariate distributions in this section, the 
results can easily be extended to multivariate normal distributions using the results 
of Section 3.5; see also Chapter 6 of Seber (1984). 


EXERCISES 


8.5.1. Let X1, Xo,..., X29 be arandom sample of size 20 from a distribution which 
is N(6,5). Let L(@) represent the joint pdf of X1,X2,..., X20. The problem is to 
test Hy : @ =1 against H, : 0 =0. Thus 2 = {0:0=0, 1}. 


(a) Show that L(1)/L(0) < k is equivalent to T < c. 


(b) Find c so that the significance level is a = 0.05. Compute the power of this 
test if Hy is true. 


(c) Ifthe loss function is such that £(1,1) = £(0,0) = 0 and L(1,0) = £(0,1) > 0, 
find the minimax test. Evaluate the power function of this test at the points 
06=landd=0. 


8.5.2. Let X1, X2,...,Xi9 be a random sample of size 10 from a Poisson distribu- 
tion with parameter 0. Let L() be the joint pdf of X1, X2,..., X19. The problem 
is to test Hp : 0 = 4 against Hy :0=1. 


(a) Show that L($)/L(1) < k is equivalent to y = 7} x > c. 


(b) In order to make a = 0.05, show that Ho is rejected if y > 9 and, if y = 9, 
reject Ho with probability $ (using some auxiliary random experiment). 
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(c) If the loss function is such that £(4,$) = £(1,1) = 0 and £($,1) = 1 and 
L(i, 4) = 2, show that the minimax procedure is to reject Ho if y > 6 and, if 
y = 6, reject Ho with probability 0.08 (using some auxiliary random experi- 
ment). 


8.5.3. In Example 8.5.2 let wi = ph = 0, wf = wh = 1, of = 1, of =1, and p= 5. 
(a) Find the distribution of the linear function aX + bY. 


(b) With & = 1, compute P(aX +bY < cp, = wy =0) and P(aX +bY > Gy = 
Hz = 1). 

8.5.4. Determine Newton’s algorithm to find the solution of Equation (8.5.2). If 

software is available, write a program which performs your algorithm and then show 


that the solution is c = 76.8. If software is not available, solve (8.5.2) by “trial and 
error.” 


8.5.5. Let X and Y have the joint pdf 


f(x,y; 01, 92) = p(-7 i). 0<e< to, 0< 9 < oo, 


1 
0102 1 
zero elsewhere, where 0 < 61, 0 < 6. An observation (x,y) arises from the joint 
distribution with parameters equal to either (6, = 1,05 = 5) or (0 = 3,09 = 2). 
Determine the form of the classification rule. 


8.5.6. Let X and Y have a joint bivariate normal distribution. An observation 
(x,y) arises from the joint distribution with parameters equal to either 


wy = =0, (of = (3) =1, p =F 


or 
pil = wh =1, (03) =4, (03) =9, p" =3. 
Show that the classification rule involves a second-degree polynomial in x and y. 


8.5.7. Let W’ = (W1,W2) be an observation from one of two bivariate normal 
distributions, I and II, each with 1 = 2 = 0 but with the respective variance- 
covariance matrices 


1 0 3. (0 
Vela) and va=(5 a 


How would you classify W into I or IT? 


Chapter 9 


Inferences About Normal 
Models 


9.1 Quadratic Forms 


A homogeneous polynomial of degree 2 in n variables is called a quadratic form in 
those variables. If both the variables and the coefficients are real, the form is called 
a real quadratic form. Only real quadratic forms are considered in this book. To 
illustrate, the form X? + X,X_ +X is a quadratic form in the two variables Xy 
and X9; the form X? + X} + X? —2X Xz is a quadratic form in the three variables 
Xi, Xo, and X33 but the form (Xy = 1)? + (Xo = 2)? = x? +X? = 2X1 —4AX»5 +5 is 
not a quadratic form in X; and Xo, although it is a quadratic form in the variables 
X;,—1 and X2 —-2. 

Let X and S$? denote, respectively, the mean and variance of a random sample 
X 1, X2,...,X» from an arbitrary distribution. Thus 


(n—1)S? = wee -X)? = s (x. 7 ee) 


n 
1 1 


n= 1 
= =e (XP + XZ +--+ XZ) 


- = (X1X2 feet XY Xp +--+ + Xn-1Xn) 

is a quadratic form in the n variables X1, X2,...,X,. If the sample arises from a 
distribution that is N(j,07), we know that the random variable (n — 1)S?/o? is 
x?(n — 1) regardless of the value of jz. This fact proved useful in our search for a 
confidence interval for 0? when jy is unknown. 

It has been seen that tests of certain statistical hypotheses require a statistic 
that is a quadratic form. For instance, Example 8.2.2 made use of the statistic 
oi X?, which is a quadratic form in the variables X),X2,...,Xn. Later in this 
chapter, tests of other statistical hypotheses are investigated, showing that statistics 
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composed of functions of quadratic forms are necessary to conduct the tests in an 
expeditious manner. But first we shall make a study of the distribution of certain 
quadratic forms in normal and independent random variables. 

The following theorem is proved in Section 9.9. 


Theorem 9.1.1. Let Q = Qi + Qo +--+ Qr_-14+ Qx, where Q,Q1,...,Qk are 
k +1 random variables that are real quadratic forms in n independent random 
variables which are normally distributed with common mean and variance pw and 
a”, respectively. Let Q/a7,Q1/07,...,Qr—1/07 have chi-square distributions with 
degrees of freedom r,11,..-,Tp-1, respectively. Let Qy be nonnegative. Then 


(a) Qi,..-,Qx are independent, and hence 


(b) Qx/o? has a chi-square distribution with r — (ri +--+ +TR-1) =Tx degrees of 
freedom. 


Three examples illustrative of the theorem follow, each of which deals with a 
distribution problem that is based on the remarks made in the subsequent para- 
graph. 

Let the random variable X have a distribution that is N(u,07). Let a and b 
denote positive integers greater than 1 and let n = ab. Consider a random sample of 
size n = ab from this normal distribution. The observations of the random sample 
are denoted by the symbols 


X11, X12, «--, Xj, «--, Xo 
Xoq1, X22, .--, Xaj, .--, Xo 
Xit, Xia, ..., Xiz, «00, Xv 
Xai, Mad, +++) Xaj; wee, Xap. 


By assumption, these n = ab random variables are independent, and each has the 
same normal distribution with mean yp and variance o?. Thus, if we wish, we may 
consider each row as being a random sample of size b from the given distribution; 
and we may consider each column as being a random sample of size a from the 
given distribution. We now define a+ b+ 1 statistics. They are 


3 ee 


Mai ee Pg ee Kee Rh gat 


x - a ea a 
é ab ab 
b 
XxX xX x 2H 
x, a Aa t Ait FA _ j=l po Se cag 
b b 
Xj + Xo +--+: +X 2s 
ee 


a a 


9.1. Quadratic Forms A75 


Thus the statistic X.. is the mean of the random sample of size n = ab; the statis- 


tics X1,,X2.,...,Xq, are, respectively, the means of the rows; and the statistics 


X1,X2,...,X 4 are, respectively, the means of the columns. Examples illustrative 
of the theorem follow. 


Example 9.1.1. Consider the variance S$? of the random sample of size n = ab. 
We have the algebraic identity 


(ab—1)S? = Yow ky 
= Y Ylesy -RI4+ Ki - RIF 
= Yds 5 er. Ss 
HD Xj.)(Xi. —X.) 


The last term of the right-hand member of this identity may be written 


a b 
25> | (i. — X..) D(X -— Xi.)| =2 01s. — X..) OKs, — bX,.)] = 0, 


j=l i=1 


and the term 


may be written 


i=1 
Thus, 
ab a 
(ab—1)S? = - Ree ~ Xi)? + bY \(X. ~X.), 
i=1 j=1 i=1 
or, for brevity, 
Q=Q1+Q2. 


We shall use Theorem 9.1.1 with k = 2 to show that Q, and Q2 are independent. 
Since $? is the variance of a random variable of size n = ab from the given normal 
distribution, then (ab — 1)$?/o? has a chi-square distribution with ab — 1 degrees 
of freedom. Now 
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For each fixed value of 3, ares — X;,)? is the product of (b — 1) and the 
variance of a random sample of size b from the given normal distribution, and 
accordingly, Soya (iy — X;,)?/o? has a chi-square distribution with b — 1 degrees 
of freedom. Because the X;;s are independent, Q;/o? is the sum of a independent 
random variables, each having a chi-square distribution with b—1 degrees of freedom. 
Hence Q,/o? has a chi-square distribution with a(b— 1) degrees of freedom. Now 
Qo = Dir Oe _ x.) > 0. In accordance with the theorem, Q; and Q2 are 
independent, and Q2/o? has a chi-square distribution with ab—1—a(b—1)=a-1 
degrees of freedom. 


Example 9.1.2. In (ab — 1)$?, replace X;; — X., by (Xi; — X.;) + (Xj; — X..) to 
obtain 


b a 
(ab—1)8? =S 7) (Xe —% 7) + (KX i-X.)P, 


j=l i=l 
or 
a b 
(ab—1)8? = S*S\(Xs — Xj +a (Xj -X.), 
j=l i=1 j=l 
or, for brevity, 
Q = Q3 + Qu. 


It is easy to show (Exercise 9.1.1) that Q3/o? has a chi-square distribution with 
b(a — 1) degrees of freedom. Since Q4 = ays iXs —X..)? > 0, the theorem 
enables us to assert that Q3 and Q, are independent and that Q4/o? has a chi- 
square distribution with ab — 1 — b(a— 1) = b— 1 degrees of freedom. m 


Example 9.1.3. In (ab — 1)S?, replace X;; — X.. by (Xi, — X..) + ( 
(Xi; — X;, — Xj + X..) to obtain (Exercise 9.1.2) 


| 
| 
ia 

ms 


b a 


b 
(ab—1)S <6. -X tay \(Xj-X.)? +0 0X - Xi -X 54K)’, 
j=l 


j=l i=l 


or, for brevity, 
Q=Q2+Q4+Qs, 


where @2 and Qa, are defined in Examples 9.1.1 and 9.1.2. From Examples 9.1.1 
and 9.1.2, Q/o?, Q2/a7, and Q4/o? have chi-square distributions with ab—1, a—1, 
and b — 1 degrees of freedom, respectively. Since Q5 > 0, the theorem asserts that 
Qe, Qa, and Qs are independent and that Qs/o? has a chi-square distribution with 
ab — 1—(a—1)—(b-—1) = (a—1)(b— 1) degrees of freedom. m 
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Once these quadratic form statistics have been shown to be independent, a 
multiplicity of F-statistics can be defined. For instance, 


Qa/[o*(b=1)] _ _Qa/(6=1) 
Q3/[o7b(a—1)] — Qs/[b(a — 1)] 


has an F-distribution with b— 1 and b(a — 1) degrees of freedom; and 


Qa/[o*(b = 1)] Qa/(b= 1) 


Qs/[o?(a—1)(6-1)]  Qs/(a—1)(6- 1) 


has an F-distribution with b—1 and (a—1)(b—1) degrees of freedom. The subsequent 
sections show that likelihood ratio tests of certain statistical hypotheses can be based 
on these F-statistics. 


EXERCISES 


9.1.1. In Example 9.1.2, verify that Q = Q3 + Qu and that Q3/o7 has a chi-square 
distribution with b(a — 1) degrees of freedom. 


9.1.2. In Example 9.1.3, verify that Q = Q2 + Q4+ Qs. 


9.1.3. Let X1, Xo,...,X» be arandom sample from a normal distribution N (ju, 07). 
Show that 


YX: - XP = OG - YP + (mM - FY, 

; ; n 

4=1 1=2 
where X = _, X;/n and X = 7", Xi/(n—1). 
Hint: Replace X;—X by (X;—X )—(X1—X')/n. Show that 37"_,(X;-X )?/o? 
has a chi-square distribution with n — 2 degrees of freedom. Prove that the two 
terms in the right-hand member are independent. What then is the distribution of 


[(n — 1)/n](X1 — XY? 


¢ 
2 


a 
9.1.4. Let Xj;,,7 =1,...,a;7 =1,...,b;k =1,...,c, be a random sample of size 
n = abc from a normal distribution N(,07). Let X.. = y_1 yy Wie Xan / 
and X;.. = Yo 4 a Xj;~/be. Prove that 


a 


SSeDe: igk — X yo igk — Xi PP +beS 7 (Ki. -X..)?. 


i=1 j=1 k=1 i=l g=1L k=1 i=l 


Show that >~f_, 4 ie (Xijn — Xi..)?/0? has a chi-square distribution with 
a(be — 1) degrees of freedom. Prove that the two terms in the right-hand mem- 


ber are independent. What, then, is the distribution of be )y¥_,(Xi.. — X...)?/0?? 
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Furthermore, let Xj. = y_1 oye1 Xijx/ac and Xij, = y_, Xijx/c. Show that 


a b c a b c 
So SoS (Kae -X...)? —> ae So (Xije — Xi.) 


i=1 j=1 k=1 i=1 j=l k=1 
a b 
+ be S (Xi. = Aa + ac) (Xj. = an 
i=1 j=l 
a b 
+c) 0 (Xi. - Xi. -X 5. +X...) 
i=1 j=l 


Prove that the four terms in the right-hand member, when divided by o?, are 


independent chi-square variables with ab(c — 1), a— 1, 6-1, and (a — 1)(b— 1) 
degrees of freedom, respectively. 


9.1.5. Let X1,X2,X3,X4 be a random sample of size n = 4 from the normal 
distribution N(0,1). Show that ~*_, (X; — X)? equals 


(X1— Xo)? | [X3— (X1+X2)/2)? | [Xa — (Xi + Xo + X3)/3)? 
5 372 123 


and argue that these three terms are independent, each with a chi-square distribu- 
tion with 1 degree of freedom. 


9.2 One-Way ANOVA 


Consider b independent random variables that have normal distributions with un- 
known means /11, /l2,..-,[p, respectively, and unknown but common variance o?. 
For each j = 1,2,...,6, let X1;,X2;,...,Xaj represent a random sample of size a 
from the normal distribution with mean jz; and variance a*. The appropriate model 
for the observations is 


Xiy = py + Cay 5 t= Lys Gn 7 = Vyas 2585 (9.2.1) 


where e;; are iid N(0, 07). Suppose that it is desired to test the composite hypothesis 
Alo : py ba vee [bp Jt, #6 unspecified, against all possible alternative 
hypotheses H,. A likelihood ratio test is used. 

Such problems often arise in practice. For example, suppose for a certain type 
of disease there are b drugs which can be used to treat it and we are interested 
in determining which drug is best in terms of a certain response. Let X,; denote 
this response when drug j is applied and let uw; = E(X;). If we assume that X, 
is N(u;,07), then the above null hypothesis says that all the drugs are equally 
effective. We often summarize this problem by saying that we have one factor 
at b levels. In this case the factor is the treatment of the disease and each level 
corresponds to one of the treatment drugs. Model (9.2.1) is called a one-way 
model. As shown, the likelihood ratio test can be thought of in terms of estimates 
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of variance. Hence this is an example of an analysis of variance (ANOVA). In 
short, we say that this example is a one-way ANOVA problem. 
Here the total parameter space is 


Q = {(u1, Ha, ---; Mb, 07) + -00 < py <O, 0<o 00} 


and 


= {(t1, Ma,..., be, 07) : 00 < py = fla = + = py = fs < CO, 0 < 0? < oo}. 


The likelihood functions, denoted by L(w) and L(Q) are, respectively, 


1 ab/2 1 boa 
Lw)= (se) xP |-gy7 eu 


j=l i=l 
and 
1 ab/2 i boa 
L(Q) = (==) exp |—7 5 2d Lig — 
Now 
aa eee 
=r *) | te 
j=l i=l 
and 
b a 
OlogL(w) ab 1 9 
aa?) Do? T DoF 2 Dales ~ 13) 


If we equate these partial derivatives to zero, the solutions for jz and o? are, respec- 
tively, in w, 


b a 
(ab)~! D> a i= o 
(ab)~* 2 (tij —F..)? =, (9.2.2) 


and these values maximize L(w). Furthermore, 


Olog L(Q 5 ; 
ey 2 - Lig = jij) FH 1,2) 00040, 
On; apo J J 
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and 
b a 
Olog L(Q) ab 1 
Ble) Ba + gt Dy Deis — Hs) 
q=1 i=1 
If we equate these partial derivatives to zero, the solutions for p11, [2,..., fp and a? 


are, respectively, in Q, 


(ab)~* Dy (ti; —E 7)? =u, (9.2.3) 


and these values maximize L(Q). These maxima are, respectively, 


\" | ayz3tey-2) 


b j=1 i= 
L(@) = |_| _ ee |- >= ——_ 
9-9 ey —3.) 2 ley 7.) 
j=l i=1 J=1i=1 
ab/2 
b 
= —— a e 7 ab/2 
any > So (aij z..)? 
j=l i=1 
and 
ab/2 
7 b 
L(Q) = | ——_">—— : e 30/2 
any | D(tig — F.5)" 
j=l i=1 
Finally, 
he ab/2 
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In the notation of Section 9.1, the statistics defined by the functions Z., and v 
given by the equations in expression (9.2.2) of this section are 


_ iT b a 1 b a __ Q 
x. Xi and V=— 2 2% -xX,)?= me (9.2.4) 


j=l i=1 


while the statistics defined by the functions %.1,%.2,...,%.y and w given by Equa- 

tions (9.2.3) in this section are, respectively, given by the formulas X_; = 7‘, Xi;/a, 
j =1,2,...,0, and Q3/ab = a yi (Xi — X.;)?/ab. Thus, in the notation of 

Section 9.1, A?/2” defines the statistic Q3/Q. 

We reject the hypothesis Hp if A < Xo. To find Ag so that we have a desired 
significance level a, we must assume that the hypothesis Ho is true. If the hypothesis 
Ho is true, the random variables X;; constitute a random sample of size n = ab 
from a distribution that is normal with mean pz and variance o?. Thus, by Example 
9.1.2, we have that Q = Q3 + Qa, where Qa = ay (Xj —X..)*; that Q3 and 
Q, are independent; and that Q3/o? and Q4/o? have chi-square distributions with 
b(a — 1) and b — 1 degrees of freedom, respectively. Thus, the statistic defined by 
2/2 may be written 

Q3 1 


Q3+Qa 14+Q./Q3° 
The significance level of the test of Ho is 
1 i" 
a = Py, | < Ar 
7 f +Q1/Q3 ~“° 
Qa/(b— 1) | 
Q3/([b(a — 1)] 


where 


But 


~ Q3/[o?b(a—1)] — Qs/[b(a — 1) 


has an F-distribution with b— 1 and b(a — 1) degrees of freedom. Hence the test of 
the composite hypothesis Ho : wi = W2 =-+: = My = LL, po unspecified, against all 
possible alternatives may be tested with an F-statistic. Setting the constant c to 
the upper a F-critical point with b—1 and b(a— 1) degress of freedom, denoted by 
F(a,b—1,b(a—1)), yields a test of level a. 


PH Qa/[o?(b— 1)] Qa/(b— 1) 


Remark 9.2.1. It should be pointed out that a test of the equality of the b means 
fly, J = 1,2,...,b, does not require that we take a random sample of size a from 
each of the b normal distributions. That is, the samples may be of different sizes, 
for instance, a,,a2,...,@p; see Exercise 9.2.1. m 
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Suppose now that we wish to compute the power of the test of Ho against Hy 
when Ho is false, that is, when we do not have fy = po =--- = py = LL. In Section 
9.3 we show that under Hy, Q4/o? no longer has a y?(b — 1) distribution. Thus we 
cannot use an F-statistic to compute the power of the test when Hj is true. The 
problem is discussed in Section 9.3. 

An observation should be made in connection with maximizing a likelihood 
function with respect to certain parameters. Sometimes it is easier to avoid the use 
of the calculus. For example, L(Q) of this section can be maximized with respect 
to uj, for every fixed positive o?, by minimizing 


b a 
2 
= tesa) 
j=li=l 
with respect to uj, 7 = 1,2,...,b. Now z can be written as 


Since each term in the right-hand member of the preceding equation is nonnegative, 


clearly z is a minimum, with respect to pj, if we take ; =7j;, 7 =1,2,...,6. 
EXERCISES 

9.2.1. Let X1;,X2j,...,Xa;j represent independent random samples of sizes a; 
from a normal distribution with means jz; and variances 07, j = 1,2,...,b. Show 
that 


b aj 
(Xig — XP? = SOV (Ky — Xs)? + V0 aj(X ji - X.Y, 
j=l i=l j=l i=l j=l 

or Q = Q5 + Q4. Here X= S54 Weds Xiy/ When ay and Xj = Wey Xiy/a;. 
If wy = pg = +++ = pp, show that Q’/o? and Q4/o? have chi-square distributions. 
Prove that Q5 and Q’, are independent, and hence Q’/,/a? also has a chi-square 
distribution. If the likelihood ratio A is used to test Ho : uy = bo =-++ = ly = H, 
i unspecified and a? unknown against all possible alternatives, show that A < Ap 
is equivalent to the computed F' > c, where 


b 
do4 — | O% 
j=l 


(b— 1)Q% 


Determine the distribution of F when Ho is true and, hence, determine c so that 
the test has level a. 


F= 
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9.2.2. Consider the T-statistic that was derived through a likelihood ratio for test- 
ing the equality of the means of two normal distributions having common vari- 
ance in Example 8.3.1. Show that T? is exactly the F-statistic of Exercise 9.2.1 


with a; = n, a2 = m, and 6 = 2. Of course, X1,...,Xn,X are replaced with 
Xii,--+;Xin, X1, and Yi,...,¥m,Y by X21...,X2m,X2.- 


9.2.3. In Exercise 9.2.1, show that the linear functions X;; — xX; and Xx; =. 
are uncorrelated. 

Hint: Recall the definition of X 5 and X. and, without loss of generality, we can 
let E(X;;) = 0 for all i, 7. 


9.2.4. The following are observations associated with independent random sam- 
ples from three normal distributions having equal variances and respective means 


H1, M2, H3- 


I tt Uf 

0.5 2.1 3.0 
1.3 3.3 5.1 
—-1.0 0.0 1.9 
1.8 2.3 2.4 
2.0 4.2 

A. 


Compute the F-statistic that is used to test Ho : uy = p2 = ps. 


9.2.5. Using the notation of this section, assume that the means satisfy the con- 
dition that uw = py + (b- 1)d = po —d = pg —d = --- = py —d. That is, the 
last 6 — 1 means are equal but differ from the first mean ju1, provided that d # 0. 
Let independent random samples of size a be taken from the 6 normal distributions 
with common unknown variance o?. 


(a) Show that the maximum likelihood estimators of and d are ji = X., and 


b 
Xj/(0-1)-*a 
j== 
b 


(b) Using Exercise 9.1.3, find Qs and Q7 = cd? so that, when d = 0, Q7/o? is 
x?(1) and 
a b 
¥ Os —X.)? =Q3+ Qs + Qr. 


i=1 j=1 


c) Argue that the three terms in the right-hand member of part (b), once di- 
g & 
vided by o?, are independent random variables with chi-square distributions, 
provided that d= 0. 
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(d) The ratio Q7/(Q3 + Qe) times what constant has an F’-distribution, provided 
that d= 0? Note that this F' is really the square of the two-sample T used to 
test the equality of the mean of the first distribution and the common mean 
of the other distributions, in which the last b — 1 samples are combined into 
one. 


9.2.6. Let p11, 12, U3 be, respectively, the means of three normal distributions with 
a common but unknown variance o?. In order to test, at the a = 5% significance 
level, the hypothesis Ho : 41 = fa = 3 against all possible alternative hypotheses, 
we take an independent random sample of size 4 from each of these distributions. 
Determine whether we accept or reject Ho if the observed values from these three 
distributions are, respectively, 


My: 5 9 6 8 
X2: 11 13 10 12 
X3: 10 6 9 9 


9.2.7. The driver of a diesel-powered automobile decided to test the quality of three 
types of diesel fuel sold in the area based on mpg. Test the null hypothesis that the 
three means are equal using the following data. Make the usual assumptions and 
take a = 0.05. 

Brand A: 38.7 39.2 40.1 38.9 

Brand B: 41.9 42.3 41.3 

Brand C: 40.8 41.2 39.5 38.9 40.3 


9.3. Noncentral y? and F-Distributions 


Let X1, Xo,...,X» denote independent random variables that are N(i,07), i = 
1,2,...,n, and consider the quadratic form Y = )°7 X?/o?. If each pu; is zero, we 
know that Y is y?(n). We shall now investigate the distribution of Y when each ju; 
is not zero. The mgf of Y is given by 
n xX? | 
ae 
w=1 


= E |exp & 
ball (: 


=) 


ta? (wi — pi)” 
-\J=/ = exp | ae = dx;. 
L 
2° 


To evaluate the integral, note that 


M(t) 


Consider 


bo (8 


The integral exists if t < 
ta? (x5 — te) ae (1 —2t)  Qyixi 7 pe 


o? 202 207 202 20? 


tue 1 — 2¢ wi \” 
= — +. - Li 
o7(1 — 2t) 20? 1—2t 
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Accordingly, with t < 3, we have 


iX? ty? = 4 p32; ae 
E e => ee — ae ey int d. o 
exp ( a )| oe sete [. oV or oo | 22 (« ts) : 


If we multiply the integrand by V1 — 2t, t < 3, we have the integral of a normal 


pdf with mean p;/(1 — 2t) and variance o?/(1 — 2t). Thus 


i iX?\] 1 tu? 
SRP \ G2 ~ hao o7(1 — 2t) |’ 


and the megf of Y =) X?/o? is given by 


tH 1 
M(t) = ————_; a t<n-. 9.3.1 
(1) = G—apare oP = = - P PSG eee) 
A random variable that has an megf of the functional form 
1 
M(t) = ————,e9/01-28), (9.3.2) 


(1 — 2t)"/2 
where t < 3, 0 < 6, and r is a positive integer, is said to have a noncentral 
chi-square distribution with r degrees of freedom and noncentrality parameter 
9. If one sets the noncentrality parameter 9 = 0, one has M(t) = (1 — 2t)~"/?, 
which is the mgf of a random variable that is x?(r). Such a random variable can 
appropriately be called a central chi-square variable. We shall use the symbol 
x?(r,9) to denote a noncentral chi-square distribution that has the parameters r 
and 6; and we shall say that a random variable is x?(r,@) when that random variable 
has this kind of distribution. The symbol y?(r,0) is equivalent to y?(r). Thus our 
random variable Y = )>} X?/o? of this section is y? (n, 7} u?/o?). If each 1; is 
equal to zero, then Y is y?(n,0) or, more simply, Y is y?(n). 

The noncentral chi-square variables in which we have interest are certain quadratic 
forms in normally distributed variables divided by a variance o?. In our exam- 
ple it is worth noting that the noncentrality parameter of 57>) X?/o7, which is 
Soi 2/07, may be computed by replacing each X; in the quadratic form by its 
mean jj, 7 = 1,2,...,n. This is no fortuitous circumstance; any quadratic form 
Q = Q(X%,...,Xn) in normally distributed variables, which is such that Q/o? is 
x? (r, 0), has 0 = Q("1, M2,---, Un) /o7; and if Q/o? is a chi-square variable (central 
or noncentral) for certain real values of 41, W2,.-., fn, it is chi-square (central or 
noncentral) for all real values of these means. 

It should be pointed out that Theorem 9.1.1, Section 9.1, is valid whether the 
random variables are central or noncentral chi-square variables. 

We next discuss the noncentral F-distribution. If U and V are independent 
and are, respectively, y?(r1) and y?(r2), the random variable F has been defined 
by F = rgU/riV. Now suppose, in particular, that U is y?(r1,0), V is y7(re), 
and U and V are independent. The distribution of the random variable r2U/r1V 
is called a noncentral F-distribution with r; and rz degrees of freedom with 
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noncentrality parameter 6. Note that the noncentrality parameter of F' is precisely 
the noncentrality parameter of the random variable U, which is x?(r1, 6). 

There are R commands which compute the cdf of noncentral x? and F ran- 
dom variables. For example, suppose we want to compute P(Y < y), where Y 
has a y?-distribution with d degrees of freedom and noncentrality parameter b. 
This probability is returned with the command pchisq(y,d,b). The correspond- 
ing value of the pdf at y is computed by the command dchisq(y,d,b). As another 
example, suppose we want P(W > w), where W has an F-distribution with n1 and 
n2 degrees of freedom and noncentrality parameter b. This is computed by the com- 
mand 1-pf(w,ni,n2,b), while the command df(w,n1,n2,b) computes the value 
of the density of W at w. Tables of the noncentral chi-square and noncentral F- 
distributions are available in the literature also. 


EXERCISES 


9.3.1. Let Y;, i = 1,2,...,n, denote independent random variables that are, re- 
spectively, y?(ri,0;), i=1,2,...,n. Prove that Z = 77 Y; is x? (007 Ti, doy 94). 


9.3.2. Compute the mean and variance of a random variable that is y?(r, 6). 


9.3.3. Compute the mean of a random variable that has a noncentral F’-distribution 
with degrees of freedom r; and rz > 2 and noncentrality parameter 6. 


9.3.4. Show that the square of a noncentral T random variable is a noncentral F 
random variable. 


9.3.5. Let X, and X2 be two independent random variables. Let X, and Y = 
X1+ Xo be y7(r1, 91) and y?(r, 4), respectively. Here r; < r and 6; < @. Show that 
Xo is x7 (r =P 1s g— 61). 


9.3.6. In Exercise 9.2.1, if f41, u2,..., Wp» are not equal, what are the distributions 
af Q,/a*, Q,/o", and F? 


9.4 Multiple Comparisons 


Consider b independent random variables that have normal distributions with un- 
known means 11, [/2,---, 4p, respectively, and with unknown but common variance 
o?. Let k,,..., kp represent b known real constants that are not all zero. We want to 
find a confidence interval of ae kj,4;, a linear function of the means 11, fiz, ... , [b- 
To do this, we take a random sample X1;,X2;,...,Xaj of size a from the distri- 
bution N(w;,07), 7 =1,2,...,b. If we denote *"_, Xi;/a by Xj, then we know 
that Xj; is N(uj;,07/a), that )\f_,(Xi; — X;)?/o? is y?(a — 1), and that the 
two random variables are independent. Since the independent random samples are 
taken from the b distributions, the 2b random variables X_;, 0/_,(Xij — X.;)?/o?, 
j =1,2,...,b, are independent. Moreover, X.1,X.2,...,X.) and 


y a3. (Rag = Ag 
2 
j=l i=l e 
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are independent and the latter is x?[b(a—1)]. Let Z = Be k;X.;. Then Z is normal 
with mean 7? kj; and variance ba i?) o*/a, and Z is independent of 


b a 


1 Ww \2 
V= Wea ee 


j=1 i=1 
Hence the random variable 


(Sr kyXg — Da as) 2/a) DBP 8 yj — OY hay 
lie V (V/a) Di ke 


has a ¢-distribution with b(a — 1) degrees of freedom. For 0 < a < 1, let c = 
tw/2,b(a—1)- It follows that the probability is 1 — a that 


The observed values of X_;, 7 = 1,2,...,6, and V provide a 100(1—a)% confidence 
interval for ee key py. 

It should be observed that the confidence interval for = kj[4; depends upon 
the particular choice of ki, k2,..., ky. It is conceivable that we may be interested in 
more than one linear function of (41, W2,..., ly, Such as fig — f1, M3 — (1 + w2)/2, 


or fi +--++ py. We can, of course, find for each kj; a random interval that 
has a preassigned probability of including that particular 2 kj.4;. But how can we 
compute the probability that simultaneously these random intervals include their 
respective linear functions of [41, W2,...,{9? The following procedure of multiple 
comparisons, due to Scheffé, is one solution to this problem. 
The random variable ; 
Sos — oy)? 


j=l 

a? /a 
is y?(b) and, because it is a function of X ,...,X.» alone, it is independent of the 
random variable 

b a 

1 — 
V= Xi — X 4) 
b(a = 1) yy dA J i) 


Hence, the random variable 
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has an F-distribution with b and b(a — 1) degrees of freedom. For 0 < a < 1, let 
d= F(a,b,b(a—1)). Then P(F' < d) =1—aor 


b 


i)? <bde =l-a. 
PID 


Note that eee — p;)? is the square of the distance, in b-dimensional space, 
from the point (111, W2,..., ») to the random point (X 1, X.2,...,X.»). Consider a 
space of dimension b and let (¢1,t2,...,¢») denote the coordinates of a point in that 
space. An equation of a hyperplane that passes through the point (1, ju2,..., Mo) 
is given by 


ky (ti [1) t ka(te [l2) free ky(ty ie i) => 0, (9.4.1) 


where not all the real numbers k;, 7 = 1,2,...,6, are equal to zero. The square of 
the distance from this hyperplane to the piotat oo =X ito =X 9,.1.,4 = Xe) is 


[ka (X14 — pr) + ko(X 2 — po) +--+ + ky (Xp - Ho) 


A.2 
kp tho t+-+- +k oe) 


From the geometry of the situation it follows that Ee — p13) is equal to the 


maximum of expression (9.4.2) with respect to k1,k2,...,k,). Thus the inequality 
30) (Xj — wy)? < (bd)(V/a) holds if and only if 


V 
1 
; < bd (9.4.3) 
2 
Lk 
j=l 
for every real k,,k2,...,kpy, not all zero. Accordingly, these two equivalent events 


have the same probability, 1— a. However, inequality (9.4.3) may be written in the 
form 


a 


b b 
Do bX 53 — DI Ries 
1 1 


Thus the probability is 1 — a that simultaneously, for all real ky, k2,..., kp, not all 
Zero, 


b b b b 
Sj X 5 — | bd > «] - SS 0 kyu; <> ky X 7 +,| bd (>: mE (9.4.4) 
1 1 1 al 


Denote by A the event where inequality (9.4.4) is true for all real k1,..., ky, and 
denote by B the event where that inequality is true for a finite number of b-tuples 
(k1,...,k»). If A occurs, then B occurs; hence, P(A) < P(B). In the applications, 
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one is often interested only in a finite number of linear functions = kj pj. Once 
the observed values are available, we obtain from (9.4.4) a confidence interval for 
each of these linear functions. Since P(B) > P(A) = 1 — a, we have a confidence 
coefficient of at least 100(1 — a)% that the linear functions are in these respective 
confidence intervals. 


Remark 9.4.1. If the sample sizes, say a1, a2,..., a», are unequal, inequality (9.4.4) 
becomes 


and d is selected from Table V with b and (a; —1) degrees of freedom. Inequality 
(9.4.5) reduces to inequality (9.4.4) when a; = ag =-+: =a. 


Moreover, if we restrict our attention to linear functions of the form = kj [by 


with x k; = 0 (such linear functions are called contrasts), the radical in inequality 
(9.4.5) is replaced by 


where d is now found in Table V with b—1 and yo (ay — 1) degrees of freedom. m 


In multiple comparisons based on the Scheffé procedure, one often finds that 
the length of a confidence interval is much greater than the length of a 100(1 — 
a)% confidence interval for a particular linear function omy k;y;. But this is to 
be expected because in one case the probability 1 — a applies to just one event, 
and in the other it applies to the simultaneous occurrence of many events. One 
reasonable way to reduce the length of these intervals is to take a larger value of 
a, say 0.25, instead of 0.05. After all, it is still a very strong statement to say 
that the probability is 0.75 that all these events occur. There are, however, other 
multiple comparison procedures which are often used in practice. One of these is 
the Bonferroni procedure described in Exercise 9.4.2. This procedure can be used 
for a finite number of confidence intervals and, as Exercise 9.4.3 shows, the concept 
is easily extended to tests of hypotheses. In the case of the () pairwise comparisons 
of means, i.e., comparisons of the form j; — j4;, the procedure most often used is 
the Tukey—Kramer procedure; see Miller (1981) and Hsu (1996) for discussion. 
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EXERCISES 


9.4.1. If Ay, Ao,..., Az are events, prove, by induction, Boole’s inequality 
k 
P(A, U Ag U-++U Ag) < 5) P(Ai). 
1 


Then show that 
b 


P(AE NM ASN--+ Ag) > 1— $5 PAs). 
1 
9.4.2 (Bonferroni Multiple Comparison Procedure). In the notation of this section, 
let (kit, ki2,..., kin), ¢ = 1,2,...,m, represent a finite number of b-tuples. The 
problem is to find simultaneous confidence intervals for a kis jij, = 1,2,...,m, 
by a method different from that of Scheffé. Define the random variable T; by 


(a) Let the event A¢ be given by —c; < T; < c;, 1 =1,2,...,m. Find the random 
variables U; and W; such that U; < ey kij pt; < Wj is equivalent to Af. 


(b) Select ¢; = ta/(2m),b(a-1): Then P(Af) = 1—a/m; ie. P(A;) = a/m. 
Determine a lower bound on the probability that simultaneously the random 
intervals (U,,W1),...,(Um, Wm) include 4 Ky jpjy.-- oy img tj. Hint: 
Use Exercise 9.4.1. 


(c) Let a= 3, b= 6, and a = 0.05. Consider the linear functions jy) — M2, W2— Ls, 
ig — Ha, ba — (fl5 + fg)/2, and (ty + wo +--+: + ue)/6. Here m = 5. Show 
that the lengths of the confidence intervals given by the results of part (b) 
are shorter than the corresponding ones given by the method of Scheffé as 
described in the text. If m becomes sufficiently large, however, this is not the 
case. 


9.4.3. Extend the Bonferroni procedure described in the last problem to simulta- 
neous testing. That is, suppose we have m hypotheses of interest: Ho; versus Hy;, 
i=1,...,m. For testing Ho; versus Hy;, let Cj,. be a critical region of size a and 
assume Ho; is rejected if X; € Ci,., for a sample X;. Determine a rule so that we 
can simultaneously test these m hypotheses with a Type I error rate less than or 
equal to a. 


9.5 The Analysis of Variance 


Recall the one-way analysis of variance (ANOVA) problem considered in Section 
9.2 which was concerned with one factor at b levels. In this section, we are con- 
cerned with the situation where we have two factors A and B with levels a and 
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b, respectively. This is called a two-way analysis of variance (ANOVA). Let 
Xjj, ¢ = 1,2,...,a@ and j = 1,2,...,b, denote the response for factor A at level 
i and fadtor B ak level j. Denote the total sample size by n = ab. We shall assume 
that the X;;s are independent normally distributed random variables with common 
variance 0”. Denote the mean of Xj; by ju; The mean j4;; is often referred to as 
the mean of the (2, 7)th cell. For our first model, we consider the additive model 
where 


Hig = T+ (By. — B) + (By - Fs (9.5.1) 


that is, the mean in the (i, 7)th cell is due to additive effects of the levels, ¢ of factor 
A and j of factor B, over the average (constant) 7. Let a; = 7;.— 7, i=1,...,4; 
6; =; —B, j =1,...,b; and 4 = 7. Then the model can be written more simply 
as 

big = t+ a + Bj, (9.5.2) 


where )>j_, a; = 0 and ae QB; = 0. We refer to this model as being a two-way 
ANOVA model. 

For example, take a = 2, b= 3, w= 5, ay = 1, ag = —1, 2, = 1, Bo = 0, and 
(G3 = —1. Then the cell means are 


Factor B 
iL 2 3 


Factor A 1 M11 = 7 H12 = 6 113 = 5 
2) va =5 po2s=4 po3=3 


Note that for each 7, the plots of 4;; versus j are parallel. This is true for additive 
models in general; see Exercise 9.5.8. We call these plots mean profile plots. 
Had we taken 3, = G2 = 3 = 0, then the cell means would be 


Factor B 
1 2 3 


Factor A 1 Mi = 6 12 = 6 113 = 6 
2) fa =4 po =4 poz =4 


The hypotheses of interest are 


Hoa: a4 -=Q_ = 0 versus Hy 4: a; # 0, for some i, (9.5.3) 


and 
Hog: 8, =-:: =) =0 versus Hip: 2; £0, for some j. (9.5.4) 


If Hoa is true, then by (9.5.2) the mean of the (7, 7)th cell does not depend on the 
level of A. The second example above is under Hog. The cell means remain the 
same from column to column for a specified row. We call these hypotheses main 
effect hypotheses. 


Remark 9.5.1. The model just described, and others similar to it, are widely used 
in statistical applications. Consider a situation in which it is desirable to investigate 
the effects of two factors that influence an outcome. Thus the variety of a grain 


492 Inferences About Normal Models 


and the type of fertilizer used influence the yield; or the teacher and the size of the 
class may influence the score on a standardized test. Let X;; denote the yield from 
the use of variety i of a grain and type j of fertilizer. A test of the hypothesis that 
By = Bg =--+: = By = 0 would then be a test of the hypothesis that the mean yield 
of each variety of grain is the same regardless of the type of fertilizer used. m 


To construct a test of the composite hypothesis Hyg versus H,p, we could obtain 
the corresponding likelihood ratio. However, to gain more insight into such a test, 
let us reconsider the likelihood ratio test of Section 9.2, namely, that of the equality 
of the means of b distributions. There the important quadratic forms are Q, Q3, 
and Q,4, which are related through the equation Q = Q4 + Q3. That is, 


b a 


boa 
(ab—1)S? =S° 0K - XP + 0 Ky -X 5), 


j=1 1=1 j=1 i=1 


so we see that the total sum of squares, (ab — 1)S?, is decomposed into a sum 
of squares, Q4, among column means and a sum of squares, Q3, within columns. 
The latter sum of squares, divided by n = ab, is the mle of a, provided that the 


parameters are in 2; and we denote it by o2,. Of course, (ab — 1)S?/ab is the mle 
of o2 under w, here denoted by 02. So the likelihood ratio A = (02,/02)9/? is a 
monotone function of the statistic 


Qa/(b— 1) 
Q3/[b(a — 1)] 
upon which the test of the equality of means is based. 


To help find a test for Hog versus Hip, (9.5.4), return to the decomposition of 
Example 9.1.3, Section 9.1, namely, Q = Q2 + Q4 + Qs. That is, 


a b a b 
(ab—1)S Eye ~X_)?+S0 SK 5-435 0 (Kg Xi -K_ 54+ X_)?. 


i=1 j=1 i=1 j=1 i=1 j=1 


F= 


Thus the total sum of squares is decomposed into that among rows (Q2), that 
among columns (Q4), and that remaining (Qs). It is interesting to observe that 


7% = Q;/ab is the mle of o? under 2 and 


b 


ee (it Gs) ep pn 


t=1 j=1 


is that. estimator under w. A useful monotone function of the likelihood ratio 
A = (03,/02)*/? is 
= Qa/(b—1) 
Qs/[(a— 1)(b— 1)]’ 
which has, under Hog, an F-distribution with b — 1 and (a — 1)(b — 1) degrees 
of freedom. The hypothesis Hog is rejected if F > F(a,b — 1,(a—1)(b— 1)), at 
significance level a. This is the likelihood ratio test for Hog versus Hyp. 
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If we are to compute the power function of the test, we need the distribution of 
F when Hop is not true. From Section 9.3 we know, when Hj, is true, that Qa/o? 
and Q;/o? are independent (central or pone eta) chi- square variables. We shall 
compute the noncentrality parameters of Q4 /o? and Qs/o? when Hj, is true. We 
have E(Xij) = w+ 04 + 6j, E(Xi.) = wt ou, E(X 3) = w+ Bj, and E(X.) = p. 
Accordingly, the noncentrality parameter Q4/o? is 


b b 
wut BH _ ah 


and that of Q5/o? 


b a 


a? SOS (ut ait 8; w—-a—p— Bj t+p)? =0. 


j=l i=1 


Thus, if the hypothesis Hop is not true, F' has a noncentral F-distribution with b—1 
and (a—1)(b—1) degrees of freedom and noncentrality parameter a 4 G3 /o7. The 
desired probabilities can then be found in tables of the noncentral F’-distribution. 
A similar argument can be used to construct the F’ needed to test the equality 
of row means; that is, Hoa versus Hy,, (9.5.3). The F' test statistic is essentially 
the ratio of the sum of squares among rows and Q5. In particular, this F' is defined 


by 
pr __2/(a-1) 
Qs/[(a— 1)(6- 1)| 
and under Ho, : ay = Q@g =+:: = Q = O has an F-distribution with a — 1 and 


(a — 1)(b— 1) degrees of freedom. 

The analysis of variance problem that has just been discussed is usually referred 
to as a two-way classification with one observation per cell. Each combination of 7 
and 7 determines a cell; thus, there is a total of ab cells in this model. Let us now 
investigate another two-way classification problem, but in this case we take c > 1 
independent observations per cell. 

Let Xijk, 1 = 1,2,...,a, 9 = 1,2,...,b, and k = 1,2,...,c, denote n = abc 
random variables which are independent and which have normal distributions with 
common, but unknown, variance a7. Denote the mean of each Xizgky K=1,2,...,¢, 
by ju:;- Under the additive model, (9.5.1), the mean of each cell depended on its 
row and column, but often the mean is cell-specific. To allow this, consider the 
parameters 


Vig = Mig — {H+ (B. -e) + (Eh; - wh 
= fig — Hy. — Fag + Bs 


fori = 1,...a,j7 =1,...,b. Hence yj; reflects the specific contribution to the cell 
mean over and above the additive model. These parameters are called interaction 
parameters. Using the second form (9.5.2), we can write the cell means as 


Mig = w+ 04 + By + Vag; (9.5.5) 
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where )7y_, a; = 0, ae Bb; = 0, and 374 4 = my Vij = 0. This model is 
called a two-way model with interaction. 

For example, take a = 2,b = 3, u=5,aq, = lag =-1,4% =1, 2 =0, 
83 =—-1,%1 = 1, ye = 1, 13 = —2, Yor = —1, Yo2 = —1, and yo3 = 2. Then the 
cell means are 


Factor B 
1 2 3 


Factor A 1 Mi=8 wWe2=7 MW3=3 
2) va =4 po2=3 p23 =5 


Note that, if each yj; = 0, then the cell means are 


Factor B 
1 2 3 


Factor A 1 Mi=7 wy2=6 Wi3=5 
2 | va =5 po =4 p39 = 3 


Note that the mean profile plots for this second example are parallel, but those in 
the first example (where interaction is present) are not. 
The major hypotheses of interest for the interaction model are 


Hoap: Vij = 0 for all i,j versus Hy4p: yj #0, for some i, j. (9.5.6) 


From Exercise 9.1.4 of Section 9.1, we have that 


a b c a b 
So SS Yo (Kize — X...)? =be 0K. — K.P tac) (Xj. - K.P? 
t=1 g=1 k=1 i=l j=l 
a b 
+c>°) 0 (Xy. - Xi. - X54...) 
i=1 j=1 


that is, the total sum of squares is decomposed into that due to row differences, 
that due to column differences, that due to interaction, and that within cells. The 
test of Hoag versus Hi 4p is based upon an F' with (a — 1)(b— 1) and ab(c — 1) 
degrees of freedom given by 


a b 
oy Pee —X;,.-Xj.+X...) / —1)(b- 1)] 


The reader should verify that the noncentrality parameter of this F-distribution 
is equal to ee 4 Dizi %j/07. Thus F is central when Hosp : yy = 0, i = 
1,2,...,a, 7 =1,2,...,5, is true. 
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If HoaB: Vij = 0 is accepted, then one usually continues to test a; = 0, i = 
1,2,...,a, by using the test statistic 


be) \(Xj.. — X...)?/(a-1) 
F= i=l 


a b c 


YD Kage — Xiy-)?/[ab(e - 1)] 


i=1 j=1 k=1 


which has a null F-distribution with a—1 and ab(c—1) degrees of freedom. Similarly, 
the test of G; =0, 7 =1,2,...,6, proceeds by using the test statistic 


b 
ac) | (X.;.— X...)?/(b- 1) 
F= ee = ae a 


a b c 


ye (Xign — Xiz.)?/[ab(e — 1)] 


i=1 j=1 k=1 


which has a null F-distribution with 6 — 1 and ab(c — 1) degrees of freedom. 


EXERCISES 
9.5.1. Show that 


b a b 
j=l i=1 j=l i=1 j=l 
9.5.2. If at least one yj; 4 0, show that the F’, which is used to test that each inter- 
action is equal to zero, has noncentrality parameter equal to ey eae 


9.5.3. Using the background of the two-way classification with one observation per 
cell, show that the maximum likelihood estimator of a;, 3;, and ware Q; = X;,—X_, 
B; =X = Xs, and ji = Xs respectively. Show that these are unbiased estimators 
of their respective parameters and compute var(d;), var(3;), and var(jz). 


9.5.4. Prove that the linear functions X;; — xX, = Xx; +X. and Xx; —X_ are 
uncorrelated, under the assumptions of this section. 


9.5.5. Given the following observations associated with a two-way classification 
with a = 3 and b = 4, compute the F-statistic used to test the equality of the 
column means ((31 Bo Bs Ba 0) and the equality of the row means 
(a1 = a2 = a3 = 0), respectively. 


Row/Column = 1 2 3 4 
1 3.1 42 2.7 49 
2 2.7 29 1.8 3.0 
3 40 46 3.0 3.9 
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9.5.6. With the background of the two-way classification with c > 1 observations 
per cell, show that the maximum likelihood estimators of the parameters are 


& = Xi-X.. 

Bi = Xy.-X... 

Ag = Xe — Ky. — XZ EK 
j= X... 


Show that these are unbiased estimators of the respective parameters. Compute 
the variance of each estimator. 


9.5.7. Given the following observations in a two-way classification with a = 3, 
b = 4, and c = 2, compute the F-statistics used to test that all interactions are 
equal to zero (7; = 0), all column means are equal (@; = 0), and all row means are 
equal (a; = 0), respectively. 


Row/Column 1 2 3 4 


il 3.1 4.2 2.7 4.9 
2.9 49 3.2 4.5 
2 2.7 2.9 1.8 3.0 
2.9 2.3 24 3.7 
3 4.0 46 3.0 3.9 


44 5.0 2.5 4.2 


9.5.8. For the additive model (9.5.1), show that the mean profile plots are parallel. 
The sample mean profile plots are given by plotting X ij. versus j, for each 7. These 
offer a graphical diagnostic for interaction detection. Obtain these plots for the last 
exercise. 


9.5.9. We wish to compare compressive strengths of concrete corresponding to 
a = 3 different drying methods (treatments). Concrete is mixed in batches that 
are just large enough to produce three cylinders. Although care is taken to achieve 
uniformity, we expect some variability among the b = 5 batches used to obtain the 
following compressive strengths. (There is little reason to suspect interaction, and 
hence only one observation is taken in each cell.) 


Batch 
‘Treatment By Bo Bg Bs Bs 
Ay 52. 47 44 51 42 
Ag 60 55 49 52 43 
Az 56 48 45 44 38 


(a) Use the 5% significance level and test Ha : ay = a2 = a3 = 0 against all 
alternatives. 


(b) Use the 5% significance level and test Hg : 3; = 2 = Ps = 84 = Bs = 0 
against all alternatives. 
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9.5.10. With a = 3 and b = 4, find p,a;, 8; and yj; if wij, for i = 1,2,3 and 
j = 1,2,3,4, are given by 


6 7 7 12 
10 3 ll 8 
8 5 9 10 


9.6 A Regression Problem 


There is often interest in the relationship between two variables, for example, a 
student’s scholastic aptitude test score in mathematics and this same student’s 
grade in calculus. Frequently, one of these variables, say x, is known in advance 
of the other, and hence there is interest in predicting a future random variable Y. 
Since Y is a random variable, we cannot predict its future observed value Y = y 
with certainty. Thus let us first concentrate on the problem of estimating the mean 
of Y, that is, E(Y). Now E(Y) is usually a function of x; for example, in our 
illustration with the calculus grade, say Y, we would expect E(Y) to increase with 
increasing mathematics aptitude score x. Sometimes E(Y) = p(x) is assumed to 
be of a given form, such as a linear or quadratic or exponential function; that is, 
u(x) could be assumed to be equal to a + Gx or a+ Ba +2? or ae®*. To estimate 
E(Y) = u(x), or equivalently the parameters a, 3, and y, we observe the random 
variable Y for each of n possible different values of x, say 71,%2,...,2,, which are 
not all equal. Once the n independent experiments have been performed, we have 
n pairs of known numbers (21, y1), (¥2, y2),---; (Ln, Yn). These pairs are then used 
to estimate the mean £(Y). Problems like this are often classified under regression 
because E(Y) = pu(a) is frequently called a regression curve. 


Remark 9.6.1. A model for the mean such as a + Gx + y2? is called a linear 
model because it is linear in the parameters a, 3, and y. Thus ae®* is not a linear 
model because it is not linear in a and @. Note that, in Sections 9.1 to 9.4, all the 
means were linear in the parameters and hence are linear models. @ 


Let us begin with the case in which E(Y) = p(x) is a linear function. Denote 
by Y; the response at x; and consider the model 


Y¥,; =a+(G(a,;-F)+e,, i=1,...,n, (9.6.1) 


where F = n~! >i, aj and e1,...,€n are iid random variables with a common 
N(0,o7) distribution. Hence E(Y;) = a + B(x; — Z), Var(¥i) = 07, and Y; has 
N(a+ B(aj — 2%), 07) distribution. The n points are (71, y1), (@2, y2),---;(@n; Yn); 
so the first problem is that of fitting a straight line to the set of points. Figure 9.6.1 
shows a scatterplot of 60 observations (21, y1),---, (260, Yeo) drawn from a linear 
model of the form (9.6.1). 


The joint pdf of Y1,...,Y, is the product of the individual probability density 
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functions; that is, the likelihood function equals 


L(a, 8,07) = J] : exp {ne A =| 


202 


Figure 9.6.1: The plot shows the least squares fitted line (solid line) to a set of 
data. The dashed-line segment from (a;, 9) to (a, y;) shows the deviation of (2;, y;) 
from its fit. 


To maximize L(a, 3,07), or, equivalently, to minimize 


Mf ,-= 2 
— log L(a, 8,07) = 5 log(2mo?) + ee 


we must select a and @ to minimize 


Since |y; — a — O(a; — %)| = |yi — u(a;)| is the vertical distance from the point 
(a;, yi) to the line y = u(x) (see the dashed-line segment in Figure 9.6.1), we note 
that H(a,() represents the sum of the squares of those distances. Thus, selecting 
a and (@ so that the sum of the squares is minimized means that we are fitting the 
straight line to the data by the method of least squares (LS). 
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To minimize H(a, 3), we find the two first partial derivatives, 


ome) =2) "tn B)|(-1) 


and 


Setting OH (a, 3)/Oa = 0, we obtain 


So yi —na— 8S (a; — 7%) =0. (9.6.2) 
i=l i=1 


Since 


we have that 


and, thus, the mle of a is 
a=yY. 


The equation 0H (a, 3)/0G = 0 yields, with a replaced by J, 


n n 


(vi — D(a —F) - BY (ai — 2)? =0 (9.6.3) 


i=1 i=1 

and, hence, the mle of ( is 

TR Pie-z) _ OM Vile) 
doje (Bi — F)? doin (@i — F)? 


Equations (9.6.2) and (9.6.3) are the estimating equations for the LS solutions for 
this simple linear model. The fitted value at the point (x;,y;) is given by 


B= 


ji = + B(x; - 2), (9.6.4) 


which is shown on Figure 9.6.1. The fitted value %; is also called the predicted 
value of y; at «;. The residual at the point (2;, y;) is given by 


€i = Yi — Vis (9.6.5) 
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which is also shown on Figure 9.6.1. Residual means “what is left” and the residual 
in regression is exactly that, i.e., what is left over after the fit. The relationship 
between the fitted values and the residuals is explored in Exercise 9.6.11. 

To find the maximum likelihood estimator of 0”, consider the partial derivative 


d[-logL(a,B,o*)] on — Viealyi— a — B(zi = =)P 


O(o?) Qo? 2(a7)? 


Setting this equal to zero and replacing a and ( by their solutions @ and B, we 
obtain 


Of course, due to the invariance of mles, é = Vé?. Note that in terms of the resid- 
uals, 6? = n~!S7i_, €?. As shown in Exercise 9.6.11, the average of the residuals 
is 0. 

Since @ is a linear function of independent and normally distributed random 
variables, @ has a normal distribution with mean 


and variance 


The estimator B is also a linear function of Y,, Y2,...,Y;, and hence has a normal 
distribution with mean 


_ cp ener =F) Cyt = z)? = 
Die (41 — 7)? 
and variance 
var(3) = : a =| var(Y;) 


In summary, the estimators @ and B are linear functions of the independent 
normal random variables Y;,...,Y;,. In Exercise 9.6.10 it is further shown that the 
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covariance between @ and B is zero. It follows that @ and B are independent random 
variables with a bivariate normal distribution; that is, 


4 0 
( ) has a N2 (( 3 ) 02 | 7 1 }) distribution. (9.6.6) 
ar Li—-L 2 


Next, we consider the estimator of o?. It can be shown (Exercise 9.6.6) that 


> &> 


M 
= 
: 
| 
2 
& 
| 
al 
“e 
lI 
pe 
ae 
@ 
= 
al 


or for brevity, 
Q=Q14+ Q24+ Qs. 


Here Q, Q1, Q2, and Q3 are real quadratic forms in the variables 
Y,; -a—G(a;,-F), t=1,2,...,n 


In this equation, Q@ represents the sum of the squares of n independent random 
variables that have normal distributions with means zero and variances 07. Thus 
Q/o? has a x? distribution with n degrees of freedom. Each of the random variables 
Jn(&@ —a)/o and >> (ai — F)?(3 — 8)/o has a normal distribution with zero 
mean and unit variance; thus, each of Q;/a? and Q2/o? has a y? distribution with 
1 degree of freedom. Since Q3 is nonnegative, we have, in accordance with Theorem 
9.1.1, that Q1,Q2, and Q3 are independent, so that Q3/o? has a x? distribution 
with n —1—1=n-—2 degrees of freedom. That is, né?/o? has a y? distribution 
with n — 2 degrees of freedom. 

We now extend this discussion to obtain inference for the parameters a and (3. 
It follows from the above derivations that both the random variable T; 

7, — Wila-a/o ___a~a 
Oslo =) aM n—2) 


and the random variable T> 


[Vora —76-—)|/o ap 
Qllrn—Ml nd? [nD (i - 7) 


have a t-distribution with n — 2 degrees of freedom. These facts enable us to obtain 
confidence intervals for a and ; see Exercise 9.6.3. The fact that no?/o? has a 
x? distribution with n — 2 degrees of freedom provides a means of determining a 
confidence interval for 07. These are some of the statistical inferences about the 


parameters to which reference was made in the introductory remarks of this section. 


2= 
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Remark 9.6.2. The more discerning reader should quite properly question our 
construction of JT, and 7) immediately above. We know that the squares of the 
linear forms are independent of Q3 = nd’, but we do not know, at this time, 
that the linear forms themselves enjoy this independence. A more general result is 
obtained in Theorem 9.9.1 of Section 9.9 and the present case is a special instance. 
| 


Example 9.6.1 (Geometry of the Least Squares Fit). In the modern literature, 
linear models are usually expressed in terms of matrices and vectors, which we 
briefly introduce in this example. Furthermore, this allows us to discuss the simple 
geometry behind the least squares fit. Consider then Model (9.6.1). Write the 
vectors Y = (Yi,..., Yn)’, e = (e1,.--,@n)’, and x. = (a1 — Z,..., Up — F)’. Let 
1 denote the n x 1 vector whose components are all 1. Then Model (9.6.1) can be 
expressed equivalently as 


Y 


al+(x,.+e 


= ax](§ )+e 


= XBte, (9.6.7) 


where X is the nm x 2 matrix with columns 1 and x, and @ = (a,{)’. Next, let 
6 = E(Y) = XB. Finally, let V be the two-dimensional subspace of R” spanned by 
the columns of X; i.e., V is the range of the matrix X. Hence we can also express 
the model succinctly as 

Y=O0+e, OEY. (9.6.8) 


Hence, except for the random error vector e, Y would lie in V. It makes sense 
intuitively then, as suggested by Figure 9.6.2, to estimate @ by the vector in V 
which is “closest” (in Euclidean distance) to Y, that is, by 0, where 


6 = Argming.,||Y — 4||”, (9.6.9) 


where the square of the Euclidean norm is given by |/ul|? = 57, u?, for ue R”. 
As shown in Exercise 9.6.11 and depicted on the plot in Figure 9.6.2, 6 = 614 Bx, 
where @ and B are the least squares estimates given above. Also, the vector € = 
Y — @ is the vector of residuals and né? = ||é||?. Also, just as depicted in Figure 
9.6.2, the angle between the vectors 6 andé@isa right angle. In linear models, we 
say that 6 is the projection of Y onto the subspace V. m 


EXERCISES 


9.6.1. Students’ scores on the mathematics portion of the ACT examination, x, 
and on the final examination in the first-semester calculus (200 points possible), y, 
are given. 


(a) Calculate the least squares regression line for these data. 
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Figure 9.6.2: The sketch shows the geometry of least squares. The vector of 


responses is Y, the fit is 8, and the vector of residuals is é. 


(b) Plot the points and the least squares regression line on the same graph. 


(c) Find point estimates for a, 3, and o?. 


(d) Find 95% confidence intervals for a and 3 under the usual assumptions. 


x 
25 
20 
26 
26 
28 
28 
29 
32 


Y 
138 


84 
104 
112 
88 
132 
90 
183 


Y 
100 


143 
141 
161 
124 
118 
168 


9.6.2 (Telephone Data). Consider the data presented below. The responses (y) for 
this data set are the numbers of telephone calls (tens of millions) made in Belgium 
for the years 1950 through 1973. Time, the years, serves as the predictor variable 
(x). The data are discussed on page 172 of Hettmansperger and McKean (2011). 
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Year 50 51 52 53 54 55 
No. Calls | 0.44 0.47 0.47 0.59 0.66 0.73 
Year 56 57 58 59 60 61 
No. Calls | 0.81 0.88 1.06 1.20 1.35 1.49 


Year 62 63 64 65 66 67 
No. Calls | 1.61 2.12 11.90 12.40 14.20 15.90 
Year 68 69 70 71 72 73 
No. Calls | 18.20 21.20 430 2.40 2.70 2.90 


(a) Calculate the least squares regression line for these data. 
(b) Plot the points and the least squares regression line on the same graph. 
(c) What is the reason for the poor least squares fit? 


9.6.3. Find (1 — a@)100% confidence intervals for the parameters a and ( in Model 
(9.6.1). 
9.6.4. Consider Model (9.6.1). Let m9 = E(Y|x = vp — 2). The least squares 
estimator of 79 is fo = @ + B(ap — 2). 

(a) Using (9.6.6), determine the distribution of fio. 

(b) Obtain a (1 — a)100% confidence interval for no. 


9.6.5. Assume that the sample (21, Y1),..., (@n, Yn) follows the linear model (9.6.1). 
Suppose Yo is a future observation at x = xp — F and we want to determine a pre- 
dictive interval for it. Assume that the model (9.6.1) holds for Yo; i.e., Yo has a 
N(a+ B(ao — Z), 07) distribution. We use fo of Exercise 9.6.4 as our prediction of 
Yo. 
(a) Obtain the distribution of Yo — jo. Use the fact that the future observation 
Yo is independent of the sample (21, Y1),.-.,(%n; Yn). 


(b) Determine a t-statistic with numerator Yo — fo. 


(c) Now beginning with 1 — a = P[—tgjon—-2 < T < ta/2n—2], where 0 <a <1, 
determine a (1 — a)100% predictive interval for Yo. 

(d) Compare this predictive interval with the confidence interval obtained in Ex- 
ercise 9.6.4. Intuitively, why is the predictive interval larger? 


9.6.6. Show that 


n 


dilMi-—a—- Bai —B)? = n(A—a)’ + (8-6)? (ei — 2)? + 1M 


i=l i= i=1 


B(ai —B)). 


> 


9.6.7. Let the independent random variables Y,, Y2,...,Y;, have, respectively, the 
probability density functions N(@x;,722?), i = 1,2,...,n, where the given numbers 
%1,02,...,% are not all equal and no one is zero. Find the maximum likelihood 
estimators of 3 and 7”. 
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9.6.8. Let the independent random variables Y,,...,Y;, have the joint pdf 


: 1 n/2 1 n — 
L(a, B,o°) = (==) exp 1 — 553 Sli — a - Bai - 2)? >, 
1 


where the given numbers 21, 22,...,2n are not all equal. Let Ho : 6 = 0 (a and 
o” unspecified). It is desired to use a likelihood ratio test to test Ho against all 
possible alternatives. Find A and see whether the test can be based on a familiar 
statistic. 

Hint: In the notation of this section, show that 


So (Vi - 6)? = Q3+ PS \ (ai — 2). 


9.6.9. Using the notation of Section 9.2, assume that the means ju; satisfy a linear 
function of j7, namely, wu; = c+ d[j — (b+ 1)/2]. Let independent random samples 
of size a be taken from the b normal distributions having means ji, /l2,..-, Lo, 
respectively, and common unknown variance o?. 

(a) Show that the maximum likelihood estimators of c and d are, respectively, 


é= XxX. and no 
yal — (6 +:1)/2)? 
(b) Show that 
a b Batocs a b _ ft. sat : 
a ee = D3 [Xe -%.-aG-)] 
2 ° — b+1)\? 
“ aaa) 


(c 


a 


Argue that the two terms in the right-hand member of part (b), once divided 
by o?, are independent random variables with \? distributions provided that 
d=0. 


(d) What F-statistic would be used to test the equality of the means, that is, 
Ho :d=0? 


9.6.10. Show that the covariance between @ and B is zero. 
9.6.11. Reconsider Example 9.6.1. 


(a) Show that 6 = 41+ @x., where @ and # are the least squares estimators 
derived in this section. 


(b) Show that the vector é = Y — @ is the vector of residuals; i.e., its ith entry is 
é;, (9.6.5). 
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(c) As depicted in Figure 9.6.2, show that the angle between the vectors @ and é 
is a right angle. 


(d) Show that the residuals sum to zero; i.e., 1’6 = 0. 


9.6.12. Fit y=a+-2 to the data 


<<] 
HO 
jw] He 
BB} 


by the method of least squares. 


9.6.13. Fit by the method of least squares the plane z = a+ bx + cy to the five 
points (x, Y, z) : =i, —2, 5), (0, —2, 4), (0, 0, 4), (1, 0, 2), (2, 1, 0). 


9.6.14. Let the 4 x 1 matrix Y be multivariate normal N(X,07I), where the 
4x 3 matrix X equals 


i, + 3 
tt 
X=!) 6-3 
1G uf 


and @ is the 3 x 1 regression coefficient matrix. 
(a) Find the mean matrix and the covariance matrix of @ = (X’X)~'X’Y. 
(b) If we observe Y’ to be equal to (6,1, 11,3), compute B. 


9.6.15. Suppose Y is an n x 1 random vector, X is an n xX p matrix of known 
constants of rank p, and @ is a p x 1 vector of regression coefficients. Let Y 
have a N(X,o7I) distribution. Discuss the joint pdf of @ = (X’X)~!X'Y and 
Y'[T— X(X'X)-1 XY /o?. 


9.6.16. Let the independent normal random variables Y), Y2,...,Y, have, respec- 
tively, the probability density functions N(y, y2x?), i= 1,2,...,n, where the given 
%1,0%2,...,%, are not all equal and no one of which is zero. Discuss the test of 


the hypothesis Hy : y = 1, uw unspecified, against all alternatives Hi : y 4 1, pu 
unspecified. 


9.6.17. Let Y,,Yo,...,Y, be nm independent normal variables with common un- 
known variance o?. Let Y; have mean $2;, i = 1,2,...,n, where %1,%2,...,%p are 
known but not all the same and @ is an unknown constant. Find the likelihood 
ratio test for Ho : G = 0 against all alternatives. Show that this likelihood ratio 
test can be based on a statistic that has a well-known distribution. 


9.7 <A Test of Independence 


Let X and Y have a bivariate normal distribution with means pi, and fig, posi- 


tive variances 0? and 03, and correlation coefficient p. We wish to test the hy- 


pothesis that X and Y are independent. Because two jointly normally distributed 
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random variables are independent if and only if p = 0, we test the hypothesis 
Ho : p = 0 against the hypothesis H; : p # 0. A likelihood ratio test is used. 
Let (X1,Y1), (Xa, Yo),...,(Xn, Yn) denote a random sample of size n > 2 from the 
bivariate normal distribution; that is, the joint pdf of these 2n random variables is 
given by 

f (21, y1)f (@2, ye) ++ f(tn; Yn): 


Although it is fairly difficult to show, the statistic that is defined by the likelihood 
ratio A is a function of the statistic, which is the mle of p, namely, 


Soi (Xs = X)(% _ ¥) 


R= (9.7.1) 


Sous eo an oa 


This statistic R is called the sample correlation coefficient of the random sample. 
Following the discussion after expression (5.4.5), the statistic R is a consistent 
estimate of p; see Exercise 9.7.5. The likelihood ratio principle, which calls for the 
rejection of Ho if A < Xo, is equivalent to the computed value of |R| > c. That 
is, if the absolute value of the correlation coefficient of the sample is too large, we 
reject the hypothesis that the correlation coefficient of the distribution is equal to 
zero. To determine a value of c for a satisfactory significance level, it is necessary 
to obtain the distribution of R, or a function of R, when Ho is true, as we outline 
next. 

Let X, = 41,X2q = %o,...,Xn = In, N > 2, where 71,%2,...,2n and F = 
yoy @;/n are fixed numbers such that 5>/'(2;-Z)? > 0. Consider the conditional pdf 
of Y,, Yo,..., Yn given that X1 = 271, Xo = %,...,Xn = Xn. Because Yj, Y2,...,Yn 
are independent and, with p = 0, are also independent of X,, X2,...,Xn, this 
conditional pdf is given by 


(=-) exp 1-3 Yu = mv 


Let R, be the correlation coefficient, given X; = 71, X2 = %2,..., Xn = Xn, So that 


is like G of Section 9.6 and has mean zero when p = 0. Thus, referring to T> of 
Section 9.6, we see that 


Rey L(V — Y)P?/V Ue — FP — Ren —2 
ns {v-¥-[RefSRnO P/E GP] e-my VIO Re 
oe Bee eee 


(n—2) dj=1 (@j—-®) 


(9.7.2) 
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has, given X; = %,...,Xpn = Xn, a conditional t-distribution with n— 2 degrees of 
freedom. Note that the pdf, say g(t), of this ¢-distribution does not depend upon 
L1,22,..-,Xn. Now the joint pdf of X1, Xo,..., Xp, and Ryn — 2/V/1— R?, where 


is the product of g(t) and the joint pdf of Xy,...,X,. Integration on 71, 22,...,2n 
yields the marginal pdf of Ryn — 2/V1— R?; because g(t) does not depend upon 
£1, 22,.--,Xn, it is obvious that this marginal pdf is g(t), the conditional pdf of 
RVn— 2/V1— R?. The change-of-variable technique can now be used to find the 
pdf of R. 


Remark 9.7.1. Since R has, when p = 0, a conditional distribution that does not 
depend upon #1, 2%2,...,2n (and hence that conditional distribution is, in fact, the 
marginal distribution of R), we have the remarkable fact that R is independent of 
X 1, X2,...,Xn. It follows that R is independent of every function of X1, X2,...,Xn 
alone, that is, a function that does not depend upon any Y;. In like manner, R is 
independent of every function of Yj, Y2,...,Y, alone. Moreover, a careful review of 
the argument reveals that nowhere did we use the fact that X has a normal marginal 
distribution. Thus, if X and Y are independent, and if Y has a normal distribution, 
then R has the same conditional distribution whatever is the distribution of X, 
subject to the condition >) (2; — F)? > 0. Moreover, if P[}7/ (Xi — X)? > 0] = 1, 
then R has the same marginal distribution whatever is the distribution of X. m 


If we write T = Ryn — 2/V1— R?, where T has a t-distribution with n—2 > 0 
degrees of freedom, it is easy to show by the change-of-variable technique (Exercise 
9.7.4) that the pdf of R is given by 


T[(n=1)/2] _ p2)\(n—4)/2 
h(r) = TS) [m—2)/2] Ger) are (9.7.3) 


elsewhere. 
We have now solved the problem of the distribution of R, when p = 0 and n > 2, 
or perhaps more conveniently, that of Ry/n — 2/1 — R?. The likelihood ratio test 
of the hypothesis Hp : p = 0 against all alternatives H, : p £ 0 may be based either 


on the statistic R or on the statistic RYn — 2/V1— R? = T, although the latter is 
easier to use. Therefore, a level a test is to reject Ho : p = 0 if |T'| > tas2n—2- 


Remark 9.7.2. It is possible to obtain an approximate test of size a by using the 


fact that F fp 
+ 
Wag re (=a) 
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has an approximate normal distribution with mean 4 log[(1 + p)/(1— p)] and with 
variance 1/(n — 3). We accept this statement without proof. Thus a test of Hp : 
p = 0 can be based on the statistic 


_ zlosl(d + R)/(— RB) ~ 3 logit + 0)/0— a] 
1/(n — 3) 
with p = 0 so that 4 log[(1 + p)/(1 — p)] = 0. However, using W, we can also test 


a hypothesis like Ho : p = po against Hy : p # po, where po is not necessarily zero. 
In that case, the hypothesized mean of W is 


Z 


? 


1 1 
— log =a : 
2 1— po 


EXERCISES 
9.7.1. Show that 


9.7.2. A random sample of size n = 6 from a bivariate normal distribution yields 
a value of the correlation coefficient of 0.89. Would we accept or reject, at the 5% 
significance level, the hypothesis that p = 0? 


9.7.3. Verify Equation (9.7.2) of this section. 
9.7.4. Verify the pdf (9.7.3) of this section. 


9.7.5. Using the results of Section 4.5, show that R, (9.7.1), is a consistent estimate 
of p. 


9.7.6. Two experiments gave the following results: 


n 2. Y Sx Sy r 
100 10 20 5 8 0.70 
200 12 22 6 10 += 0.80 


Calculate r for the combined sample. 


9.8 The Distributions of Certain Quadratic Forms 


Remark 9.8.1. It is essential that the reader have the background of the multi- 
variate normal distribution as given in Section 3.5 to understand Sections 9.8 and 
9.9. & 
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Remark 9.8.2. We make use of the trace of a square matrix. If A = [a;,;] is an 
n X n matrix, then we define the trace of A, (tr A), to be the sum of its diagonal 
entries; i.e., 


wA= ae. (9.8.1) 
i=1 


The trace of a matrix has several interesting properties. One is that it is a linear 
operator; that is, 
tr(aA + 6B) =atrA+bdtrB. (9.8.2) 


A second useful property is: If A is ann x m matrix, B is an m x k matrix, and C 
isa k x n matrix, then 


tr (ABC) = tr (BCA) = tr (CAB). (9.8.3) 


The reader is asked to prove these facts in Exercise 9.8.7. Finally, a simple but 
useful property is that tra = a, for any scalar a. @ 


We begin this section with a more formal but equivalent definition of a quadratic 
form. Let X = (X1,...,X,) be an n-dimensional random vector and let A be a 
real n xX n symmetric matrix. Then the random variable Q = X’AX is called a 
quadratic form in X. Due to the symmetry of A, there are several ways we can 
write Q: 


i=1 j=1 i=1 tAj 
= s aX? + ae S aij XX}. 
i=1 t<Jj 


(9.8.5) 


These are very useful random variables in analysis of variance models. As the 
following theorem shows, the mean of a quadratic form is easily obtained. 


Theorem 9.8.1. Suppose the n-dimensional random vector X has mean pe and 
variance-covariance matric 4. Let Q = X'AX, where A is a real n xX n symmetric 
matriz. Then 


E(Q)=trAdS+p’Aup. (9.8.6) 
Proof: Using the trace operator and property (9.8.3), we have 


E(Q) = E(tr X'AX) E(tr AXX’) 
= trAE(XX’) 
tr A(X + pp’) 


= trAX+uyp’'Ap, 


l| 


where the third line follows from Theorem 2.6.3. 
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Example 9.8.1 (Sample Variance). Let X’ = (X1,...,Xn) be an n-dimensional 
vector of random variables. Let 1’ = (1,...,1) be the n-dimensional vector whose 
components are 1. Let I be the n x n identity matrix. Consider the quadratic form 
Q=xX'(I- 1J)X, where J = 11’; ie., J is an n x n matrix with all entries equal 
to 1. Note that the off-diagonal entries of (I— +,J) are —n~! while the diagonal 
entries are 1 — n~!; hence, by (9.8.4), Q simplifies to 


” 1 
Q = yx (i-t 


i=l iFj 
n 1 1 n n n 
= 2 a, ; ville 2 
= Sx (1-4)-ty yuri yx 
w=1 i=1 j=l w=1 
= \\X?-nX’ = (n-1)8", (9.8.7) 
w=1 
where X and S$? denote the sample mean and variance of X1,..., Xn. 
Suppose we further assume that X1,...,X,, are iid random variables with com- 


mon mean p and variance o?. Using Theorem 9.8.1, we can obtain yet another 


proof that S? is an unbiased estimate of o?. Note that the mean of the random 
vector X is 1 and that its variance-covariance matrix is c7I. Based on Theorem 
9.8.1, we find immediately that 


E(S?) = z 7 {tt (x- 3) ost pw (11 - =1'11'1)} =o. # 
n— nm nm 


The spectral decomposition of symmetric matrices proves quite useful in this 
part of the chapter. As discussed around expression (3.5.4), a real symmetric matrix 
A can be diagonalized as 


A=I"Ar, (9.8.8) 


where A is the diagonal matrix A = diag(A1,...,An), A1 > ++: > An are the eigen- 
values of A, and the columns of I’ = [v; ---v,] are the corresponding orthonormal 
eigenvectors (i.e., F is an orthogonal matrix). Recall from linear algebra that the 
rank of A is the number of nonzero eigenvalues. Further, because A is diagonal, we 
can write this expression as 


A=S> \vivi. (9.8.9) 
i=1 


For normal random variables, we can use this last equation to obtain the mgf of the 
quadratic form Q. 


Theorem 9.8.2. Let X' = (X1,...,Xn), where X1,...,Xn are tid N(0,07). Con- 
sider the quadratic form Q = 0~*X' AX for a symmetric matric A of rank r <n. 
Then Q has the moment generating function 

M(t) = [[Q@- 2t:) 1? = |[- 2tal-?, (9.8.10) 


i=1 
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where 1,...,Ar are the nonzero eigenvalues of A, |t| < 1/(2A*), and the value of 
A* is given by AX* = maxi<i<r |Aj|- 


Proof: Write the spectral decomposition of A as in expression (9.8.9). Since the 
rank of A is r, exactly r of the eigenvalues are not 0. Denote the nonzero eigenvalues 
by Ay,...,A-. Then we can write @ as 


Q= Dx otviX (9.8.11) 


Let I, = [vi---v,] and define the r-dimensional random vector W by W = 
o 1T\X. Since X is N,(0,07I,) and MP, = I, Theorem 3.5.1 shows that W 
has a N,(0,I,-) distribution. In terms of the W;, we can write (9.8.11) as 


Q=> > \W?. (9.8.12) 
w=1 


Because W,,...,W, are independent N(0,1) random variables, W?,...,W,? are 
independent y?(1) random variables. Thus the mef of Q is 


exp 1S t\;W? y 
i=l 


r 


= [] Hlexptea.w23] = [[G@- 20a)". (9.8.13) 


i=l i=l 


Elexp{tQ}] E 


The last equality holds if we assume that |t| < 1/(2\*), where A* = maxj<i<; |Ai|; 
see Exercise 9.8.6. To obtain the second form in (9.8.10), recall that the determinant 
of an orthogonal matrix is 1. The result then follows from 


\I—2tA| = |IYT—- 2t’AT| = |I’(1- 2tA)T| 
7 -2 
= |I-2tA|= {Te = aru | 
i=1 
Example 9.8.2. To illustrate this theorem, suppose X;, i = 1,2,...,n, are in- 
dependent random variables with X; distributed as N(yj;,07), i = 1, am ,n, Te- 


spectively. Let Z; = (X; — pi)/o;i. We know that >>;"., Z? has a y? distbsistion 
with n degrees of freedom. To illustrate Theorem 9.8.2, let Z! = (%,...,Zn). Let 
Q = Z'IZ. Hence the symmetric matrix associated with Q is the identity matrix I, 
which has n eigenvalues, all of value 1; i.e., A; = 1. By Theorem 9.8.2, the mgf of 
Q is (1— 2t)~"/?; ie., Q is distributed \? with n degrees of freedom. m 


In general, from Theorem 9.8.2, note how close the mgf of the quadratic form 
Q is to the mef of a y? distribution. The next two theorems give conditions where 
this is true. 
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Theorem 9.8.3. Let X! = (X1,Xo2,...,Xn) have a N,(p, =) distribution, where 
= is positive definite. Then Q = (X — p)'N~1(X — p) has a y?(n) distribution. 


Proof: Write the spectral decomposition of % as % = I’ AT, where T is an orthog- 
onal matrix and A = diag{A1,...,An} is a diagonal matrix whose diagonal entries 
are the eigenvalues of &. Because & is positive definite, all A; > 0. Hence we can 
write 


Sta=VaAUTa=Mat?rra lp, 
where A7!/? = diag{A;'/",...,An//?}. Thus we have 


Q= {ar - w\I {a-rcK — y)}. 


But by Theorem 3.5.1, it is easy to show that the random vector A~!/?T(X — p) 
has a N,,(0,1) distribution; hence, Q has a y?(n) distribution. m 


The remarkable fact that the random variable Q in the last theorem is y?(n) 
stimulates a number of questions about quadratic forms in normally distributed 
variables. We would like to treat this problem generally, but limitations of space 
forbid this, and we find it necessary to restrict ourselves to some special cases; see, 
for instance, Stapleton (1995) for discussion. 

Recall from linear algebra that a symmetric matrix A is idempotent if A? = A. 
In Section 9.1, we have already met some idempotent matrices. For example, the 
matrix I — +J of Example 9.8.1 is idempotent. Idempotent matrices possess some 
important characteristics. Suppose A is an eigenvalue of an idempotent matrix A 
with corresponding eigenvector v. Then the following identity is true: 


\v = Av = A*’v = \Av = )?Vv. 


Hence A(A — 1)v = 0. Since v 4 0, A = 0 or 1. Conversely, if the eigenvalues 
of a real symmetric matrix are only 0s and 1s then it is idempotent; see Exercise 
9.8.10. Thus the rank of an idempotent matrix A is the number of its eigenvalues 
which are 1. Denote the spectral decomposition of A by A = I’AT, where A is 
a diagonal matrix of eigenvalues and [ is an orthogonal matrix whose columns are 
the corresponding orthonormal eigenvectors. Because the diagonal entries of A are 
0 or 1 and [ is orthogonal, we have 


tr A = tr ATT” = tr A = rank(A); 


i.e., the rank of an idempotent matrix is equal to its trace. 


Theorem 9.8.4. Let X! = (X1,...,Xn), where Xq,...,Xn are tid ne wo. bet 
Q=0-?X'AX for a symmetric matrix A with rank r. Then Q has a x?(r) distri- 
bution if and only if A is idempotent. 
Proof: By Theorem 9.8.2, the mgf of Q is 

Mo(t) = [[ (1 - 2tas) 1”, (9.8.14) 


i=1 
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where A1,...,A, are the r nonzero eigenvalues of A. Suppose, first, that A is 
idempotent. Then Ay = --. = \, = 1 and the mef of Q is Mg(t) = (1 — 2t)~"/?; 
ie., Q has a y7(r) distribution. Next, suppose Q has a x?(r) distribution. Then 
for t in a neighborhood of 0, we have the identity 


[]@-2ta:)77? = Gd -28)-*”, 
i=1 
which, upon squaring both sides, leads to 


e 


[[@ - 2¢) = @ - 22)", 

i=1 
By the uniqueness of the factorization of polynomials, A; =--: = A, = 1. Hence A 
is idempotent. m 


Example 9.8.3. Based on this last theorem, we can obtain quickly the distri- 
bution of the sample variance when sampling from a normal distribution. Sup- 
pose Xj, X2,...,Xn are iid N(u,07). Let X = (Xi, X2,..., Xn)’. Then X has a 
Nn(~1, 071) distribution, where 1 denotes an x 1 vector with all components equal 
to 1. Let S$? = (n—1)7! O_, (X; — X)?. Then by Example 9.8.1, we can write 


— 1)S? 1 1 
oa =o “xX! (x - 3) X=o0-7(K— 1)’ (x - +3) (X — 11), 

o n n 
where the last equality holds because (I — 1J ) 1=0. Because the matrix I— 1J is 
idempotent, tr (I— +J) =n-—1, and X—1 is N,,(0, 071), it follows from Theorem 
9.8.4 that (n — 1)$*/o? has a x?(n — 1) distribution. m 


Remark 9.8.3. If the normal distribution in Theorem 9.8.4 is N,,(,071), the 
condition A? = A remains a necessary and sufficient condition that Q/o? have a 
chi-square distribution. In general, however, Q/o? is not central y?(r) but instead, 
Q/o? has a noncentral chi-square distribution if A? = A. The number of degrees 
of freedom is r, the rank of A, and the noncentrality parameter is pu’ Ap/o?. If 
pw = wl, then p/Ap = p? i,j %ij, Where A = [a,j]. Then, if » 4 0, the condi- 
tions A? = A and Soasj = 0 are necessary and sufficient conditions that Q/o? 
ij 

be central x?(r). Moreover, the theorem may be extended to a quadratic form in 
random variables which have a multivariate normal distribution with positive def- 
inite covariance matrix 4; here the necessary and sufficient condition that Q have 
a chi-square distribution is ANA = A. See Exercise 9.8.9. m 


EXERCISES 


9.8.1. Let Q = X1X2q — X3X4, where X,, Xo, X3, X4 is a random sample of size 4 
from a distribution which is N(0,07). Show that Q/o? does not have a chi-square 
distribution. Find the mgf of Q/o?. 
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9.8.2. Let X’ = [X1, X2] be bivariate normal with matrix of means p! = [11, 12] 
and positive definite covariance matrix 4. Let 


01= B€ MX eC 
aU R) Paroa(1— ) * 3 — p)’ 


Show that Q, is x?(r,9) and find r and 6. When and only when does Q; have a 
central chi-square distribution? 


9.8.3. Let X’ = [X1, Xo, X3] denote a random sample of size 3 from a distribution 
that is N(4,8) and let 


7 0 3 
A={0 1 0 
i i 
2 2 
Let Q = X/AX/o?. 
(a) Use Theorem 9.8.1 to find the E(Q). 
(b) Justify the assertion that Q is y?(2,6). 
9.8.4. Suppose Xj,...,X, are independent random variables with the common 


mean ys but with unequal variances 0? = Var(X;). 
(a) Determine the variance of X. 


(b) Determine the constant K so that Q = K Y_, (X; — X)? is an unbiased 
estimate of the variance of X. (Hint: Proceed as in Example 9.8.3.) 


9.8.5. Suppose X1,...,X, are correlated random variables, with common mean ju 
and variance o? but with correlations p (all correlations are the same). 


(a) Determine the variance of X. 


(b) Determine the constant K so that Q = K 37}_,(X; — X)? is an unbiased 
estimate of the variance of X. (Hint: Proceed as in Example 9.8.3.) 


9.8.6. Fill in the details for expression (9.8.13). 


9.8.7. For the trace operator defined in expression (9.8.1), prove the following 
properties are true. 


(a) If A and B are n x n matrices and a and 6 are scalars, then 


tr(aA + 6B) =atrA + btrB. 


(b) If A is ann x m matrix, B is an m x k matrix, and C is a k x n matrix, then 


tr (ABC) = tr (BCA) = tr (CAB). 


(c) If A is a square matrix and T is an orthogonal matrix, use the result of part 
(a) to show that tr(I’AT) = trA. 
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(d) If A is areal symmetric idempotent matrix, use the result of part (b) to prove 
that the rank of A is equal to trA. 


9.8.8. Let A = [a;;] be a real symmetric matrix. Prove that >); >/, a, is equal to 
the sum of the squares of the eigenvalues of A. 

Hint: IfT is an orthogonal matrix, show that )7, >0, a7; = tr(A?) = tr(I’ A?) = 
tr[((I’Y AT) (I” AT)]. 


9.8.9. Suppose X has a N,,(0,H) distribution, where © is positive definite. Let 
Q = X’'AX for asymmetric matrix A with rank r. Prove Q has a y?(r) distribution 
if and only if ANA = A. 
Hint: Write Q as 

Q = (S-Uexy SPAS (Ss -/4X), 


where }!/? = IYA!/2P and © = I’AL is the spectral decomposition of ©. Then 
use Theorem 9.8.4. 


9.8.10. Suppose A is a real symmetric matrix. If the eigenvalues of A are only Os 
and 1s then prove that A is idempotent. 


9.9 The Independence of Certain Quadratic Forms 


We have previously investigated the independence of linear functions of normally 
distributed variables. In this section we shall prove some theorems about the in- 
dependence of quadratic forms. We shall confine our attention to normally dis- 
tributed variables that constitute a random sample of size n from a distribution 
that is N(0, 07). 


Remark 9.9.1. In the proof of the next theorem, we use the fact that if A is an 
m Xn matrix of rank n (ie., A has full column rank), then the matrix A’A is 
nonsingular. A proof of this linear algebra fact is sketched in Exercises 9.9.12 and 
9.9.13. & 


Theorem 9.9.1 (Craig). Let X’ = (X1,...,Xn), where X1,...,Xn are tid N(0, 07) 
random variables. For real symmetric matrices A and B, let Q, = a ?X’ AX and 
Q2 = o~?X’BX denote quadratic forms in X. The random variables Q, and Qo 
are independent if and only if AB = 0. 


Proof: First, we obtain some preliminary results. Based on these results, the proof 
follows immediately. Assume the ranks of the matrices A and B are r and s, 
respectively. Let I,A;I°, denote the spectral decomposition of A. Denote the r 
nonzero eigenvalues of A by Aj,...,A,-. Without loss of generality, assume that 
these nonzero eigenvalues of A are the first r elements on the main diagonal of Ay 
and let I, be the n x r matrix whose columns are the corresponding eigenvectors. 
Finally, let Ay; = diag {1,...,A,}. Then we can write the spectral decomposition 
of A in either of the two ways 


A=TAW, =, AuFu. (9.9.1) 
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Note that we can write Q, as 
Qi => o XT) AnTriX = o (TX) An (Ti1X) = WwW‘ AuWi, (9.9.2) 


where W, = 0 !T1,X. Next, obtain a similar representation based on the s nonzero 
eigenvalues 71,...,7s of B. Let Ago = diag{71,...,7¥s} denote the s x s diagonal 
matrix of nonzero eigenvalues and form the n x s matrix T4, = [uy ---+ us] of corre- 
sponding eigenvectors. Then we can write the spectral decomposition of B as 


B=T%5, A2Par. (9.9.3) 
Also, we can write Q2 as 

Q2 = W5A2W2, (9.9.4) 
where Wz = 07 !T2,X. Letting W’ = (W{,, W5), we have 


Because X has a N,,(0,071) distribution, Theorem 3.5.1 shows that W = has an 
(r + s)-dimensional multivariate normal distribution with mean 0 and variance— 
covariance matrix 


_| fT Pula 
Var (W) = | mat, i | (9.9.5) 

Finally, using (9.9.1) and (9.9.3), we have the identity 
AB = {TM Au }Puil 5; {AvP }- (9.9.6) 


Let U denote the matrix in the first set of braces. Note that U has full column 
rank, so in particular (U’U)~! exists. Let V denote the matrix in the second set 
of braces. Note that V has full row rank, so in particular (VV’)~! exists. Hence 
we can express this identity as 


(U'U) 7 AB(VV')"! = Tul. (9.9.7) 


For the proof then, suppose AB = 0. Then, by (9.9.7), P1105, = 0 and, hence, 
by (9.9.5), the random vectors W, and W» are independent. Therefore, by (9.9.2) 
and (9.9.4), Q; and Q»2 are independent. 

Conversely, if Q; and Q2 are independent, then 


{Elexp{tiQi + t2Qo}]}” = {Blexp{tiQi}]} * {Blexp{t2Q2}]}-*, (9.9.8) 


for (t;,t2) in an open neighborhood of (0,0). Note that t1Q1 + teQ2 is a quadratic 
form in X with symmetric matrix t; A+t2B. Recall that the matrix T; is orthogonal 
and hence has determinant +1. Using this and Theorem 9.8.2, we can write the left 
side of (9.9.8) as 


E~{exp{tiQ1 + t2Qo}] = [In — 2t1A — 2toB 
= (PUT. -— 20, Ail — 2te0(0i Br) )ri| 
= |L, — 24 Ai = 26D), (9.9.9) 
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where the matrix D is given by 


(9.9.10) 


DTI, = | Di Diz : 


Do D2» 


and Dy is r x r. By (9.9.2), (9.9.3), and Theorem 9.8.2, the right side of (9.9.8) 
can be written as 


r 


{ Elexp{tiQi}]} > {Elexp{t2Q2}]}? = {110 = an] |I,, —2t2D|. (9.9.11) 


i=1 
This leads to the identity 


r 


[In — 2t1A1 — 2t2D| = {Te 7 an] I, — 2teD|, (9.9.12) 


i=1 


for (t1,t2) in an open neighborhood of (0,0). 

The coefficient of (—2t,)" on the right side of (9.9.12) is Ay --- A,-|L— 2t2D]. It is 
not so easy to find the coefficient of (—2¢,)” in the left side of the equation (9.9.12). 
Conceive of expanding this determinant in terms of minors of order r formed from 
the first r columns. One term in this expansion is the product of the minor of order 
r in the upper left-hand corner, namely, |I,. — 2t;A1, — 2t2D1,|, and the minor of 
order n —r in the lower right-hand corner, namely, |I,,_,. — 2t2D22|. Moreover, this 
product is the only term in the expansion of the determinant that involves (—2t,)". 
Thus the coefficient of (—2t,)” in the left-hand member of Equation (9.9.12) is 
Ay: ++ Ap|In—-r — 2t2D22|. If we equate these coefficients of (—2t,)", we have 


JI — 2toD| = [In—r — 2t2Davl, (9.9.13) 


for t2 in an open neighborhood of 0. Equation (9.9.13) implies that the nonzero 
eigenvalues of the matrices D and Dz: are the same (see Exercise 9.9.8). Recall 
that the sum of the squares of the eigenvalues of a symmetric matrix is equal to the 
sum of the squares of the elements of that matrix (see Exercise 9.8.8). Thus the 
sum of the squares of the elements of matrix D is equal to the sum of the squares 
of the elements of D2. Since the elements of the matrix D are real, it follows that 
each of the elements of D,,,D12, and D2; is zero. Hence we can write 


0=A,D =F, AIT, BI, 


because [, is an orthogonal matrix, AB = 0. 


Remark 9.9.2. Theorem 9.9.1 remains valid if the random sample is from a dis- 
tribution which is N(j,07), whatever is the real value of 4. Moreover, Theorem 
9.9.1 may be extended to quadratic forms in random variables that have a joint 
multivariate normal distribution with a positive definite covariance matrix %. The 
necessary and sufficient condition for the independence of two such quadratic forms 
with symmetric matrices A and B then becomes ANB = 0. In our Theorem 9.9.1, 
we have © = 07J, so that ADB = Ao?IB=oc°AB=0.5 
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The following theorem is from Hogg and Craig (1958). 


Theorem 9.9.2 (Hogg and Craig). Define the sum Q = Qi +--+ + Qr-1+ Qk; 

where Q,Qi1,.--,;Qr—1, Qk are k+1 random variables that are quadratic forms in the 

observations of a random sample of size n from a distribution which is N(0,07). Let 

Q/a? be x?(r), let Q;/o? be y?(ri), i= 1,2,...,k —1, and let Qy be nonnegative. 

Then the random variables Q1,Q2,...,Qxz are independent and, hence, Qx/o? is 
Di. 

XA (re = 1 — 11 — +++ — TR-1)- 


Proof: Take first the case of k = 2 and let the real symmetric matrices Q,Q , and 
Q2 be denoted, respectively, by A,A;,A2. We are given that Q = Q) + Qo or, 
equivalently, that A = A; + Ay. We are also given that Q/o? is y?(r) and that 
Q1/o? is x?(r1). In accordance with Theorem 9.8.4, we have A? = A and Aj = A. 
Since Q2 > 0, each of the matrices A, A;, and Ag is positive semidefinite. Because 
A?’ = A, we can find an orthogonal matrix I such that 


tap —| tr O 
IAT = | 0 o|: 
If we multiply both members of A = A; + Ag on the left by I’ and on the right by 
I’, we have 

I, O 
0 O 


Now each of A; and Ag, and hence each of I’ A;V and Iv AgI is positive semidefi- 
nite. Recall that if a real symmetric matrix is positive semidefinite, each element on 
the principal diagonal is positive or zero. Moreover, if an element on the principal 
diagonal is zero, then all elements in that row and all elements in that column are 
zero. Thus IY AT =I’ A,IP+TJ”’ Aof can be written as 


heeee Bees, (9.9.14) 


Since Aj = Aj, we have 


| =l’A,T+I’ ASP. 


G, 0 
(I’A,V)? = 1’ AT = | 6 a | ’ 


If we multiply both members of Equation (9.9.14) on the left by the matrix I’ AiT, 


we see that 
G, 0| |G, 0 in G,H, 0 
0 O| 0 =6#«~O 0 0 


or, equivalently, I’ AiT = YA, T+(T’ AyD )(T’ AdYr). Thus (IY AiT) x (I’ Ao) =0 
and A, A» = 0. In accordance with Theorem 9.9.1, Q; and Q»2 are independent. 
This independence immediately implies that Q2/o? is y?(r2 =r — 11). This com- 
pletes the proof when k = 2. For k > 2, the proof may be made by induction. We 
shall merely indicate how this can be done by using k = 3. Take A = A, + Ao+Asz, 
where A? = A, A? = Aj, A = Ao, and Az is positive semidefinite. Write 
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A = A, +(A2+ A3) = Ai + Bi, say. Now A? = A, A? = Aj, and B, is 
positive semidefinite. In accordance with the case of k = 2, we have A,B, = 0, 
so that B] = B,. With B, = Az + A3, where B? = B,, A} = Ag, it follows 
from the case of k = 2 that AzA3 = 0 and A} = A3. If we regroup by writing 
A= A, + (Aj; + A3), we obtain A; As = 0, and so on. m 


Remark 9.9.3. In our statement of Theorem 9.9.2, we took X 1, X2,..., Xn to be 
observations of a random sample from a distribution which is N(0,07). We did 
this because our proof of Theorem 9.9.1 was restricted to that case. In fact, if 


Q’,Q),..., Qj, are quadratic forms in any normal variables (including multivariate 
normal variables), if Q’ = Q4+---+Q4, if Q’, Q{,...,Q,_1 are central or noncentral 
chi-square, and if Qj, is nonnegative, then Q4,...,Qj, are independent and Qj, is 


either central or noncentral chi-square. m 


This section concludes with a proof of a frequently quoted theorem due to 
Cochran. 


Theorem 9.9.3 (Cochran). Let X1,X2,...,Xn denote a random sample from a 
distribution which is N(0,07). Let the sum of the squares of these observations be 
written in the form 


SOX? = Q1 + Qot---+ Qk, 
1 


where Q; is a quadratic form in X1,Xo,...,Xn, with matrix A; which has rank 
rj, J = 1,2,...,k. The random variables Q1,Q2,...,Qz are independent and 


Q,;/07 is x7(r;), 7 =1,2,...,k, if and only if * rpan. 


Proof. First assume the two conditions S7*r; = n and SY? X? = ¥Q; to be 
satisfied. The latter equation implies that J = A,;+Ao+---+A,z. Let B; = I-A;; 
that is, B; is the sum of the matrices A,,..., A, exclusive of A;. Let R; denote 
the rank of B;. Since the rank of the sum of several matrices is less than or equal 
to the sum of the ranks, we have R; < = rj —T; =n—7;. However, I = A; + Bi, 
so that n <r; + R; andn—r; < R;. Hence R; = n—1;. The eigenvalues of B; are 
the roots of the equation |B; — AI| = 0. Since B; = I — Aj, this equation can be 
written as |I — A; — AI| = 0. Thus we have |A; — (1 — A)I| = 0. But each root of 
the last equation is 1 minus an eigenvalue of A;. Since B; has exactly n — R; = 1; 
eigenvalues that are zero, then A; has exactly r; eigenvalues that are equal to 1. 
However, r; is the rank of A;. Thus each of the r; nonzero eigenvalues of A; is 1. 
That is, A? = A; and thus Q;/o?(r;), i=1,2,...,k. In accordance with Theorem 
9.9.2, the random variables Q),Q2,...,Q, are independent. 
To complete the proof of Theorem 9.9.3, take 


SX? =Q14+Q24--+ Qk, 
1 
let Qi, Q2,...,Q be independent, and let Q;/o? be x?(rj), 7 =1,2,...,k. Then 


. a A n : k 
Opie" is Oe rj). But be Qi fa" = X?/o? is y?(n). Thus viT7 =n 
and the proof is complete. m 


9.9. The Independence of Certain Quadratic Forms 521 


EXERCISES 


9.9.1. Let X1, X2,X3 be a random sample from the normal distribution N(0, 07). 
Are the quadratic forms X? +3X1X2+X3+X,X3+Xj and X?-2X,X2.+2X3—- 
2X ,X_ — X32 independent or dependent? 


9.9.2. Let X1, X2,...,X, denote a random sample of size n from a distribution 
which is N(0,07). Prove that 5>/’ X? and every quadratic form, which is noniden- 
tically zero in X1, Xo,..., Xn, are dependent. 


9.9.3. Let X1, Xo, X3,X4 denote a random sample of size 4 from a distribution 
which is N(0,07). Let Y = SS a;X;, where a1, a2, a3, and a4 are real constants. If 
Y? and Q = X,X_ — X3X4 are independent, determine a1, a2, a3, and a4. 


9.9.4. Let A be the real symmetric matrix of a quadratic form Q in the observations 
of a random sample of size n from a distribution which is N(0,c7). Given that Q 
and the mean X of the sample are independent, what can be said of the elements 
of each row (column) of A? 


Hint: Are Q and xX independent? 


9.9.5. Let Ay, Ao,..., Ax be the matrices of k > 2 quadratic forms Q), Qo,...,Qk 
in the observations of a random sample of size n from a distribution which is 
N(0,07). Prove that the pairwise independence of these forms implies that they 
are mutually independent. 

Hint: Show that A;A; = 0,71 4 j, permits Elexp(tiQi + teQ2 +--+: +thQz)] to 
be written as a product of the mgfs of Qi, Q2,...,Qk. 


9.9.6. Let X’ = [X1, Xo,..., Xn], where X1, X2,..., Xp are observations of a ran- 
dom sample from a distribution which is N(0,07). Let b’ = [bi,b2,...,bn] be a 
real nonzero vector, and let A be a real symmetric matrix of order n. Prove that 
the linear form b’X and the quadratic form X’AX are independent if and only if 
b’A =0. Use this fact to prove that b’X and X'AX are independent if and only 
if the two quadratic forms (b’X)? = X'bb'X and X'AX are independent. 


9.9.7. Let Q; and Q2 be two nonnegative quadratic forms in the observations of a 
random sample from a distribution which is N(0,07). Show that another quadratic 
form Q is independent of Q; + Q2 if and only if Q is independent of each of Q; and 
Qo. 

Hint: Consider the orthogonal transformation that diagonalizes the matrix of 
Qi + Qe2. After this transformation, what are the forms of the matrices Q,Q, and 
Qe if Q and Q; + Q2 are independent? 


9.9.8. Prove that Equation (9.9.13) of this section implies that the nonzero eigen- 
values of the matrices D and Do. are the same. 

Hint: Let A = 1/(2t2), tg 4 0, and show that Equation (9.9.13) is equivalent to 
|D — AI| = (—A)"|Do2 — AT n+. 


9.9.9. Here Q, and Q2 are quadratic forms in observations of a random sample from 
N(0,1). If Q1 and Q2 are independent and if Q1 + Q2 has a chi-square distribution, 
prove that Q, and Qg2 are chi-square variables. 
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9.9.10. Often in regression the mean of the random variable Y is a linear function 
of p-values %1,%2,...,@p, say 3121 + Borg +--+ + ByXp, where 3’ = (A, J2,..., Bp) 


are the regression coefficients. Suppose that n values, Y’ = (Yi, Yo,...,¥n), are 
observed for the z-values in X = [a;,;], where X is an n x p design matrix and its 
ith row is associated with Y;, i= 1,2,...,n. Assume that Y is multivariate normal 


with mean X and variance—covariance matrix oI, where I is the n x n identity 
matrix. 


(a) Note that Y,,Yo,...,Y, are independent. Why? 


(b) Since Y should approximately equal its mean X 3, we estimate 3 by solving 
the normal equations X'Y = X'X®# for B. Assuming that X’X is non- 
singular, solve the equations to get B= (X'X)"1X'Y. Show that Bhasa 
multivariate normal distribution with mean @ and variance—covariance matrix 
a(x Xx), 


(c) Show that 
(Y — X)'(Y — XB) = (8 - B)'(X'X)(B- B)+(¥ —- XB)'(Y — XB), 


say Q = Q1 + Qo for convenience. 


(d) Show that Qi/o? is x?(p). 
(e) Show that Q; and Q2 are independent. 
(f) Argue that Q2/o? is x?(n — p). 


(g) Find c so that cQ)/Q2 has an F-distribution. 


(h) The fact that a value d can be found so that P(cQ1/Q2 < d) = 1—a could 
be used to find a 100(1 — a)% confidence ellipsoid for 3. Explain. 


9.9.11. Say that G.P.A. (Y) is thought to be a linear function of a “coded” high 
school rank (#2) and a “coded” American College Testing score (73), namely, 31 + 
B2x2 + 83x23. Note that all x, values equal 1. We observe the following five points: 


XY v2 L3 Y 
1 1 2 3 
1 4 3 6 
1 2 2 =A 
1 4 2 =A 
1 3 2 4 


(a) Compute X’X and GB = (X'X)"'X’Y. 


(b) Compute a 95% confidence ellipsoid for 8’ = (G1, 2,3). See part (h) of 
Exercise 9.9.10. 


9.9.12. Assume that X is an n x p matrix. Then the kernel of X is defined to be 
the space ker(X) = {b: Xb = O}. 
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(a) Show that ker(X) is a subspace of R?. 


(b) The dimension of ker(X) is called the nullity of X and is denoted by v(X). 
Let p(X) denote the rank of X. A fundamental theorem of linear algebra says 
that p(X) + v(X) = p. Use this to show that if X has full column rank, then 
ker(X) = {0}. 


9.9.13. Suppose X is an n X p matrix with rank p. 
(a) Show that ker(X’X) = ker(X). 


(b) Use part (a) and the last exercise to show that if X has full column rank, then 
X’X is nonsingular. 
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Chapter 10 


Nonparametric and Robust 
Statistics 


10.1 Location Models 


In this chapter, we present some nonparametric procedures for the simple location 
problems. As we shall show, the test procedures associated with these methods 
are distribution-free under null hypotheses. We also obtain point estimators and 
confidence intervals associated with these tests. The distributions of the estimators 
are not distribution-free; hence, we use the term rank-based to refer collectively to 
these procedures. The asymptotic relative efficiencies of these procedures are easily 
obtained, thus facilitating comparisons among them and procedures that we have 
discussed in earlier chapters. We also obtain estimators that are asymptotically 
efficient; that is, they achieve asymptotically the Rao—Cramér bound. 

Our purpose is not a rigorous development of these concepts, and at times we 
simply sketch the theory. A rigorous treatment can be found in several advanced 
texts, such as Randles and Wolfe (1979) or Hettmansperger and McKean (2011). 

In this and the following section, we consider the one-sample problem. For the 
most part, we consider continuous random variables X with cdf and pdf Fx (x) 
and fx(a), respectively. In this and the succeeding chapters, we want to identify 
classes of parameters. Think of a parameter as a function of the cdf (or pdf) of a 
given random variable. For example, consider the mean yz of X. We can write it as 
pix = T(Fx) if T is defined as 


—co 


As another example, recall that the median of a random variable X is a parameter 
€ such that Fy (€) = 1/2; ie. € = Fy (1 72). Hence, in this notation, we say that 
the parameter € is defined by the function T(Fx) = Fx'(1/2). Note that these T's 
are functions of the cdfs (or pdfs). We shall call them functionals. 
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Functionals induce nonparametric estimators naturally. Let X1, X2,...,Xn de- 
note a random sample from some distribution with cdf F(a) and let T(F) be a 
functional. Recall that the empirical distribution function of the sample is given by 


F(x) =n7"[#{X; < 2}], -co <2 < ov. (10.1.1) 


Because F(z) is a cdf, T(F,) is well defined. Furthermore, ee) depends only 
on the sample; hence, it is a statistic. We call T(F,) the induced estimator of 
T(F). For example, if T(F) is the mean of the distribution, then it is easy to see 
that T(F,) = X; see Exercise 10.1.3. Likewise, if T(F) = F~1(1/2) is the median 


of the distribution, then T(F;,,) = Q2, the sample median. 
We begin with the definition of a location functional. 


Definition 10.1.1. Let X be a continuous random variable with cdf Fx (x) and pdf 
fx(x). We say that T(Fx) is a location functional if it satisfies 


IfY =X +a, then T(Fy) =T(Fx) +a, forallae R, (10.1.2) 
IfY =aX; then T(Fy) = aT (Fx), for alla 4 0. (10.1.3) 


For example, suppose T is the mean functional; i.e., T(Fx) = E(X). Let 
Y = X +a; then E(Y) = E(X +a) = E(X)+a. Secondly, if Y = aX, then 
E(Y) =aE(X). Hence the mean is a location functional. The next example shows 
that the median is a location functional. 


Example 10.1.1. Let F(x) be the cdf of X and let T(Fx) = Fx'(1/2) be the 
median functional of X. Note that another way to state this is Fy (T(Fx)) = 1/2. 
Let Y = X +a. It then follows that the cdf of Y is Fy(y) = Fx(y-— a). The 
following identity shows that T(Fy) = T(Fx) +a: 


Fy (T(Fx) +a) = Fy (T(Fx) Fa a) = Fy (T(Fx)) = 1/2. 
Next, suppose Y = aX. If a> 0, then Fy (y) = Fx (y/a) and, hence, 
Fy (aT(Fx)) = Fy (aT(Fx)/a) = Fy (T(Fx)) = 1/2. 


Thus T(Fy) = aT (Fx) when a > 0. On the other hand, if a < 0, then Fy(y) = 
1— Fx(y/a). Hence 


Fy (aT(Fx)) =1- Fy (aT (Fx )/a) = 1 — Fx (T(Fx)) =1— =-. 


Therefore, (10.1.3) holds for all a 4 0. Thus the median is a location parameter. 

Recall that the median is a percentile, namely, the 50th percentile of a distribu- 
tion. As Exercise 10.1.1 shows, the median is the only percentile which is a location 
functional. m 


We often continue to use parameter notation to denote functionals. For example, 
Ox =T(Fx). 
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In Chapters 4 and 6, we wrote the location model for specified pdfs. In this 
chapter, we write it for a general pdf in terms of a specified location functional. 
Let X be a random variable with cdf Fy (x) and pdf fx(#). Let 0x = T(Fx) be 
a location functional. Define the random variable « to be e = X — T(Fx). Then 
by (10.1.2), T(F.) = 0; ie., ¢ has location 0, according to T. Further, the pdf of X 
can be written as fx(x) = f(a — T(F'x)), where f(x) is the pdf of e. 


Definition 10.1.2 (Location Model). Let 0x = T(Fx) be a location functional. We 


say that the observations X1,X2,...,Xn follow a location model with functional 
Ox =T(Fx) of 

X;,=Ox4+&, (10.1.4) 
where €1,€2,-.-,€n are tid random variables with pdf f(a) and T(F-) = 0. Hence, 


from the above discussion, X1, X2,...,Xpn are tid with pdf fx(a) = f(a — T(Fx)). 


Example 10.1.2. Let ¢ be a random variable with cdf F(a), such that F'(0) = 1/2. 
Assume that €1,€2,...,€n are iid with cdf F(a). Let 6 € R and define 


X,=0+ 6, GS 1, 2i00 54% 


Then X 1, X2,...,X,y follow the location model with the locational functional 6, 
which is the median of X;. & 


Note that the location model very much depends on the functional. It forces one 
to state clearly which location functional is being used in order to write the model 
statement. For the class of symmetric densities, though, all location functionals are 
the same. 


Theorem 10.1.1. Let X be a random variable with cdf Fx(a) and pdf fx (x) 
such that the distribution of X is symmetric about a. Let T(Fx) be any location 
functional. Then T(F'x) =a. 
Proof: By (10.1.2), we have 

T(Fx—a) = T(Fx) — a. (10.1.5) 
Since the distribution of X is symmetric about a, it is easy to show that X — a and 


—(X —a) have the same distribution; see Exercise 10.1.2. Hence, using (10.1.2) and 
(10.1.3), we have 


T Py 4) = TE ew) = — CE x) Ho) = 7 Px) +o. (10.1.6) 
Putting (10.1.5) and (10.1.6) together gives the result. m 


The assumption of symmetry is very appealing, because the concept of “center” 
is unique when it is true. 
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EXERCISES 


10.1.1. Let X be a continuous random variable with cdf F(x). For 0 < p < 1, let 
&) be the pth quantile; ie., F(€)) = p. Ifp # 1/2, show that while property (10.1.2) 
holds, property (10.1.3) does not. Thus €, is not a location parameter. 


10.1.2. Let X be a continuous random variable with pdf f(x). Suppose f(z) is 
symmetric about a; i.e., f(a — a) = f(—(# — a)). Show that the random variables 
X —aand —(X — a) have the same pdf. 


10.1.3. Let F(z) denote the empirical cdf of the sample X,, Xo,...,Xy. The 
distribution of F;,(a) puts mass 1/n at each sample item X;. Show that its mean is 
X. If T(F) = F~1(1/2) is the median, show that T(F;,) = Q2, the sample median. 


10.1.4. Let X be a random variable with cdf F(a) and let T(F’) be a functional. 
We say that T(F) is a scale functional if it satisfies the three properties 


(i) T(Fux) = aT(Fx), fora>0 


(i) T (Fx +0) = T(Fx), for allb ‘ 
(iii) T(F_x) = T(Ex). 


I 


Show that the following functionals are scale functionals. 
(a) The standard deviation, T(Fx) = (Var(X))!/?. 
(b) The interquartile range, T(Fx) = Fx'(3/4) — Fx! (1/4). 


10.2 Sample Median and the Sign Test 


In this section, we consider inference for the median of a distribution using the 
sample median. Fundamental to this discussion is the sign test statistic, which we 
present first. 

Let X1, Xo,...,Xp be a random sample which follows the location model 


Xi =0+6, (10.2.1) 


where €1,€9,...,€n are iid with cdf F(a), pdf f(a), and median 0. Note that in 
terms of Section 10.1, the location functional is the median and, hence, @ is the 
median of X;. We begin with a test for the one-sided hypotheses 


Ho: 0= 9 versus H, : > 4p. (10.2.2) 
Consider the statistic 


which is called the sign statistic because it counts the number of positive signs in 
the differences X; — 09, i = 1,2,...,n. If we define I(a > a) to be 1 or 0 depending 
on whether « > a or x < a, then we can express S(69) as 


n 


S(00) = S$ 1(X; > 6). (10.2.4) 


i=1 
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Note that if Ho is true, then we expect about half of the observations to exceed 
00, while if H, is true, we expect more than half of the observations to exceed 4. 
Consider then the test of the hypotheses (10.2.2) given by 


Reject Ho in favor of Hy if S(@9) >. (10.2.5) 


Under the null hypothesis, the random variables I(X; > 09) are iid with a Bernoulli 
b(1, 1/2) distribution. Hence the null distribution of S(09) is b(n,1/2) with mean 
n/2 and variance n/4. Note that under Ho, the sign test does not depend on the 
distribution of X;. We call such a test a distribution free test. 

For a level a test, select c to be ca, where cq is the upper a critical point of 
a binomial b(n, 1/2) distribution. Then Py,(S(@0) > ca) = a. The test statistic, 
though, has a discrete distribution, so for an exact test there are only a finite number 
of levels @ available. The values of cg can be found in tables; see, for instance, 
Hollander and Wolfe (1999). If the computer package R is available, then these 
critical values are easily obtained. For instance, the command pbinom(0:15,15, .5) 
returns the cdf of a binomial distribution with n = 15 and p = 0.5, from which all 
possible levels can be seen. 

For a given data set, the p-value associated with the sign test is given by p = 
Py,(S(@0) = s), where s is the realized value of (09) based on the sample. Tables 
are available to find these p-values. If the reader has access to the R statistical 
package, then the command 1 - pbinom(s-1,n,.5) computes p = Py,(S(@0) > s). 

It is convenient at times to use a large sample test based on the asymptotic 
distribution of the test statistic. By the Central Limit Theorem, under Ho the stan- 
dardized statistic [S(00) — (n/2)]/./n/2 is asymptotically normal, N(0,1). Hence 
the large sample test rejects Ho if 


S(o) = (n/2) 


Jaya > Sai (10.2.6) 
see Exercise 10.2.2. 
We briefly touch on the two-sided hypotheses given by 
Hy: 6 =o versus Hy: OF Op. (10.2.7) 
The following symmetric decision rule seems appropriate: 
Reject Ho in favor of Hy if S'(@)) < c1 or if S(09) > n— cx. (10.2.8) 


For a level a test, c; would be chosen such that a/2 = Py,(S(00) < c). The critical 
point could be found by a statistics package or tables. Recall that the p-value is 
given by p = 2min{ Py,(S(0) < s), Pu, (S(00) > s)}, where s is the realized value 
of S(69) based on the sample. 


Example 10.2.1 (Shoshoni Rectangles). A golden rectangle is a rectangle in which 
the ratio of the width (w) to the length (1) is the golden ratio, which is approximately 
0.618. It can be characterized in various ways. For example, w/l = 1/(w + 1) 
characterizes the golden rectangle. It is considered to be an aesthetic standard in 
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Western civilization and appears in art and architecture going back to the ancient 
Greeks. It now appears in such items as credit and business cards. In a cultural 
anthropology study, DuBois (1960) reports on a study of the Shoshoni beaded 
baskets. These baskets contain beaded rectangles, and the question was whether 
the Shoshonis use the same aesthetic standard as the West. Let X denote the ratio 
of the width to the length of a Shoshoni beaded basket. Let 6 be the median of X. 
The hypotheses of interest are 


Ho: @=0.618 versus Hy: 6 4 0.618. 


These are two-sided hypotheses. It follows from the above discussion that the sign 
test rejects Hp in favor of Hy if $(0.618) < c or S(0.618) > n-c. 

A sample of 20 width to length (ordered) ratios from Shoshoni baskets resulted 
in the data 


Width-to-Length Ratios of Rectangles 
0.553 0.570 0.576 0.601 0.606 0.606 0.609 0.611 0.615 0.628 


0.654 0.662 0.668 0.670 0.672 0.690 0.693 0.749 0.844 0.933 


For these data, $(0.618) = 11, with 2P(b(20,0.5) > 11) = 0.8238 as the p-value. 
Thus there is no evidence to reject Hp based on these data. 

A boxplot and a normal q—q plot of the data are given in Figure 10.2.1. Notice 
that the data contain two, possibly three, potential outliers. The data do not appear 
to be drawn from a normal distribution. 


We next obtain several useful results concerning the power function of the sign 
test for the hypotheses (10.2.2). Because we can always subtract 09 from each X;, 
we can assume without loss of generality that 69 = 0. The following function proves 
useful here and in the associated estimation and confidence intervals described be- 
low. Define 

S(0) = #{X; > 6}. (10.2.9) 


The sign test statistic is given by S69). We can easily describe the function $(6). 
First, note that we can write it in terms of the order statistics Yj <--- < Y, of 
X1,...,Xn because #{Y; > 0} = #{X; > 6}. Now if 6 < Yj, then all the Yjs 
are larger than @ and, hence S$(0) = n. Next, if Y; < @ < Y2 then $(@) =n-1. 
Continuing this way, we see that $(0) is a decreasing step function of 6, which steps 
down one unit at each order statistic Y;, attaining its maximum and minimum 
values n and 0 at Y; and Y,, respectively. Figure 10.2.2 depicts this function. We 
need the following translation property. 


Lemma 10.2.1. For every k, 
Po[S(0) > k] = Po[S(—6) > kj. (10.2.10) 


Proof: Note that the left side of equation (10.2.10) concerns the probability of the 
event #{X; > 0}, where X; has median 0. The right side concerns the probability 
of the event #{(X; + 0) > 0}, where the random variable X; + 0 has median 0 
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Figure 10.2.1: Boxplot (Panel A) and normal g—gq plot (Panel B) of the Shoshoni 


data. 


(because under 6 = 0, X; has median 0). Hence the left and right sides give the 


same probability. m 


Based on this lemma, it is easy to show that the power function of the sign test 


is monotone for one-sided tests. 


Theorem 10.2.1. Suppose Model (10.2.1) is true. Let y(0) be the power function 
of the sign test of level a for the one-sided hypotheses (10.2.2). Then y(0) is a 


nondecreasing function of @. 


Proof: Let cq denote the b(n, 1/2) upper critical value as defined after expression 
(10.2.8). Without loss of generality, assume that 69 = 0. The power function of the 


sign test is 


(9) = Po[S(0) > cal, 


for —c0 <9 < ow. 
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Figure 10.2.2: The sketch shows the graph of the decreasing step function $(6). 
The function drops one unit at each order statistic Y;. 


Suppose 6; < 62. Then —6; > —62 and hence, since $(@) is nonincreasing, S'(—6@1) < 
S(—62). This and Lemma 10.2.1 yield the desired result; i.e., 


V1) = Po,[S(0) = 
= ) 


IA 
eg 
WK 


This is a very desirable property for any test. Because the monotonicity of the 
power function of the sign test holds for all 6, —co < @ < oo, we can extend the 
simple null hypothesis of (10.2.2) to the composite null hypothesis 


Ho: 8< 5 versus Hi: 09> 4p. (10.2.11) 


Recall from Definition 4.5.4 of Chapter 4 that the size of the test for a composite 
null hypothesis is given by maxg<g, 7(@). Because y(@) is nondecreasing, the size 
of the sign test is a@ for this extended null hypothesis. As a second result, it follows 
immediately that the sign test is an unbiased test; see Section 8.3. As Exercise 
10.2.7 shows, the power function of the sign test for the other one-sided alternative, 
A, : @< 9, is nonincreasing. 

Under an alternative, say 6 = 01, the test statistic S(@)) has the binomial 
distribution b(n, p1), where p; is given by 


pi = Po,(X > 0) =1— F(-4), (10.2.12) 
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where F(x) is the cdf of ¢ in Model (10.2.1). Hence $49) is not distribution free 
under alternative hypotheses. As in Exercise 10.2.3, we can determine the power of 
the test for specified 6; and F(a). We want to compare the power of the sign test 
to other size a tests, in particular the test based on the sample mean. However, 
for these comparison purposes, we need more general results, some of which are 
obtained in the next subsection. 


10.2.1 Asymptotic Relative Efficiency 


One solution to this problem is to consider the behavior of a test under a sequence 
of local alternatives. In this section, we often take 69 = 0 in hypotheses (10.2.2). 
As noted before expression (10.2.9), this is without loss of generality. For the 
hypotheses (10.2.2), consider the sequence of alternatives 


Ho: 6=0 versus Hin: 0, = —&, (10.2.13) 


where 6 > 0. Note that this sequence of alternatives converges to the null hypothesis 
as n — co. We often call such a sequence of alternatives local alternatives. The 
idea is to consider how the power function of a test behaves relative to the power 
functions of other tests under this sequence of alternatives. We only sketch this 
development. For more details, the reader can consult the more advanced books 
cited in Section 10.1. As a first step in that direction, we obtain the asymptotic 
power lemma for the sign test. 

Consider the large sample size a test given by (10.2.6). Under the alternative 
$n, we can approximate the mean of this test as follows: 


1 


#n [Fa (8-5) 
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wo ~ 
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= 
| 
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= va(1-#-0)-2) 
- vii (5 — FC on)) 
~ V/nOnf(0) = 5f(0), (10.2.14) 


where the step to the last line is due to the mean value theorem. It can be shown 
in more advanced texts that the variance of [S(0) — (n/2)|/(,/n/2) converges to 1 
under 6,,, just as under Ho, and that, furthermore, [S(0)—(n/2)—./ndf (0)|/(./7/2) 
has a limiting standard normal distribution. This leads to the asymptotic power 
lemma, which we state in the form of a theorem. 
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Theorem 10.2.2 (Asymptotic Power Lemma). Consider the sequence of hypothe- 
ses (10.2.13). The limit of the power function of the large sample, size a, sign test 
18 


lim (On) =1— ®(za — 675"), (10.2.15) 
where Ts = 1/[2f(0)] and ®(z) is the cdf of a standard normal random variable. 


Proof: Using expression (10.2.14) and the discussion which followed its derivation, 
we have 


n-1/2 —(n 
HON. = Py ae — 
ni/2 —(n —/n 
= FF. ES > Zq — 62f (0) 


— 1-(z, —62f(0)), 
which was to be shown. @ 


As shown in Exercise 10.2.4, the parameter ts = 1/{2f(0)] is a scale parameter 
(functional) as defined in Exercise 10.1.4 of the last section. We later show that 
Ts/\/n is the asymptotic standard deviation of the sample median. 

There were several approximations used in the proof of Theorem 10.2.2. A 
rigorous proof can be found in more advanced texts, such as those cited in Section 
10.1. It is quite helpful for the next sections to reconsider the approximation of 
the mean given in (10.2.14) in terms of another concept called efficacy. Consider 
another standardization of the test statistic given by 


sy = Ly 1x, = 0); (10.2.16) 


where the bar notation is used to signify that S(0) is an average of I(X; > 0) and, 
in this case under Hp, converges in probability to 5. Let u(@) = E9(S(0) 
Then, by expression (10.2.14), we have 


= 1 1 
wn) = Eo, (50 5) = 57 F(-6n). (10.2.17) 
Let oz = Var(S(0)) = 4. Finally, define the efficacy of the sign test to be 
_  4'(0) 
=| ; 10.2.18 
si a Jnos ( ) 


That is, the efficacy is the rate of change of the mean of the test statistic at the 
null divided by the product of \/n and the standard deviation of the test statistic 
at the null. So the efficacy increases with an increase in this rate, as it should. We 
use this formulation of efficacy throughout this chapter. 
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Hence, by expression (10.2.14), the efficacy of the sign test is 


er) 
ae 


2f(0) =75", (10.2.19) 


the reciprocal of the scale parameter tg. In terms of efficacy, we can write the 
conclusion of the Asymptotic Power Lemma as 


lim 7(6n) = 1 — ®(zaq — 6cg). (10.2.20) 
n—oo 
This is not a coincidence, and it is true for the procedures we consider in the next 
section. 


Remark 10.2.1. In this chapter, we compare nonparametric procedures with tra- 
ditional parametric procedures. For instance, we compare the sign test with the test 
based on the sample mean. Traditionally, tests based on sample means are referred 
to as t-tests. Even though our comparisons are asymptotic and we could use the 
terminology of z-tests, we instead use the traditional terminology of t-tests. m 


As a second illustration of efficacy, we determine the efficacy of the t-test for the 
mean. Assume that the random variables ¢; in Model (10.2.1) are symmetrically 
distributed about 0 and their mean exists. Hence the parameter @ is the location 
parameter. In particular, 9 = E(X;) = med(X;). Denote the variance of X; by o?. 
This allows us to easily compare the sign and t-tests. Recall for hypotheses (10.2.2) 
that the t-test rejects Ho in favor of Ay if X > c. The form of the test statistic is 
then X. Furthermore, we have 


lixc(0) = Eo(X) = 0 (10.2.21) 


and 
2 


5 sO 
=(0) = Vo(X) = —. 10.2.22 
ox( ) o( ) n ( ) 

Thus, by (10.2.21) and (10.2.22), the efficacy of the t-test is 


im HO) 
ce = lim FG) YD 7a" (10.2.23) 


As confirmed in Exercise 10.2.8, the asymptotic power of the large sample level a, 
t-test under the sequence of alternatives (10.2.13) is 1 — ®(zq — dc,). Thus we can 
compare the sign and t-tests by comparing their efficacies. We do this from the 
perspective of sample size determination. 

Assume without loss of generality that Hp : 6 = 0. Now suppose we want 
to determine the sample size so that a level a sign test can detect the alternative 
6* > 0 with (approximate) probability y*. That is, find n so that 


$(0) = (n/2) 


* = (9") = Pps ™ 
Y (6) ) Vn/2 2 % 


(10.2.24) 
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Write 6* = \/n6*/,/n. Then, using the asymptotic power lemma, we have 
y= y(/n6"/V/n) & 1 - 8(za — Vn6* 75"). 


Now denote z+ to be the upper 1 —7y* quantile of the standard normal distribution. 
Then, from this last equation, we have 


*x —1 
Zaye = Zq — Vn Ts: 


Solving for n, we get 


ng = =. (10.2.25) 


As outlined in Exercise 10.2.8, for this situation the sample size determination for 
the test based on the sample mean is 


aoe (Gane), (10.2.26) 


where o? = Var(e). 

Suppose we have two tests of the same level for which the asymptotic power 
lemma holds and for each we determine the sample size necessary to achieve power 
y* at the alternative 0*. Then the ratio of these sample sizes is called the asymp- 
totic relative efficiency (ARE) between the tests. We show later that this is the 
same as the ARE defined in Chapter 6 between estimators. Hence the ARE of the 
sign test to the t-test is 


= 2 2 
ARE(S,t) = ~ =5 =&. (10.2.27) 
ns Tg C. 


Note that this is the same relative efficiency that was discussed in Example 6.2.5 
when the sample median was compared to the sample mean. In the next two 


examples we revisit this discussion by examining the AREs when X; has a normal 
distribution and then a Laplace (double exponential) distribution. 


Example 10.2.2 (ARE(S,¢): normal distribution). Suppose X1, X2,..., Xn follow 
the location model (10.1.4), where f(x) is a N(0,07) pdf. Then rg = (2f(0))~t = 
o,/7/2. Hence the ARE(S,t) is given by 


No 


oO o? 


ARE(S, t) = 2 GDF 


= e = 0.637. (10.2.28) 

T 
Hence at the normal distribution the sign test is only 64% as efficient as the t-test. In 
terms of sample size at the normal distribution, the t-test requires a smaller sample, 
0.64n,, where n, is the sample size of the sign test, to achieve the same power as 
the sign test. A cautionary note is needed here because this is asymptotic efficiency. 
There have been ample empirical (simulation) studies which give credence to these 
numbers. 
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Example 10.2.3 (ARE(S,t) at the Laplace distribution). For oes example, con- 
sider Model (10.1.4), where f(x) is the Laplace pdf f(a) = 7ey lexp{—|x|/b} for 
—oo <x < oo and b> 0. Then Ts = (2f(0))~! = 6, while o? = E(X?) = 207. 
Hence the ARE(S,t) is given by 

2 22 


o 
ae Oe 10.2.29 
7 b2 ( ) 


ARE(S, t) = 
So, at the Laplace distribution, the sign test is (asymptotically) twice as efficient 
as the t-test. In terms of sample size at the Laplace distribution, the t-test requires 
twice as large a sample as the sign test to achieve the same asymptotic power as 
the sign test. m 


The normal distribution has much lighter tails than the Laplace distribution, 
because the two pdfs are proportional to exp{—t?/207} and exp{—|t|/b}, respec- 
tively. Based on the last two examples, it seems that the t-test is more efficient 
for light-tailed distributions while the sign test is more efficient for heavier-tailed 
distributions. This is true in general and we illustrate this in the next example 
where we can easily vary the tail weight from light to heavy. 


Example 10.2.4 (ARE(S,t) at a family of contaminated normals). Consider the 
location Model (10.1.4), where the cdf of ¢; is the contaminated normal cdf given 
in expression (3.4.16). Assume that 09 = 0. Recall that for this distribution, (1—) 
proportion of the time the sample is drawn from a N(0, 67) distribution, while € 
proportion of the time the sample is drawn from a N(0,b?o?) distribution. The 
corresponding pdf is given by 


l-—e€ /2 € £ 
i= o(=) Hat (=), (10.2.30) 


where ¢(z) is the pdf of a standard normal random variable. a shown in Section 


3.4, the variance of ¢; is b?(1 + e(02 —1)). Also, T, = (by/7/2)/[1 — € + (€/ac)]- 
Thus the ARE is 


ARE(S, t) = =i +e(o7 —1)][1 —e+ (€/e,)]?. (10.2.31) 


For example, the following table (see Exercise 6.2.6) shows the AREs for various 
values of € when a, is set at 3.0: 


0 [or [one | 008 | 0 | OT] OS | 025 | 


ARES) 


Note: if € increases over the range of values in the table, then the contamination 
effect becomes larger (generally resulting in a heavier-tailed distribution) and as the 
table shows, the sign test becomes more efficient relative to the t-test. Increasing 
o- has the same effect. It does take, however, with ao. = 3, over 10% contamination 
before the sign test becomes more efficient than the t-test. m 
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10.2.2 Estimating Equations Based on the Sign Test 


In practice, we often want to estimate 0, the median of X;, in Model (10.2.1). The 
associated point estimate based on the sign test can be described with a simple 
geometry, which is analogous to the geometry of the sample mean. As Exercise 
10.2.5 shows, the sample mean X is such that 


(10.2.32) 


The quantity \/>*\_,(X; — 0)? is the Euclidean distance between the vector of 
observations X = (X1, X9,...,Xn)/ and the vector 01. If we simply interchange 
the square root and the summation symbols, we go from the Euclidean distance to 
the L, distance. Let 


6 = Argmin ) > |X; — 6]. (10.2.33) 


i=l 


To determine é, simply differentiate the quantity on the right side with respect to 
6 (as in Chapter 6, define the derivative of |x| to be 0 at 2 = 0). We then obtain 


fa) n n 
oe |X; — 6] = —S“sgn(X; — 8). 
i=l w=1 


Setting this to 0, we obtain the estimating equations (EE) 
S © sgn(X; — 6) = 0, (10.2.34) 


whose solution is the sample median Qo. 
Because our observations are continuous random variables, we have the identity 


Hence the sample median also solves S(0) ~ n/2. Consider again Figure 10.2.2. 
Imagine n/2 on the vertical axis. This is halfway in the total drop of S(@), from n 
to 0. The order statistic on the horizontal axis corresponding to n/2 is essentially the 
sample median (middle order statistic). In terms of testing, this last equation says 
that, based on the data, the sample median is the “most acceptable” hypothesis, 
because n/2 is the null expected value of the test statistic. We often think of this 
as estimation by the inversion of a test. 

We now sketch the asymptotic distribution of the sample median. Assume with- 
out loss of generality that the true median of X; is 0. Suppose —oo < a < oo. Using 
the fact that S(@) is nonincreasing and the identity S(0) ~ n/2, we have the fol- 
lowing equivalences: 


wiesain arse} {6() <3 
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Hence we have 
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where Z has a standard normal distribution, Notice that the limit was obtained 
by invoking the Asymptotic Power Lemma with a = 0.5 and hence zq = 0. Rear- 
ranging the last term earlier, we obtain the asymptotic distribution of the sample 
median, which we state as a theorem: 


Theorem 10.2.3. For the random sample X1,X2,...,Xn, assume that Model 
(10.2.1) holds. Suppose that f(0) > 0. Let Q2 denote the sample median. Then 


Vn(Q2 - 0) > N(0,73), (10.2.35) 
where Tg = (2f(0))7?. 


In Section 6.2 we defined the ARE between two estimators to be the reciprocal 
of their asymptotic variances. For the sample median and mean, this is the same 
ratio as that based on sample size determinations of their respective tests given 
earlier in expression (10.2.27). 


10.2.3. Confidence Interval for the Median 


Suppose the random sample X 1, X2,...,X;, follows the location model (10.2.1). In 
this subsection, we develop a confidence interval for the median 0 of X;. Assum- 
ing that @ is the true median, the random variable S(@), (10.2.9), has a binomial 
b(n, 1/2) distribution. For 0 < a < 1, select c, so that Pg[S(0) < ci] = a/2. Hence 
we have 


l1—a= Pela < S(0) << n-c)]. (10.2.36) 


Recall in our derivation for the t-confidence interval for the mean in Chapter 3, 
we began with such a statement and then “inverted” the pivot random variable 
t = /n(X —)/S (S in this expression is the sample standard deviation) to obtain 
an equivalent inequality with pz isolated in the middle. In this case, the function 
S(@) does not have an inverse, but it is a decreasing step function of @ and the 
inversion can still be performed. As depicted in Figure 10.2.2, c, < S(0) <n—c if 
and only if Yo,41 < @< Yn—e,, where Yi; < Yo <--- < Y;, are the order statistics of 
the sample X1, X2,...,X;,. Therefore, the interval [Y.,+41, Yn—c,) is a (1 — a)100% 
confidence interval for the median 6. Because the order statistics are continuous 
random variables, the interval (Y2,41, Yn—c,) is an equivalent confidence interval. 
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If n is large, then there is a large sample approximation to c,. We know from 
the Central Limit Theorem that S(@) is approximately normal with mean n/2 and 
variance n/4. Then, using the continuity correction, we obtain the approximation 


je ee, (10.2.37) 


where ®(—z,/2) = a/2; see Exercise 10.2.6. In practice, we use the closest integer 
to cy. 


Example 10.2.5 (Example 10.2.1, Continued). There are 20 data points in the 
Shoshoni basket data. The sample median of the width to the length is 0.5(0.628 + 
0.654) = 0.641. Because 0.021 = Py, (S(0.618) < 5), a 95.8% confidence interval 
for 0 is the interval (yg, yis) = (0.606, 0.672), which includes 0.618, the ratio of the 
width to the length, which characterizes the golden rectangle. m 


EXERCISES 


10.2.1. Sketch Figure 10.2.2 for the Shoshoni basket data found in Example 10.2.1. 
Show the values of the test statistic, the point estimate, and the 95.8% confidence 
interval of Example 10.2.5 on the sketch. 


10.2.2. Show that the test given by (10.2.6) has asymptotically level a; that is, 
show that under Ho, 
S(o) = (n/2) p 
ae) NE AG 
J/n/2 
where Z has a N(0, 1) distribution. 


] 


10.2.3. Let @ denote the median of a random variable X. Consider tseting 
Ho: 6=Oversus H,: 0>0. 
Suppose we have a sample of size n = 25. 


(a) Let 5(0) denote the sign test statistic. Determine the level of the test: reject 
Ho if S(0) > 16. 


(b) Determine the power of the test in part (a) if X has N(0.5,1) distribution. 


(c) Assuming X has finite mean ys = 6, consider the asymptotic test of rejecting 
Ho if X/(o/Vn) > k. Assuming that o = 1, determine k so the asymptotic 
test has the same level as the test in part (a). Then determine the power of 
this test for the situation in part (b). 


10.2.4. Recall the definition of a scale functional given in Exercise 10.1.4. Show 
that the parameter Ts defined in Theorem 10.2.2 is a scale functional. 


10.2.5. Show that the sample mean solves Equation (10.2.32). 
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10.2.6. Derive the approximation (10.2.37). 


10.2.7. Show that the power function of the sign test is nonincreasing for the 
hypotheses 
Ho: 0 = 9 versus H,: 0 < . (10.2.38) 


10.2.8. Let X,, X2,...,X, be a random sample which follows the location model 
(10.2.1). In this exercise we want to compare the sign tests and t-test of the hy- 
potheses (10.2.2); so we assume the random errors €; are symmetrically distributed 
about 0. Let o? = Var(e;). Hence the mean and the median are the same for this 
location model. Assume, also, that 69 = 0. Consider the large sample version of 
the t-test, which rejects Ho in favor of H; if X/(a/./n) > 2a. 


(a) Obtain the power function, y;(0), of the large sample version of the t-test. 
(b) Show that ¥;(0) is nondecreasing in 0. 


c) Show that y(0,) — 1— ®(z, — 06*), under the sequence of local alternatives 
x 
(10.2.13). 


(d) Based on part (c), obtain the sample size determination for the t-test to detect 
é* with approximate power y*. 


(e) Derive the ARE(S,t) given in (10.2.27). 
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Let X1, X2,..., Xn be a random sample that follows Model (10.2.1). Inference for 6 
based on the sign test is simple and requires few assumptions about the underlying 
distribution of X;. On the other hand, sign procedures have the low efficiency of 0.64 
relative to procedures based on the t-test given an underlying normal distribution. 
In this section, we discuss a nonparametric procedure that does attain high efficiency 
relative to the t-test. We make the additional assumption that the pdf f(a) of €; in 
Model (10.2.1) is symmetric; i.e., f(a) = f(—2x), for all x such that —co < 4 < ow. 
Hence X; is symmetrically distributed about 6. By Theorem 10.1.1, all location 
parameters are identical. 
First, consider the one-sided hypotheses 


Ho: 0=0 versus Hy: @> 0. (10.3.1) 


There is no loss of generality in assuming that the null hypothesis is Hp : 6 = 0, for 
if it were Hp : 6 = 4%, we would consider the sample X, — 00,..., Xn — 99. Under 
a symmetric pdf, observations X; which are the same distance from 0 are equilikely 
and hence should receive the same weight. A test statistic which does this is the 
signed-rank Wilcoxon given by 


T = 5° sgn(Xi) RIX, (10.3.2) 
i=1 
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where R|.X;| denotes the rank of X; among |Xj|,...,|Xn|, where the rankings are 
from low to high. Intuitively, under the null hypothesis, we expect half of the X;s to 
be positive and half to be negative. Further, the ranks are uniformly distributed on 
the integers {1,2,...,n}. Hence values of T around 0 are indicative of Hp. On the 
other hand, if H; is true, then we expect more than half of the X;s to be positive 
and further, the positive observations are more likely to receive the higher ranks. 
Thus an appropriate decision rule is 


Reject Ho in favor of H; if T >, (10.3.3) 


where c is determined by the level a of the test. 

Given a, we need the null distribution of T to determine the critical point c. 
The set of integers {—n(n+1)/2, —[n(n+1)/2]+2,...,n(n+1)/2} form the support 
of T. Also, from Section 10.2, we know that the signs are iid with support {—1, 1} 
and pmf 


p(-1) = p(l) = 5. (10.3.4) 
A key result is the following lemma: 


Lemma 10.3.1. Under Ho and symmetry about 0 for the pdf, the random variables 
|Xi|,...,|Xn] are independent of the random variables sgn(X1),...,sgn(Xn). 


Proof: Because X1,...,Xp is a random sample from the cdf F(x), it suffices to 
show that P[|X;| < x, sgn(X;) = 1] = P[|X;| < 2]P[sgn(X;) = 1]. But due to Ho 
and the symmetry of f(a), this follows from the following string of equalities 


Pl0 < Xi <2] = F(a) 5 
[2F (x) — 5 = P||X;| < 2]P[sgn(X;) = 1]. = 


P||Xi| < x, sgn(X;) = 1] 


Based on this lemma, the ranks of the |X;|s are independent of the signs of 
the X;s. Note that the ranks are a permutation of the integers 1,2,...,n. By the 
lemma this independence is true for any permutation. In particular, suppose we 
use the permutation that orders the absolute values. For example, suppose the 
observations are —6.1, 4.3, 7.2,8.0,—2.1. Then the permutation 5,2,1,3,4 orders 
the absolute values; that is, the fifth observation is the smallest in absolute value, 
the second observation is the next smallest, etc. This permutation is called the 
anti-ranks, which we denote generally by by 71, 72,...,%n. Using the anti-ranks, 
we can write T’ as 


T=)5_ jsgn(Xi,), (10.3.5) 
j=l 


where, by Lemma 10.3.1, sgn(X;,) are iid with support {—1,1} and pmf (10.3.4). 
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Based on this observation, for s such that —oo < s < ov, the mef of T is 


E |exp Da sen(X;, ) 
j=l 


= II Elexp{sj sgn(X;,)}] 


I 5" +3 +50") 


= =— “IL $5 + @89) (10.3.6) 


Elexp{sT}] 


a. 
Il 
Bs 


ll 
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Because the mgf does not depend on the underlying symmetric pdf f(x), the test 
statistic T is distribution free under Hp. Although the pmf of T cannot be obtained 
in closed form, this mgf can be used to generate the pmf for a specified n; see 
Exercise 10.3.1. 

Because the sgn(X;,)s are mutually independent with mean zero, it follows that 
Ey, [1] = 0. Further, because the variance of sgn(X;,) is 1, we have 


Var 4, (T =¥ ee Oe | j=S n(n + 1)(2n + 1)/6. 
j=l j=l 


We summarize these results in the following theorem: 


Theorem 10.3.1. Assume that Model (10.2.1) is true for the random sample 
X1,...,Xn. Assume also that the pdf f(x) is symmetric about 0. Then under 
Ho, 


T is distribution free with a symmetric pmf (10.3.7) 

Ex, [T| = 0 (10.3.8) 
1)(2 1 

Vary, (T) = ia X na (10.3.9) 

L has an asymptotically N(0,1) distribution. (10.3.10) 


/ Varn, (T) 


Proof: The first part of (10.3.7) and the expressions (10.3.8) and (10.3.9) were 
derived above. The asymptotic distribution of T certainly is plausible and can be 
found in more advanced books. To obtain the second part of (10.3.7), we need to 
show that the distribution of T is symmetric about 0. But by the mef of Y, (10.3.6), 
we have 


Elexp{s(—T)} = Elexp{(—s)T}] = Elexp{sT}]. 


Hence T and —T have the same distribution, so T is symmetrically distributed 
about 0. m 
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Critical values for the decision rule (10.3.3) can be obtained from the exact 
distribution of T. Tables of the exact distribution can be found in applied nonpara- 
metric books such as Hollander and Wolfe (1999). A discussion on the computation 
of the exact distribution by using the language R is given in the next paragraph. 
But note that the support of T is much denser than that of the sign test, so the 
normal approximation is good even for a sample size of 10. 

There is another formulation of T which is convenient. Let T+ denote the sum 
of the ranks of the positive X;s. Then, because the sum of all ranks is n(n + 1)/2, 
we have 


T = sent )RIX:|= So RIX |- So RIX 
Xi >0 Xi <0 
1 
= 2 Rx|\-“ mn es 
Xi >0 
1 
= gph, ee’, (10.3.11) 


2 


Hence J'* is a linear function of T and thus is an equivalent formulation of the 
signed-rank test statistic T. For the record, we note the null mean and variance of 
Tt 

Ey, (Tt) = 22 and Varg,(T+) = 2etwG@nty | (10.3.12) 


If the reader has the computer language R at hand, then the function psignrank 
evaluates the cdf of T*. For example, for sample size n, the probability P(T* < t) 
is computed by the command psignrank(t,n). 

Let X; > 0 and consider all X; such that —X; < X; < X;. Thus all the averages 
(X; + X;)/2, under these restrictions, are positive, including (X; + X;)/2. From 
the restriction, though, the number of these positive averages is simply the R|X;|. 
Doing this for all X; > 0, we obtain 


The pairwise averages (X; + X;)/2 are often called the Walsh averages. Hence the 
signed-rank Wilcoxon can be obtained by counting the number of positive Walsh 
averages. 


Example 10.3.1 (Zea mays Data of Darwin). Reconsider the data set discussed 
in Example 4.5.1. Recall that W; is the difference in heights of the cross-fertilized 
plant minus the self-fertilized plant in pot 7, fori =1,...,15. Let @ be the location 
parameter and consider the one-sided hypotheses 


Ho: 6=0 versus Hy: @>0. (10.3.14) 


Table 10.3.1 displays the data and the signed ranks. 
Adding up the ranks of the positive items in column 5 of Table 10.3.1, we obtain 
Tt = 96. Using the exact distribution, the R command is 1-psignrank(95,15)), 
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Table 10.3.1: Signed Ranks for Darwin Data, Example 10.3.1 


Cross- Self- Signed- 
Pot | Fertilized | Fertilized | Difference Rank 


| 
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ye 


1 
2 
3 
4 
5 
6 
i 
8 


| 
a i 
CwWwWoQnwywow won ovr #& bw 


we obtain the p-value, p = Py,(T'* > 96) = 0.021. For comparison, the asymptotic 
p-value, using the continuity correction is 


95.5 — 60 


. (z = i516. os | 


= P(Z> 2.016) = 0.022, 


2 


P(t > 96) = Pa.(7* > 955) 


which is quite close to the exact value of 0.021. m 
Based on the identity (10.3.13), we obtain a useful process. Let 
T*(0) = #icj{I(Xj — 0) + (Xi — O)]/2 > O} = Hics{(Xj + Xi)/2 > 9}. (10.3.15) 


The process associated with T*(0) is much like the sign process, (10.2.9). Let 
Wi < We < +++ < Whntiy/2 denote the n(n + 1)/2 ordered Walsh averages. 
Then a graph of T*(@) would appear as in Figure 10.2.2, except the ordered Walsh 
averages would be on the horizontal axis and the largest value on the vertical would 
be n(n + 1)/2. Hence the function T*(6) is a decreasing step function of 0, which 
steps down one unit at each Walsh average. This observation greatly simplifies the 
discussion on the properties of the signed-rank Wilcoxon. 

Let cq denote the critical value of a level a test of the hypotheses (10.3.1) based 
on the signed-rank test statistic T+; ie, a = Py,(T* > ca). Let ysw(0) = 
Po(T* > cq), for 6 > 09, denote the power function of the test. The translation 
property, Lemma 10.2.1, holds for the signed-rank Wilcoxon. Hence, as in Theorem 
10.2.1, the power function is a nondecreasing function of 9. In particular, the 
signed-rank Wilcoxon test is an unbiased test for the one-sided hypotheses (10.3.1). 
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10.3.1 Asymptotic Relative Efficiency 


We investigate the efficiency of the signed-rank Wilcoxon by first determining its 
efficacy. Without loss of generality, we can assume that 69 = 0. Consider the same 
sequence of local alternatives discussed in the last section; i.e., 


Ho: 6=0 versus Hin: 6 (10.3.16) 


= 
n Jn? 
where 6 > 0. Contemplate the modified statistic, which is the average of TT (0), 


= se 2 “: 
T (0) = Cees (0). (10.3.17) 
Then, by (10.3.12), 
ae n(n at n 
Eo(T (0) = Fay = § and 02, (0) = Varo[T" (0)] = Att. (0.3.18) 


Let a, = 2/n(n+1). Note that we can decompose eo) into two parts as 
T" (On) = dnS(On) + an 9) I(Xi + Xj > 20n) = anS(On) + anT*(On), (10.3.19) 
i<j 
where S'(@) is the sign process (10.2.9) and 
T* (On) = >_ 1(Xi + Xj > 26n). (10.3.20) 
i<j 
To obtain the efficacy, we require the mean 


pig (On) = Eo, [T (0)] = Eo[T" (-6,)]. (10.3.21) 


But by (10.2.14), @nEo(S(—On)) = ann(2~1 — F(—6n)) — 0. Hence we need only 
be concerned with the second term in (10.3.19). But note that the Walsh averages 
in T*(0) are identically distributed. Thus 


n 


Gn Eo(T*(—On)) = an 6 


) Palm + XS =20),): (10.3.22) 


This latter probability can be expressed as follows: 


Pathe S<08,) = Pi & 26, - GG) = ll Pd, + 3G) 
= / i — F(—20, — «)| f(a) dx 


i. F(20n, + x) f(x) dx 


—cCo 


2 


/ ” [F(®) + 28, f(a)|f (a) de 


l| 


1 co 
ao 20 | f(a) dz, (10.3.23) 
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where we have used the facts that X, and X92 are iid and symmetrically distributed 
about 0, and the mean value theorem. Hence 


pit (On) On (5) (5 +26, de f2(2) i) . (10.3.24) 


Putting (10.3.18) and (10.3.24) together, we have the efficacy 
vB | f? (x) dx. (10.3.25) 


In a more advanced text, this development can be made into a rigorous argument 
for the folowing asymptotic power lemma. 


Theorem 10.3.2 (Asymptotic Power Lemma). Consider the sequence of hypothe- 
ses (10.83.16). The limit of the power function of the large sample, size a, signed- 
rank Wilcoxon test is given by 


lim ygr(On) = 1-— ®(za — dT"), (10.3.26) 


where Tw = 1/12 f?(x) dz] is the reciprocal of the efficacy cp+ and ®(z) is 
the cdf of a standard normal random variable. 


As shown in Exercise 10.3.7, the parameter Ty is a scale functional. 

The arguments used in the determination of the sample size in Section 10.2 for 
the sign test were based on the asymptotic power lemma; hence, these arguments 
follow almost verbatim for the signed-rank Wilcoxon. In particular, the sample size 
needed so that a level a signed-rank Wilcoxon test of the hypotheses (10.3.1) can 
detect the alternative 6 = 6) + 6* with approximate probability * is 


igs (Snariw)" (10.3.27) 


Using (10.2.26), the ARE between the signed-rank Wilcoxon test and the t-test 
based on the sample mean is 


o2 


ARE(T,t) = — =<. (10.3.28) 
nT Tw 

We now derive some AREs between the Wilcoxon and the t-test. As noted 
above, the parameter Ty is a scale functional and, hence, varies directly with scale 
transformations of the form aX, for a > 0. Likewise, the standard deviation a is 
also a scale functional. Therefore, because the AREs are ratios of scale functionals, 
they are scale invariant. Hence, for derivations of AREs, we can select a pdf with a 
convenient choice of scale. For example, if we are considering an ARE at the normal 
distribution, we can work with the N(0, 1) pdf. 
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Table 10.3.2: AREs Among the sign, the Signed-Rank Wilcoxon, and the t-Tests 
for Contaminated Normals with o, = 3 and Proportion of Contamination ¢€ 


0.00 
ARES. 


) 


Example 10.3.2 (ARE(W,t) at the normal distribution). If f(x) is a N(0,1) pdf, 
then 


ri = vif (eo) ae 


= ee / “ FR OPP IVD ae = ‘E 


Hence 7%, = 7/3. Since o = 1, we have 


Pe 
2 
™w 


ARE(W,t) = 2 = 3 = 0.9585. (10.3.29) 
TT 


As discussed above, this ARE holds for all normal distributions. Hence, at the 
normal distribution, the Wilcoxon signed-rank test is 95.5% efficient as the t-test. 
The Wilcoxon is called a highly efficient procedure. 


Example 10.3.3 (ARE(W,t) at a Family of Contaminated Normals). For this 
example, suppose that f(a) is the pdf of a contaminated normal distribution. For 
convenience, we use the standardized pdf given in expression (10.2.30) with b = 1. 
Recall that for this distribution, (1 —«) proportion of the time the sample is drawn 
from a N (0,1) distribution, while € proportion of the time the sample is drawn from 
a N(0,02) distribution. Recall that the variance is o? = 1+ €(0? — 1). Note that 
the formula for the pdf f(x) is given in expression (3.4.14). In Exercise 10.3.2 it is 
shown that 
ie (1 —«)? é? e(1—e) 

[ Pea = ik agg a (10.3.30) 
Based on this, an expression for the ARE can be obtained; see Exercise 10.3.2. We 
used this expression to determine the AREs between the Wilcoxon and the t-tests 
for the situations with o. = 3 and e€ varying from 0.00—0.25, displaying them in 
Table 10.3.2. For convenience, we have also displayed the AREs between the sign 
test and these two tests. 


Note that the signed-rank Wilcoxon is more efficient than the t-test even at 1% 
contamination and increases to 150% efficiency for 15% contamination. m 
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10.3.2 Estimating Equations Based on Signed-Rank Wilcoxon 


For the sign procedure, the estimation of @ was based on minimizing the LZ; norm. 
The estimator associated with the signed-rank test minimizes another norm, which 
is discussed in Exercises 10.3.4 and 10.3.5. Recall that we also show that the 
location estimator based on the sign test could be obtained by inverting the test. 
Considering this for the Wilcoxon, the estimator Ow solves 
T+ (Ow) = ae (10.3.31) 

Using the description of the function T*(@) after its definition, (10.3.15), it 
is easily seen that Oy = median{(X; + X;)/2}; ie., the median of the Walsh 
averages. This is often called the Hodges-Lehmann estimator because of several 
seminal articles by Hodges and Lehmann on the properties of this estimator; see 
Hodges and Lehmann (1963). 

Several computer packages obtain the Hodges-Lehmann estimate. For example, 
the minitab (1991) command wint returns it. 

Once again, we can use practically the same argument that we used for the sign 
process to obtain the asymptotic distribution of the Hodges—Lehmann estimator. 
We summarize the result in the next theorem. 


Theorem 10.3.3. Consider a random sample X1,X2,X3,...,Xn which follows 
Model (10.2.1). Suppose that f(x) is symmetric about 0. Then 


Vn(6w — 0) > N(0,72,), (10.3.32) 


where Tw = (vias f(x) de) 


Using this theorem, the AREs based on asymptotic variances for the signed-rank 
Wilcoxon are the same as do those defined above. 


10.3.3. Confidence Interval for the Median 


Because of the similarity between the processes S(@) and Tt (6), confidence intervals 
for 9 based on the signed-rank Wilcoxon follow the same way as do those based on 
S(6). For a given level a, let cy, an integer, denote the critical point of the signed- 
rank Wilcoxon distribution such that Py[Tt(@) < cw1] = a/2. As in Section 10.2.3, 
we then have that 


l-a = Polewi <Tt(0) <n—- cw] 
Po[Wews+1 < 0 < Wm-ew1l: (10.3.33) 
where m = n(n + 1)/2 denotes the number of Walsh averages. Therefore, the 
interval [Wey,+41, Wm-—cw.) is a (1 — a)100% confidence interval for 6. 


We can use the asymptotic null distribution of T*, (10.3.10), to obtain the 
following approximation to cy 1. As shown in Exercise 10.3.3, 


n(n + 1) n(n+1)(2n+1) 1 
ow Re  — zajyf (10.3.34) 
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where ®(—Z,/2) = a/2. In practice, we use the closest integer to cy1. 


Remark 10.3.1 (Computation). Several statistical computing packages compute 
the signed-rank Wilcoxon analysis. For example, the minitab (1991) commands 
wint and wtest compute the Hodges—Lehmann estimate, the distribution free con- 
fidence interval, and the Wilcoxon signed-rank test. The R function wilcox.test 
also computes the signed-rank analysis. For example, if x is the vector of obser- 
vations, then the command wilcox.test(x,mu=1,conf.int=T,conf.level=.90) 
returns the Hodges-Lehmann estimate, a 90% confidence interval, and the test of 
Hy : 0 =1 versus H, : 6 41. See also Chapter 1 of Hettmansperger and Mc- 
Kean (2011) for R functions which comnpute the signed-rank Wilcoxon one-sample 
analysis. ml 


Example 10.3.4 (Zea mays Data of Darwin, Continued). Reconsider the data set 
discussed in Example 10.3.1, where we used the signed-rank Wilcoxon to test the 
hypotheses that the effect 9 was 0. We now obtain the estimate of 6 and a 95% 
confidence interval for it based on the signed-rank Wilcoxon. Recall that n = 15; 
hence, there are 120 Walsh averages. Using a computer package, we sorted these 
Walsh averages. The point estimate of the effect is the median of these averages 
which is 3.14. Hence we estimate that cross-fertilized Zea mays grow 3.14 inches 
taller than self-fertilized Zea mays. The approximate cutoff point for the confidence 
interval given by expression (10.3.34) is cw1 = 25. Hence a 95% confidence interval 
for 0 is [W26,Wo5) = [0.500, 5.250); that is, we are 95% confident that the true 
effect is between 0.500 to 5.250 inches. 


EXERCISES 


10.3.1. (a) For n = 3, expand the mef (10.3.6) to show that the distribution of 
the signed-rank Wilcoxon is given by 


(b) Obtain the distribution of the signed-rank Wilcoxon for n = 4. 


10.3.2. Assume that f(x) has the contaminated normal pdf given in expression 
(3.4.14). Derive expression (10.3.30) and use it to obtain ARE(W, t) for this pdf. 


10.3.3. Use the asymptotic null distribution of T+, (10.3.10), to obtain the ap- 
proximation (10.3.34) to cyt. 


10.3.4. For a vector v € R”, define the function 
IIvll = 52 R(jvil) vil. (10.3.35) 
i=1 


Show that this function is a norm on R”; that is, it satisfies the properties 
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1. ||v|| > 0 and ||v|| = 0 if and only if v = 0. 


2. ||av|| = |a|||v||, for all a such that —oo < a < cw. 


3. |ju+ vl] < |/ul] + ||v||, for all u,v € R”. 


For the triangle inequality, use the anti-rank version, that is, 
n 
lvl] = So dlei,I- (10.3.36) 
j=l 


Then use the following fact: If we have two sets of n numbers, for example, 
{ti,to,...,tn} and {s1,52,...,5n}, then the largest sum of pairwise products, one 
from each set, is given by }7'_, ti;k,;, where {ij} and {k;} are the anti-ranks for 
the t; and s,, respectively, i.e., ti, < ti, <-++ < tj, and sp, < spy < +++ < Sp,. 


10.3.5. Consider the norm given in Exercise 10.3.4. For a location model, define 
the estimate of @ to be = 
6 = Argming||_X; — 6]|. (10.3.37) 


Show that 6 is the Hodges—Lehmann estimate, i.e., satisfies (10.4.25). 
Hint: Use the anti-rank version (10.3.36) of the norm when differentiating with 
respect to 6. 


10.3.6. Prove that a pdf (or pmf) f(a) is symmetric about 0 if and only if its mgf 
is symmetric about 0, provided the mef exists. 


10.3.7. In Exercise 10.1.4, we defined the term scale functional. Show that the 
parameter Ty, (10.3.26), is a scale functional. 


10.4 Mann—Whitney—Wilcoxon Procedure 


Suppose X1, X2,..., Xn, is arandom sample from a distribution with a continuous 
cdf F(x) and pdf f(x) and Yi, Y2,...,¥Yn. is a random sample from a distribution 
with a continuous cdf G(x) and pdf g(a). For this situation there is a natural null 
hypothesis given by Hp: F(a) = G(x) for all a; ie., the samples are from the same 
distribution. What about alternative hypotheses besides the general alternative 
not Ho? An interesting alternative is that X is stochastically larger than Y, 
which is defined by G(x) > F(a), for all x, with strict inequality for at least one a. 
This alternative hypothesis is discussed in the exercises. 

For the most part in this section, however, we consider the location model. In 
this case, G(x) = F'(a— A) for some value of A. Hence the null hypothesis becomes 
Hy: A =O. The parameter A is often called the shift between the distributions 
and, in this case, the distribution of Y is the same as the distribution of X + A; 
that is, 

P(Y <y)=P(X+A<y)=F(y—A). (10.4.1) 


If A > 0, then Y is stochastically larger than X; see Exercise 10.4.5. 
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In the shift case, the parameter A is independent of what location functional 
is used. To see this, suppose we select an arbitrary location functional for X, say, 
T(Fx). Then we can write X; as 


Xi =T(F) +ei, 
where €1,...,€n, are iid with T(F.) =0. By (10.4.1) it follows that 
Y; =T(Fx)+A+e;, QS A Dice M9 


Hence T(Fy) = T(Fx)+ A. Therefore, A = T(Fy) — T(Fx) for any location 
functional; i.e., A is the same no matter what functional is chosen to model location. 

Assume then that the shift model, (10.4.1), holds for the two samples. Alterna- 
tives of interest are the usual one- and two-sided alternatives. For convenience we 
pick on the one-sided hypotheses given by 


Ho: A=0O0 versus H,;: A>O. (10.4.2) 


The exercises consider the other hypotheses. Under Ho, the distributions of X 
and Y are the same, and we can combine the samples to have one large sample of 
n =n 1+ Ng observations. Suppose we rank the combined samples from 1 to n and 
consider the statistic 


W=S°R(Y), (10.4.3) 


where R(Y;) denotes the rank of Y; in the combined sample of n items. This 
statistic is often called the Mann—Whitney—Wilcoxon (MWW) statistic. Under 
Ho the ranks are uniformly distributed between the X;s and the Y;s; however, under 
H,: A> 0, the Y;s should get most of the large ranks. Hence an intuitive rejection 
rule is given by 

Reject Ho in favor of H, if W >. (10.4.4) 


We now discuss the null distribution of W, which enables us to select c for 
the decision rule based on a specified level a. Under Ho, the ranks of the Y;s are 
equilikely to be any subset of size nz from a set of n elements. Recall that there are 


(7) such subsets; therefore, if {r1,...,1n.} is a subset of size nz from {1,...,n}, 
then ss 
n 
P[R(Y1) =11,.--,RMV nz) = Tn] = (") , (10.4.5) 


This implies that the statistic W is distribution free under Hp. Although the null 
distribution of W cannot be obtained in closed form, there are recursive algorithms 
which obtain this distribution; see Chapter 2 of the text by Hettmansperger and 
McKean (2011). In the same way, the distribution of a single rank R(Y;) is uniformly 
distributed on the integers {1,...,n}, under Hp. Hence we immediately have 


na na n 1 n2 


Ex,(W) = > Fito (R(¥3)) - a, - Ds a ~ ae =. 
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The variance is displayed below (10.4.8) and a derivation of a more general case is 
given in Section 10.5. It also can be shown that W is asymptotically normal. We 
summarize these items in the theorem below. 


Theorem 10.4.1. Suppose X1, X2,...,Xn, 1s arandom sample from a distribution 
with a continuous cdf F(a) and Y1,Y2,...,Yn, is a random sample from a distri- 
bution with a continuous cdf G(x). Suppose Hy: F(x) = G(x), for all x. If Ho is 
true, then 


W is distribution free with a symmetric pmf (10.4.6) 
1 
Ex(W] = mine) ) (10.4.7) 
1 
Varn, (W) = mran 0) ame (10.4.8) 


Wen(nt0? has an asymptotically N(0,1) distribution. (10.4.9) 

V/ Vari, (W) 

The only item of the theorem not discussed above is the symmetry of the null 
distribution, which we show later. First, consider this example: 


Example 10.4.1 (Water Wheel Data Set). In an experiment discussed in Abebe 
et al. (2001), mice were placed in a wheel that is partially submerged in water. If 
they keep the wheel moving, they avoid the water. The response is the number of 
wheel revolutions per minute. Group 1 is a placebo group, while Group 2 consists 
of mice that are under the influence of a drug. The data are 


[GroupIX [23 03 52 31 11 09 20 07 14 03 


[Group2Y [08 28 40 24 12 00 62 15 288 07 


Comparison dotplots of the data (asked for in Exercise 10.4.6) show that the 
two data sets are similar except for the large outlier in the treatment group. A 
two-sided hypothesis seems appropriate in this case. Notice that a few of the data 
points in the data set have the same value (are tied). This happens in real data 
sets. We follow the usual practice and use the average of the ranks involved to 
break ties. For example, the observations 72 = x19 = 0.3 are tied and the ranks 
involved for the combined data are 2 and 3. Hence we use 2.5 for the ranks of 
each of these observations. Continuing in this way, the Wilcoxon test statistic is 
w= ae R(y;) = 116.50. The null mean and variance of W are 105 and 175, 
respectively. The asymptotic test statistic is 2 = (116.5 — 105)//175 = 0.869 with 
p-value 2(1 — 6(0.869)) = 0.38 (see below for a discussion on exact p-values). Hence 
Ho would not be rejected. The test confirms the comparison dotplots of the data. 
The t-test based on the difference in means is discussed in Exercise 10.4.6. @ 


We next want to derive some properties of the test statistic and then use these 
properties to discuss point estimation and confidence intervals for A. As in the 
last section, another way of writing W proves helpful in these regards. Without 
loss of generality, assume that the Yjs are in order. Recall that the distributions 
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of X; and Y; are continuous; hence, we treat the observations as distinct. Thus 
R(Y;) = #:{Xi < Yj} + #itYi < Yj}. This leads to 


So #tX: < Yi} + #dv < YH} 


= 
T 
ig 
By 
= 
T 


j=l j=l j=l 
1 
= #45{Y) > X}+ Ll a} (10.4.10) 


Let U = #:,;{Y; > Xi}; then we have W = U + no(n2+1)/2. Hence an equivalent 
test for the hypotheses (10.4.2) is to reject Ho if U > cg. It follows immediately 
from Theorem 10.4.1 that, under Ho, U is distribution free with mean njn2/2 and 
variance (10.4.8) and that it has an asymptotic normal distribution. The symmetry 
of the null distribution of either U or W can now be easily obtained. Under Ho, 
both X; and Y; have the same distribution, so the distributions of U and U’ = 
#i,;{X: > Y;} must be the same. Furthermore, U + U’ = ning. This leads to 


= Py. (u' as -u) 
= Pip (ue =-u), 


which yields the desired symmetry result in Theorem 10.4.1. 

Tables for the distribution of U can be found in the literature; see, for instance, 
Hollander and Wolfe (1999). Many computer packages also return its p-values and 
critical values. If the reader has access to R, the command pwilcox(u,n1,n2) 
computes P(U < u), where n1 and n2 denote the sample sizes. 

Note that if G(a) = F(a— A), then Y; — A has the same distribution as X;. So 
the process of interest here is 


Hence U(A) is counting the number of differences Y; — X; which exceed A. Let 
Dy < Dz < +++ < Dnjnz denote the n;nz ordered differences of Y; — X;. Then 
the graph of U(A) is the same as that in Figure 10.2.2, except the Djs are on the 
horizontal axis and the n on the vertical axis is replaced by ning; that is, U(A) is 
a decreasing step function of A which steps down one unit at each difference Dj, 
with the maximum value of n1n2. 

We can then proceed as in the last two sections to obtain properties of inference 
based on the Wilcoxon. Let the integer cq denote the critical value of a level a 
test of the hypotheses (10.2.2) based on the statistic U; ie., a = Py,(U > ca). 
Let y(A) = Pa(U > cq), for A > 0, denote the power function of the test. 
The translation property, Lemma 10.2.1, holds for the process U(A). Hence, as in 
Theorem 10.2.1, the power function is a nondecreasing function of A. In particular, 
the Wilcoxon test is an unbiased test for the one-sided hypotheses (10.4.2). 
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10.4.1 Asymptotic Relative Efficiency 


The asymptotic relative efficiency (ARE) of the Wilcoxon follows along similar lines 
as for the sign test statistic in Section 10.2.1. Here, consider the sequence of local 
alternatives given by 


Ho: A=0 versus Hin: An =<, (10.4.12) 
where 6 > 0. We also assume that 
= — 1, 7 — 2, where \y +A. = 1. (10.4.13) 


This assumption implies that n1/n2 > A1/Az; i.e, the sample sizes maintain the 
same ratio asymptotically. 
To determine the efficacy of the MWW, consider the average 


UiAyS= ——U(A). (10.4.14) 
It follows immediately that 
wy (0) = Eo(U(0)) = 5 and o7,(0) = pee. (10.4.15) 
Because the pairs (X;, Y;) are iid we have 
pu (An) = Ea, (U(0)) = Eo(U(—An)) = Po(Y — X > —-A,.). (10.4.16) 


The independence of X and Y and the fact [°F (a) f(x) dz = 1/2 gives 


= Eo(1 _ F(x _ A,,)) 
= 1-f F(a —A,) f(x) dx 


+ An . f?(a) dz, (10.4.17) 


where we have applied the mean value theorem to obtain the last line. Putting 
together (10.4.15) and (10.4.17), we have the efficacy 


eg = Uae as 0) 5 = VBVIe | GG (10.4.18) 


This derivation can be made rigorous, leading to the following theorem: 


Theorem 10.4.2 (Asymptotic Power Lemma). Consider the sequence of hypothe- 
ses (10.4.12). The limit of the power function of the size a Mann—Whitney- 
Wilcoxon test is given by 


lim yy(A,) =1-@ (4a = Vxr26747" ) (10.4.19) 


noo 
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where tw = 1/V12 f°. f?(x) dx is the reciprocal of the efficacy cy and ®(z) is the 
cdf of a standard normal random variable. 


As in the last two sections, we can use this theorem to establish a relative mea- 
sure of efficiency by considering sample size determination. Consider the hypotheses 
(10.4.2). Suppose we want to determine the sample size n = n1 + ng for a level a 
MWW test to detect the alternative A* with approximate power y*. By Theorem 
10.4.2, we have the equation 


Y= (Vn d*/Jn) & 1 O(a — VAL2V/nA*T%"). (10.4.20) 


This leads to the equation 


Zyt = Zq — V MATH » (10.4.21) 


where ®(z,+) =1—*. Solving for n, we obtain 


(Za — ac}ow \" 
x | ———____ ] . 10.4.22 
ed ra aie 


To use this in applications, the sample size proportions Ay = n1/n and Ag = n2/n 
must be given. As Exercise 10.4.1 points out, the most powerful two-sample designs 
have sample size proportions of 1/2, i.e., equal sample sizes. 

To use this to obtain the asymptotic relative efficiency between the MWW and 
the two-sample pooled t-test, Exercise 10.4.2 shows that the sample size needed for 
the two-sample t-tests to attain approximate power y* to detect A* is given by 


(Za — | : 
a, ee 10.4.23 
ee ( Ae Vxo } ’ ee 


where o is the variance of e;. Hence, as in the last section, the asymptotic relative 
efficiency between the Wilcoxon test (MWW) and the t-test is the ratio of the 
sample sizes (10.4.22) and (10.4.23), which is 


oc? 


ARE(MWW, LS) = —-. (10.4.24) 
Tw 

Note that this is the same ARE as derived in the last section between the signed- 

rank Wilcoxon and the t-test. If f(z) is a normal pdf, then the MWW has efficiency 

95.5% relative to the pooled t-test. Thus the MWW tests lose little efficiency at 

the normal. On the other hand, it is much more efficient than the pooled t-test at 


the family of contaminated normals (with e > 0), as in Example 10.3.3. 


10.4.2 Estimating Equations Based on the Mann—Whitney— 
Wilcoxon 
As with the signed-rank Wilcoxon procedure in the last section, we invert the test 


statistic to obtain an estimate of A. As discussed in the next section, this esti- 
mate can be defined in terms of minimizing a norm. The estimator Ow solves the 
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estimating equations 
U(A) = En)(U) =>. (10.4.25) 


Recalling the description of the process U(A) described above, it is clear that the 
Hodges—Lehmann estimator is given by 


Av = med,,;{Y; — Xi}. (10.4.26) 


The asymptotic distribution of the estimate follows in the same way as in the last 
section based on the process U(A) and the asymptotic power lemma, Theorem 
10.4.2. We avoid sketching the proof and simply state the result as a theorem: 


Theorem 10.4.3. Assume that the random variables X,,X2,...,Xn, are tid with 
pdf f(a) and that the random variables Y1,Y2,...,Yn, are tid with pdf f(a — A). 
Then 

Au has an approximate N (A, 7%, ( ne )) distribution, (10.4.27) 


ni n2 


where tw = (V12 f°, f?(c) dx)-". 


__ As Exercise 10.4.3 shows, provided the Var(e;) = 07 < oo, the LS estimate 
Y — X of A has the following approximate distribution: 
Y — X has an approximate N (4. a (+ + )) distribution. (10.4.28) 


Note that the ratio of the asymptotic variances of Ay is given by the ratio (10.4.24). 
Hence the ARE of the tests agrees with the ARE of the corresponding estimates. 


10.4.3. Confidence Interval for the Shift Parameter A 


The confidence interval for A corresponding to the MWW estimate is derived the 
same way as the Hodges-Lehmann estimate in the last section. For a given level 
a, let the integer c denote the critical point of the MWW distribution such that 
Pa[U(A) <c] = a/2. As in Section 10.2.3, we then have 


l-a = Palc<U(A) <nin2-<c 


= Py[Deri<A<Daing—cl (10.4.29) 


where D; < Dz <--- < Dn,n. denote the order differences Y; — X;. Therefore, 
the interval [De+i1, Dnins—c) is a (1 — a)100% confidence interval for A. Using the 
null asymptotic distribution of the MWW test statistic U, we have the following 
approximation for c: 


nyng nina(n+1) 1 
or 5) — 2q/2 — 4a. = 9? (10.4.30) 


where ®(—z,/2) = a/2; see Exercise 10.4.4. In practice, we use the closest integer 
to ¢. 
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Example 10.4.2 (Example 10.4.1, Continued). Returning to Example 10.4.1, the 
MWW estimate of A is A = 1.15. The asymptotic rule for the selection of the 
differences which enter a 95% confidence interval gives the value for c + 24. Hence 
the confidence interval is (D25, D76), which for this data set has the value (—0.7, 2.6). 
Hence, in agreement with the test statistic, the confidence interval covers the null 
hypothesis of A = 0. m 


Remark 10.4.1 (Computation). Several statistical computing packages compute 
the Mann—Whitney—Wilcoxon analysis. For example, the minitab (1991) command 
mann computes the Hodges—Lehmann estimate, the distribution free confidence in- 
terval, and the Mann—Whitney—Wilcoxon test. The R function wilcox.test also 
computes this analysis. For example, if x and y are the vectors of observations, 
then the command wilcox.test(x,y,conf.int=T,conf.level=.90) returns the 
Hodges—Lehmann estimate, a 90% confidence interval, and the test of Hp : A = 0 
versus H, : A 4 0. See also Hettmansperger and McKean (2011) for R functions 
which produce the Mann—Whitney—Wilcoxon two-sample analysis m 


EXERCISES 


10.4.1. By considering the asymptotic power lemma, Theorem 10.4.2, show that 
the equal sample size situation n, = nz is the most powerful design among designs 
with ny + ng =n, n fixed, when level and alternatives are also fixed. 

Hint: Show that this problem is equivalent to maximizing the function 


n(n — 1) 


g(mi) = — 


n 


and then obtain the result. 


10.4.2. Consider the asymptotic version of the t-test for the hypotheses (10.4.2) 
which is discussed in Example 4.6.2. 


(a) Using the setup of Theorem 10.4.2, derive the corresponding asymptotic power 
lemma for this test. 


(b) Use your result in part (a) to obtain expression (10.4.23). 
10.4.3. Use the Central Limit Theorem to show that expression (10.4.28) is true. 


10.4.4. For the cutoff index c of the confidence interval (10.4.29) for A, derive the 
approximation given in expression (10.4.30). 


10.4.5. Let X be a continuous random variable with cdf F(#). Suppose Y = X+A, 
where A > 0. Show that Y is stochastically larger than X. 


10.4.6. Consider the data given in Example 10.4.1. 


(a) Obtain comparison dotplots of the data. 
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(b) Show that the difference in sample means is 3.11, which is much larger than 
the MWW estimate of shift. What accounts for this discrepancy? 


(c) Show that the 95% confidence interval for A using t is given by (—2.7, 8.92). 
Why is this interval so much larger than the corresponding MWW interval? 


(d) Show that the value of the t-test statistic, discussed in Example 4.6.2, for 
this data set is 1.12 with p-value 0.28. Although, as with the MWW results, 
this p-value would be considered insignificant, it seems lower than warranted 
(consider, for example, the comparison dotplots of part (a)]. Why? 


10.5 General Rank Scores 


Suppose we are interested in estimating the center of a symmetric distribution 
using an estimator which corresponds to a distribution-free procedure. Presently 
our choice would be either the sign test or the signed-rank Wilcoxon test. If the 
sample is drawn from a normal distribution, then of the two we would choose the 
signed-rank Wilcoxon because it is much more efficient than the sign test at the 
normal distribution. But the Wilcoxon is not fully efficient. This raises the ques- 
tion: Is there is a distribution-free procedure which is fully efficient at the normal 
distribution, i.e., has efficiency of 100% relative to the t-test at the normal? More 
generally, suppose we specify a distribution. Is there a distribution-free procedure 
which has 100% efficiency relative to the mle at that distribution? In general, the 
answer to both of these questions is yes. In this section, we explore these questions 
for the two-sample location problem since this problem generalizes immediately to 
the regression problem of Section 10.7. A similar theory can be developed for the 
one-sample problem; see Chapter 1 of Hettmansperger and McKean (2011). 

As in the last section, let X1, X2,..., Xn, be a random sample from the contin- 
uous distribution with cdf and pdf F(a) and f(a), respectively. Let Yi, Y2,..., Yn. 
be arandom sample from the continuous distribution with cdf and pdf, respectively, 
F(a — A) and f(a — A), where A is the shift in location. Let n = n1 + nz denote 
the combined sample sizes. Consider the hypotheses 


Ho: A=0 versus H;: A> 0. (10.5.1) 


We first define a general class of rank scores. Let y(u) be a nondecreasing 
function defined on the interval (0,1), such that So y?(u) du < oo. We call y(u) 
a score function. Without loss of generality, we standardize this function so that 
i; y(u) du = 0 and te y?(u) du = 1; see Exercise 10.5.1. Next, define the scores 
a,(i) = yli/(n+1)], for 2 = 1,...,n. Then ag(1) < a,(2) < --- < ag(n) and 
assume that )>;"_, a(i) = 0, (this essentially follows from f y(u) du = 0, see Exercise 
10.5.12). Consider the test statistic 


Wy = So a(RY)), (10.5.2) 
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where R(Y;) denotes the rank of Y; in the combined sample of n observations. Since 
the scores are nondecreasing, a natural rejection rule is given by 


Reject Ho in favor of Hy if W, > c. (10.5.3) 
Note that if we use the linear score function y(u) = V12(u — (1/2)), then 


n2 


Wea ve (Te 5) = “SY (205) -) 


n+ 2 n+14 2 
j=1 
Ji NA0) 
= ~—w- a: (10.5.4) 


where W is the MWW test statistic, (10.4.3). Hence the special case of a linear 
score function results in the MWW test statistic. 

To complete the decision rule (10.5.2), we need the null distribution of the test 
statistic W,. But many of its properties follow along the same lines as that of the 
MWW test. First, W, is distribution free because, under the null hypothesis, every 
subset of ranks for the Yjs is equilikely. In general, the distribution of W, cannot 
be obtained in closed form, but it can be generated recursively similarly to the 
distribution of the MWW test statistic. Next, to obtain the null mean of W,, use 
the fact that R(Y;) is uniform on the integers 1,2,...,n. Because )7i"_, a,(i) = 0, 
we then have 

ng no n 
Extg(We) = YBa (ap(R(Y5))) = DY agli)— = 0. (10.5.5) 


j=l j=l i=1 


To determine the null variance, first define the quantity s? by the equation 
Eq, (a2(R(Y; 2 Pi = yy eos 2 10.5.6 
nla(ROG)) = Dia = 7 Lae = 78 00.5.6) 
As Exercise 10.5.4 shows, s2/n ~ 1. Since Eq,(W,) = 0, we have 


n2 na 


Vario(We) = Ex,(WZ) = DD » Erp [ag( RY) ag (R(VG"))] 
= So EnlaZ(RY%))] + 0 SE lag( RY) ap (R(Y))] 
j=l AI! 
= My. oanrae (10.5.7) 
= ain y**' (10.5.8) 


see Exercise 10.5.2 for the derivation of the second term in expression (10.5.7). In 
more advanced books, it is shown that W, is asymptotically normal under Ho. 
Hence the corresponding asymptotic decision rule of level a@ is 


Reject Ho in favor of Hy if z = ——“# —— > z,. (10.5.9) 
\V/ Var ny (Wy) 


10.5. General Rank Scores 561 


To answer the questions posed in the first paragraph of this section, the efficacy 
of the test statistic W, is needed. To proceed along the lines of the last section, 
define the process 


W,(A) = >> ag(R(Y; - A)), (10.5.10) 


where R(Y;—A) denotes the rank of Y;-—A among Xj,...,Xn,,Y¥i—A,..-, Yn, —A. 
In the last section, the process for the MWW statistic was also written in terms of 
counts of the differences Y; — X;. We are not as fortunate here, but as the next 
theorem shows, this general process is a simple decreasing step function of A. 


Theorem 10.5.1. The process W,(A) is a decreasing step function of A which 
steps down at each difference Y;— X;,i =1,...,n, andj =1,...,ng. Its maximum 
and minimum values are Saar ay(j) > 0 and ei ay(j) < 0, respectively. 
Proof: Suppose A; < A» and W,(Ai) 4 W,(Ae2). Hence the assignment of the 
ranks among the X; and Y; — A must differ at A, and Ag; that is, then there must 
be a j and an 7 such that Y; — Ay < X; and Y; — A; > X;. This implies that 
Ay < Y; — X; < Ag. Thus W,(A) changes values at the differences Y; — X;. To 
show it is decreasing, suppose A; < Y;—X; < Ag and there are no other differences 
between A; and Ag. Then Y; — A; and X; must have adjacent ranks; otherwise, 
there would be more than one difference between A; and Ag. Since Y; — Ay > Xj 
and Y; — Ag < X;, we have 


R(Y; = Ai) = R(X;) +1 and R(Y; = Az) = R(X;) —1. 


Also, in the expression for W,,(A), only the rank of the Y; term has changed in the 
interval [A,, Ag]. Therefore, since the scores are nondecreasing, 


Wo(Ar)—Wo(Az) = Sray(R(Y, — Ar)) +a,(R(Y — Ar) 
kAj 


— |S ap(R(Y%, — Av) + ap(R(¥ — As) 
kj 
a.(R(X;) +1)) — ay(R(X:) —1)) > 0. 


l| 


Because W,,(A) is a decreasing step function and steps only at the differences 
Y; — Xj, its maximum value occurs when A < Y; — Xj, for all i,j, ie., when 
X; < Y; — A, for all i, 7. Hence, in this case, the variables Y; — A must get all the 
high ranks, so 


n 
maxW(d)= > a6). 
g=mjt+1 
Note that this maximum value must be nonnegative. For suppose it was strictly 
negative, then at least one a,(j) < 0 for 7 = 1 +1,...,n. Because the scores are 
nondecreasing, a,,(i) < 0 for alli =1,...,m1. This leads to the contradiction 


n n ny 
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The results for the minimum value are obtained in the same way; see Exercise 
10.5.6. m 


As Exercise 10.5.7 shows, the translation property, Lemma 10.2.1, holds for the 
process W,,(A). Using this result and the last theorem, we can show that the power 
function of the test statistic W,, for the hypotheses (10.5.1) is nondecreasing. Hence 
the test is unbiased. 


10.5.1 Efficacy 


We next sketch the derivation of the efficacy of the test based on W,. Our arguments 
can be made rigorous; see advanced texts. Consider the statistic given by the 
average 


1 
W (0) = —W,(0). (10.5.11) 
Based on (10.5.5) and (10.5.8), we have 
tp(0) = Eo(W,(0)) =0 and o2 = Varo(W,(0)) = “82 n-7s2.  (10.5.12) 


n(n—1) a 


Notice from Exercise 10.5.4 that the variance of W,(0) is of the order O(n~?). We 
have 


yp(A) = EalW,,(0)] = Bol o( 7 LB la,(R(% +A). (10.5.13) 


Suppose that Fi, and oe are the empirical cdfs of the random samples Xj1,..., Xn, 


and Yj,..., Yn,, respectively. The relationship between the ranks and empirical cdfs 
follows as 
RY; +A) = #e{¥e + A< Y; +A} 4+ Hit Xi < Yj + A} 
= #{¥, < Yj} + #i{Xi < Y; + A} 
= oF, (Yj) + mPa, (Vj + A). (10.5.14) 


Substituting this last expression into expression (10.5.13), we get 


(A) = roe oe | Froth) + Ba (H+ 4) (10.515) 
a peek (Y) + MF(Y + A)]} (10.5.16) 
= » | DoF (Y) +a F(Y + A)] f(y) dy. (10.5.17) 


The limit in expression (10.5.16) is actually a double limit, which follows from 
Fy, (@) > F(a), i = 1,2, under Ho, and the observation that upon substituting F’ for 
the empirical cdfs in expression (10.5.15), the sum contains identically distributed 
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random variables and, thus, the same expectation. These approximations can be 
made rigorous. It follows immediately that 


i ttp(A) = Xs i ” of DaF(Y) + mF (Y + A)) f(y + AVF (y) dy. 


—Co 


Hence 
foe) 


,(0) = Ard2 i] gIF (y)1F2(y) dy. (10.5.18) 


—Co 


From (10.5.12), 


/ ning 1 /1 2_, 
Vnoy = Jn n(n —1) Jn me? V Ay AQ. (10.5.19) 


Based on (10.5.18) and (10.5.19), the efficacy of W,, is given by 


pis a = Vane | LRU) dy. (10.5.20) 


Using the efficacy, the asymptotic power can be derived for the test statistic 
W,. Consider the sequence of local alternatives given by (10.4.12) and the level a 
asymptotic test based on W,. Denote the power function of the test by y,(A,). 
Then it can be shown that 


lim Yy(An) = 1— ®(Za — €, 4), (10.5.21) 
where ®(z) is the cdf of a standard normal random variable. Sample size deter- 


mination based on the test statistic W, proceeds as in the last few sections; see 
Exercise 10.5.8. 


10.5.2 Estimating Equations Based on General Scores 


Suppose we are using the scores ay(i) = y(i/(n + 1)) discussed in Section 10.5.1. 
Recall that the mean of the test statistic W, is 0. Hence the corresponding estimator 
of A solves the estimating equations 


W,(A) 0. (10.5.22) 
By Theorem 10.5.1, Wy, (A) is a decreasing step function of A. Furthermore, the 
maximum value is positive and the minimum value is negative (only degenerate 
cases would result in one or both of these as 0); hence, the solution to equation 
(10.5.22) exists. Because W, (A) is a step function, it may not be unique. When 
it is not unique, though, as with Wilcoxon and median procedures, there is an 
interval of solutions, so the midpoint of the interval can be chosen. This is an 
easy equation to solve numerically because simple iterative techniques such as the 
bisection method or the method of false position can be used; see the discussion on 
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page 210 of Hettmansperger and McKean (2011). The asymptotic distribution of 
the estimator can be derived using the asymptotic power lemma and is given by 


Be has an approximate N (Anas (+ ee +)) distribution, (10.5.23) 
where = 
re= [fo wrona) (10.5.24) 


Hence the efficacy can be expressed as cy = VM A2TG. As Exercise 10.5.9 shows, 
the parameter 7, is a scale parameter. Since the efficacy is cy = VAiATS | the 
efficacy varies inversely with scale. This observation proves helpful in the next 
subsection. 


10.5.3 Optimization: Best Estimates 


We can now answer the questions posed in the first paragraph. For a given pdf f(x), 
we show that in general we can select a score function which maximizes the power 
of the test and which minimizes the asymptotic variance of the estimator. Under 
certain conditions we show that estimators based on this optimal score function 
have the same efficiency as maximum likelihood estimators (mles); i.e., they obtain 
the Rao—Cramér Lower Bound. 

As above, let Xy,...,X», be a random sample from the continuous cdf F(z) 
with pdf f(a). Let Y1,..., Yn, be arandom sample from the continuous cdf F'(a—A) 
with pdf f(a—A). The problem is to choose y to maximize the efficacy c, given in 
expression (10.5.20). Note that maximizing the efficacy is equivalent to minimizing 
the asymptotic variance of the corresponding estimator of A. 

For a general score function y(u), consider its efficacy given by expression 
(10.5.20). Without loss of generality, the rae sample sizes in this expression 
can be ignored, so we consider c%, = (V/1A2)~ "cy. If we make the change of vari- 
ables u = F(y) and then eens by parts, we get 


a = [ eFwlraay 


ll 
om 
2 
ace 
S 
~~" 
a 
zy 
AF 
frag 
~~" 
~~" 
Q. 
ied 


= [ au |- a du. (10.5.25) 


Recall that the score function f y?(u) du = 1. Thus we can state the problem 
as 


max c, = max{ p(w) Sam au} 
_ oy ie HH f [ESof a 
0 


" an — 


2 


10.5. General Rank Scores 565 


The quantity that we are maximizing in the braces of this last expression, how- 
ever, is the square of a correlation coefficient, which achieves its maximum value 1. 
Therefore, by choosing the score function y(u) = yy(u), where 


__ fw) 
pr(u) = FF Mu)’ (10.5.26) 


and « is a constant chosen so that [ yF (uw) du = 1, then the correlation coefficient 
is 1 and the maximum value is 


I(f) = [ eon du, (10.5.27) 


which is Fisher information for the location model. We call the score function given 
by (10.5.26) the optimal score function. 

In terms of estimation, if A is the corresponding estimator, then, according to 
(10.5.24), it has the asymptotic variance 


ie al (— n ~) . (10.5.28) 


Thus the estimator A achieves asymptotically the Rao—Cramér lower bound; that 
is, A is an asymptotically efficient estimator of A. In terms of asymptotic relative 
efficiency, the ARE between the estimator A and the mle of A is 1. Thus we have 
answered the second question of the first paragraph of this section. 

Now we look at some examples. The initial example assumes that the distri- 
bution of ¢; is normal, which answers the leading question at the beginning of this 
section. First, though, note an invariance which simplifies matters. Suppose Z is 
a scale and location transformation of a random variable X; i.e, Z = a(X — b), 
where a > 0 and —oo < b < cw. Because the efficacy varies indirectly with scale, we 
have c+, = a~*c%,.. Furthermore, as Exercise 10.5.9 shows, the efficacy is invariant 
to location and, also, I(fz) = a~?I(fx). Hence the quantity maximized above is 
invariant to changes in location and scale. In particular, in the derivation of optimal 
scores, only the form of the density is important. 


Example 10.5.1 (Normal Scores). Suppose the error random variable ¢; has a 
normal distribution. Based on the discussion in the last paragraph, we can take the 
pdf of a N(0, 1) distribution as the form of the density. So consider fz(z) = ¢(z) = 
(27)—1/? exp{—2-1z?}. Then —¢'(z) = zG(z). Let ®(z) denote the cdf of Z. Hence 
the optimal score function is 


g'(@"(4)) _ 5-1/,,. 
pn(u) K HO(u)) ®*(u); (10.5.29) 
see Exercise 10.5.5, which shows that « = 1 as well as that [ py(u)du = 0. The 
corresponding scores, ay (i) = ®~'(i/(n+1)), are often called the normal scores. 
Denote the process by 
ne 
Ww(A) = 5° ®7[R(Y; — A)/(n + DV). (10.5.30) 


=i 
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The associated test statistic for the hypotheses (10.5.1) is the statistic Wy = 
Wn(0). The estimator of A solves the estimating equations 


Wn (An) & 0. (10.5.31) 


Although the estimate cannot be obtained in closed form, this equation is relatively 
easy to solve numerically. From the above discussion, ARE(Ay,Y —X) = 1 at the 
normal distribution. Hence normal score procedures are fully efficient at the normal 
distribution. Actually, a much more powerful result can be obtained for symmet- 


ric distributions. It can be shown that ARE(Ay,Y — X) > 1 at all symmetric 
distributions. m 


Example 10.5.2 (Wilcoxon Scores). Suppose the random errors, ¢;, i = 1,2,...,n, 
have a logistic distribution with pdf fz(z) = exp{—z}/(1+ exp{—z})?. Then the 
corresponding cdf is Fz(z) = (1+ exp{—z})~+. As Exercise 10.5.11 shows, 


~£13 = Fy(z)(1—exp{—z}) and Fz'(u) =log py. (10.5.32) 


Upon standardization, this leads to the optimal score function, 
pw(u) = V12(u — (1/2)), (10.5.33) 


that is, the Wilcoxon scores. The properties of the inference based on Wilcoxon 
scores are discussed in Section 10.4. Let Aw = med {Y; — X;} denote the corre- 
sponding estimate. Recall that ARE(Aw,Y — X) = 0.955 at the normal. Hodges 
and Lehmann (1956) showed that ARE(Aw,Y — X) > 0.864 over all symmetric 
distributions. ™ 


Example 10.5.3. As a numerical illustration, we consider some generated normal 
observations. The first sample, labeled X, was generated from a N(48, 107) distri- 
bution, while the second sample, Y, was generated from a N(58, 10?) distribution. 
There are 15 observations in each sample. The data are displayed in Table 10.5.1, 
and along with the data, the ranks and the normal scores are exhibited. We consider 
tests of the two-sided hypotheses Hp : A = 0 versus H; : A 4 0 for the Wilcoxon, 
normal scores, and Student t procedures. 

As the following comparison dotplots show, the second sample observations ap- 
pear to be larger than those from the first sample. 


Sample 
1 
+--------- 4+--------- +--------- 4+--------- 4+--------- 4+------- 
Sample 
2 
4+--------- 4+--------- 4+--------- 4+--------- 4+--------- 4+------- 


32.0 40.0 48.0 56.0 64.0 72.0 
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Table 10.5.1: Data for Example 10.5.3 


Sample 1 (X) Sample 2 (Y) 

Data | Ranks | Normal Scores | Data | Ranks | Normal Scores 
—0.04044 0.75273 

0.64932 —0.12159 

—0.37229 0.28689 

0.04044 —0.20354 

0.98917 : 0.46049 

—1.13098 : —1.30015 

—0.28689 . 1.30015 

—0.46049 —0.86489 

0.12159 0.86489 

—0.75273 —1.84860 

—0.98917 1.51793 

0.37229 —0.64932 

—1.51793 0.55244 

0.20354 1.84860 

—0.55244 1.13098 


The test statistics along with their standardized versions, p-values, and corre- 
sponding estimates of the shift parameter A are 


Student t 


Wilcoxon 


Normal scores 


Notice that the standardized tests statistics and their corresponding p-values are 
quite similar and all would result in the same decision regarding the hypotheses. 
As shown in the table, the corresponding point estimates of A are also alike. The 
estimates were obtained using the package cited ahead in Remark 10.5.1. 

We changed x5 to be an outlier with value 95.5 and then reran the analyses. The 
t-analysis was the most affected, for on the changed data, t = 0.63 with a p-value 
of 0.53. In contrast, the Wilcoxon analysis was the least affected (z = 1.37 and 
p = 0.17). The normal scores analysis was more affected by the outlier than the 
Wilcoxon analysis with z = 1.14 and p= 0.25. mg 


Example 10.5.4 (Sign Scores). For our final example, suppose that the ran- 
dom errors €1,€2,...,€n have a Laplace distribution. Consider the convenient 
form fz(z) = 2~'exp{—|z|}. Then f}(z) = —27'sgn(z) exp{—|z|} and, hence, 
—f,(Fz'(u))/fz(Fz*(u)) = sen(z). But F7'(u) > 0 if and only if u > 1/2. The 
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optimal score function is 
1 
ys(u) = sgn (u 5) ; (10.5.34) 


which is easily shown to be standardized. The corresponding process is 


= Ye ROY eee = | , (10.5.35) 


Because of the signs, this test statistic can be written in a simpler form, which is 
often called Mood’s test; see Exercise 10.5.13. 

We can also obtain the associated estimator in closed form. The estimator solves 
the equation 


no ae 1 
S sen | R(¥; — A) - 7 | =o (10.5.36) 
j=l 
For this equation, we rank the variables 
{X1,...,Xn,,¥1 —A,...,¥n, — A}. 


Because ranks, though, are invariant to a constant shift, we obtain the same ranks 
if we rank the variables 


X,—med{X;},...,Xn, — med{X;},¥; — A — med{ X;},..., Yn, — A— med{X;}. 
Therefore, the solution to equation (10.5.36) is easily seen to be 
Ag = med{Y;} — med{X;}. (10.5.37) 
Other examples are given in the exercises. 


Remark 10.5.1 (Computation). Computation of the analyses for general score 
functions can be performed by the R functions discussed in Chapter 2 of Hettman- 
sperger and McKean (2011). In particular, the normal scores analysis of Example 
10.5.3 can be computed by using the command twosampr2(x,y,score=phinscr), 
where x and y are the vectors containing the X and Y observations, respectively. ™ 


EXERCISES 


10.5.1. In this section, as discussed above expression (10.5.2), the scores a,(i) are 
generated by the standardized score function y(u); that is, i; yp(u)du = 0 and 


ih y?(u) du = 1. Suppose that w(u) is a square-integrable function defined on the 
interval (0,1). Consider the score function defined by 


plu) = 


where wp = fv v) dv. Show that y(u) is a standardized score function. 
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10.5.2. Complete the derivation of the null variance of the test statistic W, by 
showing the second term in expression (10.5.7) is true. 

Hint: Use the fact that under Ho, for 7 # 9’, the pair (a,(R(Y;)), ay(R(¥j/))) is 
uniformly distributed on the pairs of integers (i, 7’), 7,7’ =1,2,...,.n,i4. 


10.5.3. For the Wilcoxon score function y(u) = V12[u— (1/2)], obtain the value of 
Sq. Then show that the Vz,(W,) given in expression (10.5.8) is the same (except 
for standardization) as the variance of the MWW statistic of Section 10.4. 


10.5.4. Recall that the scores have been standardized so that f° y?(u) du = 1. 
Use this and a Riemann sum to show that n7's? ? is defined in 


expression (10.5.6). 


— 1, where s 


10.5.5. Show that the normal scores, (10.5.29), derived in Example 10.5.1 are 
standardized; that is, fis pn(u) du = 0 and ips yp, (u) du = 1. 


10.5.6. In Theorem 10.5.1, show that the minimum value of W,(A) is given by 
1 a,(j) and that it is nonpositive. 


10.5.7. Show that Ea[W,(0)] = Eo[W,(—A)]. 


10.5.8. Consider the hypotheses (10.4.2). Suppose we select the score function 
y(u) and the corresponding test based on W,,. Suppose we want to determine the 
sample size n = n, + n2 for this test of significance level a to detect the alternative 
A* with approximate power y*. Assuming that the sample sizes ny and nz are the 
same, show that 


2 
ne (Gare) (10.5.38) 


10.5.9. In the context of this section, show the following invariances: 


(a) Show that the parameter T,, (10.5.24), is a scale functional as defined in 
Exercise 10.1.4. 


(b) Show that part (a) implies that the efficacy, (10.5.20), is invariant to the 
location and varies indirectly with scale. 


(c) Suppose Z is a scale and location transformation of a random variable X; i-e., 
Z = a(X —b), where a > 0 and —oo < b < ov. Show that I(fz) = a~7I(fx). 


10.5.10. Consider the scale parameter 7, (10.5.24), when normal scores are used; 


ie., p(u) = &-1(u). Suppose we are sampling from a N(y,07) distribution. Show 
that T, =. 


10.5.11. In the context of Example 10.5.2, obtain the results in expression (10.5.32). 


10.5.12. Let the scores a(i) be generated by a,(7) = yli/(n + 1)], fori =1,...,n, 
where i, y(u) du = 0 and es y?(u) du = 1. Using Riemann sums, with subintervals 
of equal length, of the integrals if p(u) du and fo y?(u) du, show that 57)", a(i) + 0 
and 7), a?(i)  n. 
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10.5.13. Consider the sign scores test procedure discussed in Example 10.5.4. 


(a) Show that Ws = 2W% — nz, where Wi = #; {R(Y;) > 4}. Hence Wé is 
an equivalent test statistic. Find the null mean and variance of Wg. 


(b) Show that Wi = #; {Y; > 0*}, where 6* is the combined sample median. 


(c) Suppose n is even. Letting WY = #i {Xi > O*}, show that we can table Wg 
in the following 2 x 2 contingency table with all margins fixed: 


eee (eee Gla eee eee! (ar 


No. items < 6° 
rr ee 


ny 


Show that the usual y? goodness-of-fit is the same as Z2, where Zs is the 
standardized z-test based on Wg. This is often called Mood’s median test; 
see Example 10.5.4.. 


10.5.14. Recall the data discussed in Example 10.5.3. 
(a) Obtain the contingency table described in Exercise 10.5.13. 


(b) Obtain the x? goodness-of-fit test statistic associated with the table and use 
it to test at level 0.05 the hypotheses Hp : A = 0 versus Hy: A #0. 


(c) Obtain the point estimate of A given in expression (10.5.37). 
10.5.15. Optimal signed-rank based methods also exist for the one-sample problem. 


In this exercise, we briefly discuss these methods. Let X1,X2,...,X» follow the 
location model 


where €1, €2,...,€n are iid with pdf f(a), which is symmetric about 0; ie., f(—x) = 
f(z). 
(a) Show that under symmetry the optimal two-sample score function (10.5.26) 
satisfies 
pr(l—u)=—yz(u), O<u<l; (10.5.40) 


that is, yr(u) is an odd function about 4. Show that a function satisfying 
(10.5.4) is 0 at u= 4. 
(b) For a two-sample score function y(u) which is odd about 4, define the function 
yt (u) = y[(u+1)/2], ie., the top half of y(u). Note that the domain of y* (u) 
is the interval (0,1). Show that yt(u) > 0, provided y(u) is nondecreasing. 
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(c) Assume for the remainder of the problem that y*(u) is nonnegative and non- 
decreasing on the interval (0,1). Define the scores at(i) = yt[i/(n + 1)], 


i=1,2,...,n, and the corresponding statistic 
Wo+ = >> sgn(Xi)a* (R|X;)). (10.5.41) 
i=1 


Show that W,+ reduces to a linear function of the signed-rank test statistic 
(10.3.2) if p(w) = 2u— 1. 


(d) Show that W.+ reduces to a linear function of the sign test statistic (10.2.3) 
if y(u) = sgn(2u — 1). 


Note: Suppose Model (10.5.39) is true and we take y(u) = yr(u), where 
yr (u) is given by (10.5.26). If we choose y* (wu) = y[(u+1)/2] to generate the 
signed-rank scores, then it can be shown that the corresponding test statistic 


W,+ is optimal, among all signed-rank tests. 


(e) Consider the hypotheses 
Ho: 6=0 versus H, : 0>0. 


Our decision rule for the statistic W,+ is to reject Ho in favor of Hy if W,+ > 
k, for some k. Write W,+ in terms of the anti-ranks, (10.3.5). Show that 


W,+ is distribution-free under Ho. 


(f) Determine the mean and variance of W.,+ under Ho. 


(g) Assuming that, when properly standardized, the null distribution is asymp- 
totically normal, determine the asymptotic test. 


10.6 Adaptive Procedures 


In the last section, we presented fully efficient rank-based procedures for testing and 
estimation. As with mle methods, though, the underlying form of the distribution 
must be known in order to select the optimal rank score function. In practice, 
often the underlying distribution is not known. In this case, we could select a score 
function, such as the Wilcoxon, which is fairly efficient for moderate- to heavy-tailed 
error distributions. Or if the distribution of the errors is thought to be quite close to 
a normal distribution, then the normal scores would be a proper choice. Suppose we 
use a technique which bases the score selection on the data. These techniques are 
called adaptive procedures. Such a procedure could attempt to estimate the score 
function; see, for example, Naranjo and McKean (1997). However, large data sets 
are often needed for these. There are other adaptive procedures which attempt to 
select a score from a finite class of scores based on some criteria. In this section, we 
look at an adaptive testing procedure for testing which retains the distribution-free 
property. 
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Frequently, an investigator is tempted to evaluate several test statistics associ- 
ated with a single hypothesis and then use the one statistic that best supports his 
or her position, usually rejection. Obviously, this type of procedure changes the 
actual significance level of the test from the nominal a that is used. However, there 
is a way in which the investigator can first look at the data and then select a test 
statistic without changing this significance level. For illustration, suppose there are 
three possible test statistics, W,,W2, and W3, of the hypothesis Ho with respective 
critical regions C1, C2, and C3 such that P(W; € Ci; Ho) = a, i = 1,2,3. Moreover, 
suppose that a statistic Q, based upon the same data, selects one and only one of 
the statistics W,,W2,W3, and that W is then used to test Hp. For example, we 
choose to use the test statistic W; if Q © D;, 1 = 1,2,3, where the events defined 
by D,, D2, and D3 are mutually exclusive and exhaustive. Now if Q and each W; 
are independent when Ho is true, then the probability of rejection, using the entire 
procedure (selecting and testing), is, under Ho, 


PH, (Q € Di,Wi € C1) + Po, (Q € D2, W2 € C2) + Px, (Q € Ds, W3 € C3) 
= Py,(Q € D1)PH, (Wi € C1) + Pu, (Q € Dz) Px, (W2 € C2) 
+ Pu, (Q € D3)PH,(W3 € C3) 
=a[PxH,(Q € D1) + Pa, (Q € D2) + Px, (Q € D3)| =a. 


That is, the procedure of selecting W; using an independent statistic Q and then 
constructing a test of significance level a with the statistic W; has overall significance 
level a. 

Of course, the important element in this procedure is the ability to be able to 
find a selector Q that is independent of each test statistic W. This can frequently 
be done by using the fact that complete sufficient statistics for the parameters, 
given by Ho, are independent of every statistic whose distribution is free of those 
parameters. For illustration, if independent random samples of sizes n; and ng 
arise from two normal distributions with respective means ji; and jig and common 
variance o”, then the complete sufficient statistics X,Y, and 


ny ng 


V=S\(%i- XP +5°U-Y) 


1 


for [11,42, and o? are independent of every statistic whose distribution is free of 
Ll1, 2, and o?, such as the statistics 


ny 


nt 
SoG —xXy SOX — median(X;)| 
1 1 

n2 , 


bakes -Y/ Soli — median(Y;)| 
1 


1 


range(X 1, X2,...,Xn,) 
<9 Vita) , 


range(Yj, Yo,.. 


Thus, in general, we would hope to be able to find a selector Q that is a function 
of the complete sufficient statistics for the parameters, under Ho, so that it is 
independent of the test statistic. 
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It is particularly interesting to note that it is relatively easy to use this technique 
in nonparametric methods by using the independence result based upon complete 
sufficient statistics for parameters. For the situations here, we must find complete 
sufficient statistics for a cdf, F', of the continuous type. In Chapter 7, it is shown 
that the order statistics Yj < Yo <--: < Y, of a random sample of size n from a 
distribution of the continuous type with pdf F’(a) = f(a) are sufficient statistics 
for the “parameter” f (or F’). Moreover, if the family of distributions contains all 
probability density functions of the continuous type, the family of joint probability 
density functions of Y1, Y2,..., Yn is also complete. That is, the order statistics 
Y1, Y2,..., Y, are complete sufficient statistics for the parameters f (or F). 

Accordingly, our selector Q is based upon those complete sufficient statistics, the 
order statistics under Ho. This allows us to independently choose a distribution- 
free test appropriate for this type of underlying distribution, and thus increase the 
power of our test. 

A statistical test that maintains the significance level close to a desired signif- 
icance level a for a wide variety of underlying distributions with good (not neces- 
sarily the best for any one type of distribution) power for all these distributions is 
described as being robust. As an illustration, the pooled t-test (Student’s t) used to 
test the equality of the means of two normal distributions is quite robust provided 
that the underlying distributions are rather close to normal ones with common vari- 
ance. However, if the class of distributions includes those that are not too close to 
normal ones, such as contaminated normal distributions, the test based upon t is 
not robust; the significance level is not maintained and the power of the t-test can 
be quite low for heavy-tailed distributions. As a matter of fact, the test based on 
the Mann—Whitney—Wilcoxon statistic (Section 10.4) is a much more robust test 
than that based upon t if the class of distributions includes those with heavy tails. 

In the following example, we illustrate a robust, adaptive, distribution free pro- 
cedure in the setting of the two-sample problem. 


Example 10.6.1. Let X1, X2,...,Xn, be a random sample from a continuous- 
type distribution with cdf F(x) and let Y1, Y2,...,Y,, be a random sample from a 
distribution with cdf F(a — A). Let n =n, + nz denote the combined sample size. 
We test 

Hy: A=0 versus H,: A>0O, 


by using one of four distribution-free statistics, one being the Wilcoxon and the 
other three being modifications of the Wilcoxon. In particular, the test statistics 


are 
na 


W; = S/ ai[R(Yj)], i= 1,2,3,4, (10.6.1) 
j=l 


where 

a9) = pild/(n + 1], 
and the four functions are displayed in Figure 10.6.1. The score function yj (u) 
is the Wilcoxon. The score function y2(u) is the sign score function. The score 
function y3(w) is good for short-tailed distributions, and y4(u) is good for long, 
right-skewed distributions with shift alternatives. 
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Figure 10.6.1: Plots of the score functions yi(u), Y2(u), y3(u), and y4(u). 


We combine the two samples into one denoting the order statistics of the com- 
bined sample by Vi < V2 <--- < V,. These are complete sufficient statistics for 
F(a) under the null hypothesis. For i = 1,...,4, the test statistic W; is distribution 
free under Ho and, in particular, the distribution of W; does not depend on F(a). 
Therefore, each W; is independent of Vi, V2,..., Vn. We use a pair of selector statis- 
tics (Q1, Q2), which are functions of Vi, V2,...,Vn, and hence are also independent 
of each W;. The first is 


_ Uo-M 5 


eas 


(10.6.2) 


where U 95, M.5, and L.o5 are the averages of the largest 5% of the Vs, the middle 
50% of the Vs, and the smallest 5% of the Vs, respectively. If Q1 is large (say 2 
or more), then the right tail of the distribution seems longer than the left tail; that 
is, there is an indication that the distribution is skewed to the right. On the other 
hand, if Q, < 4, the sample indicates that the distribution may be skewed to the 
left. The second selector statistic is 


Ups =i 
Q.=— =. (10.6.3) 
Us—Ls5 


Large values of Q2 indicate that the distribution is heavy-tailed, while small values 
indicate that the distribution is light-tailed. Rules are needed for score selection, 
and here we make use of the benchmarks proposed in an article by Hogg et al. 
(1975). These rules are tabulated below, along with their benchmarks: 
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Distribution Indicated | Score Selected 
Heavy-talled symmetric 


Qi > 2 and Q2 < 7 | Right-skewed 
Qi <2 and Qe < 2 | Light-tailed symmetric 
Moderate heavy-tailed 


Hogg et al. (1975) performed a Monte Carlo power study of this adaptive proce- 
dure over a number of distributions with different kurtosis and skewness coefficients. 
In the study, both the adaptive procedure and the Wilcoxon test maintain their a 
level over the distributions, but the Student t does not. Moreover, the Wilcoxon test 
has better power than the t-test, as the distribution deviates much from the normal 
(kurtosis = 3 and skewness = 0), but the adaptive procedure is much better than 
the Wilcoxon for the short-tailed distributions, the very heavy-tailed distributions, 
and the highly skewed distributions which were considered in the study. m 


The adaptive distribution-free procedure that we have discussed is for testing. 
Suppose we have a location model and were interested in estimating the shift in 
locations A. For example, if the true F' is a normal cdf, then a good choice for 
the estimator of A would be the estimator based on the normal scores procedure 
discussed in Example 10.5.1. The estimators, though, are not distribution free and, 
hence, the above reasoning does not hold. Also, the combined sample observations 
X1,.--,Xn,,VY1,---, Yn, are not identically distributed. There are adaptive proce- 
dures based on ie X4,.6.,Xn,VYi - A, wey Yne — A, where A is an initial 
estimator of A; see page 237 of ett maneper ger and McKean (2011) for discussion. 


EXERCISES 


10.6.1. In Exercises 10.6.2 and 10.6.3, the student is asked to apply the adaptive 
procedure described in Example 10.6.1 to real data sets. The hypotheses of interest 
are 

Hy: A=0O versus H,: A>0O, 


where A = py — wx. The four distribution free test statistics are 
n2 
Wi => la(R(Y)], 1=1,2,3,4, (10.6.4) 
where 


ai(9) = pila /(n + 1], 
and the score functions are given by 


gifu) = 2u-l1, 0<u<l 

ya(u) = sgn(Qu—1), O<u<l 
4u-1 O0<u<F 

y3(u) = 0 t<u<? 


4u-3 3<u<l 


du — (3/2) O0<u<$ 
1/2 t<u<l 
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Note that we have adjusted the fourth score y4(u) in Figure 10.6.1 so that it inte- 
grates to 0 over the interval (0, 1). 

The theory of Section 10.5 states that, under Ho, the distribution of W; is 
asymptotically normal with mean 0 and variance 


Note, however, that the scores have not been standardized, so their squares integrate 
to 1 over the interval (0,1). Hence, do not replace the term in brackets by 1. If 
ny = Ng = 15, find Vary,(W;), for i =1,...,4. 


10.6.2. Consider the data in Example 10.5.3 and the hypotheses 
Hy: A=0O versus H,: A> 0, 


where A = pty — wx. Apply the adaptive procedure described in Example 10.6.1 
with the tests defined in Exercise 10.6.1 to test these hypotheses. Obtain the p-value 
of the test. 


10.6.3. Use the adaptive procedure of Exercise 10.6.1 on the data of Example 
10.4.1. 


10.6.4. Let F(a) be a distribution function of a distribution of the continuous 
type which is symmetric about its median 6. We wish to test Hp : 6 = 0 against 
AH, :0> 0. Use the fact that the 2n values, X; and —X;, 1 = 1,2,...,n, after 
ordering, are complete sufficient statistics for F', provided that Ho is true. 


(a) As in Exercise 10.5.15, determine the one-sample signed-rank test statistics 
corresponding to the two-sample score functions yi(u), yo(w), and y3(w) de- 
fined in the last exercise. Use the asymptotic test statistics. Note that these 
score functions are odd about 3; hence, their top halves serve as score func- 
tions for signed-rank statistics. 


(b) We are assuming symmetric distributions in this problem; hence, we use only 
Qz2 as our score selector. If Q2 > 7, then select yo(u); if 2 < Qe < 7, then 
select yi (u); and finally, if Q2 < 2, then select y3(u). Construct this adaptive 
distribution-free test. 


(c) Use your adaptive procedure on Darwin’s Zea mays data; see Example 10.3.1. 
Obtain the p-value. 


10.7 Simple Linear Model 


In this section, we consider the simple linear model and briefly develop the rank- 
based procedures for it. 
Suppose the responses Yj, Y2,..., Yn follow the model 


Y,=a+(B(a,-F)+e;,, +=1,2,...,n, (10.7.1) 
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where €1,€2,.--,€n are iid with continuous cdf F(x) and pdf f(x). In this model, 
the variables 71, %2,...,%,, are considered fixed. The parameter (@ is the slope 
parameter, which is the expected change in Y (provided expectations exist) when 
x increases by one unit. A natural null hypothesis is 


Ho: 6=0 versus H,: B40. (10.7.2) 


Under Ho, the distribution of Y is free of x. 

In Chapter 3 of Hettmansperger and McKean (2011), rank-based procedures 
for linear models are presented from a geometric point of view; see also Exercises 
10.9.11-10.9.12 of Section 10.9. Here, it is easier to present a development which 
parallels the preceding sections. Hence we introduce a rank test of Ho and then 
invert the test to estimate 3. Before doing this, though, we present an example 
which shows that the two-sample location problem of Section 10.4 is a regression 
problem. 


Example 10.7.1. As in Section 10.4, let X1, X2,..., Xn, be arandom sample from 
a distribution with a continuous cdf F(a” — a), where a is a location parameter. 
Let Yi, Yo,...,Yn, be a random sample with cdf F(a — a@— A). Hence A is the 
shift between the cdfs of X; and Y;. Redefine the observations as Z; = X;, for 
i=1,...,m, and Z,,4; = Y;, fori = ni +1,...,n, where n = 71 + ne. Let c; be 
0 or 1 depending on whether 1 <i <n, or ny +1<i<n. Then we can write the 
two sample location models as 


Z,=at Ac; + Ei, (10.7.3) 


where €1,€2,..., Ey are iid with cdf F(a). Hence the shift in locations is the slope 


’ ? 


parameter from this viewpoint. 


Suppose the regression model (10.7.1) holds and, further, that Ho is true. Then 
we would expect that Y; and x; — % are not related and, in particular, that they 
are uncorrelated. Hence one could consider 57i"_,(%; — Z)Y; as a test statistic. 
As Exercise 9.6.8 of Chapter 9 shows, if we additionally assume that the random 
errors €; are normally distributed, this test statistic, properly standardized, is the 
likelihood ratio test statistic. Reasoning in the same way, for a specified score 
function we would expect that a,(R(Y;)) and x; — % are uncorrelated, under Hp. 
Therefore, consider the test statistic 


Tom \ (a= Bay ( RY); (10.7.4) 


where R(Y;) denotes the rank of Y; among Yj,..., Y;, and a,(i) = y(t/(n + 1)) for 
a nondecreasing score function y(u) which is standardized, so that [ y(u) du = 0 
and f p?(u) du = 1. Values of T, close to 0 indicate Ho is true. 

Assume Ho is true. Then Yj,...,Y, are iid random variables. Hence any per- 
mutation of the integers {1,2,...,n} is equilikely to be the ranks of Yj,...,Yn.- 
So the distribution of T, is free of F(a). Note that the distribution does not de- 
pend on 21, %2,...,%. Thus, tables of the distribution are not available, although 
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with high-speed computing, this distribution can be generated. Because R(Y;) is 
uniformly distributed on the integers {1,2,...,n}, it is easy to show that the null 
expectation of T,, is zero. The null variance follows that of W,, of Section 10.5, so 
we have left the details for Exercise 10.7.3. To summarize, the null moments are 
given by 


“~ n—1 


Ex, (Tp)=0 and Vary, (Ty) = ys?) (i — 2)’, (10.7.5) 
i=l 


where s? is the mean sum of the squares of the scores (10.5.6). Also, it can be shown 
that the test statistic is asymptotically normal. Therefore, an asymptotic level @ 
decision rule for the hypotheses (10.7.2) with the two-sided alternative is given by 


Reject Ho in favor of Hy if |z| = ee 2D Beas (10.7.6) 
/ Varn, (Te) 
The associated process is given by 
T p(B) = (ai — Fay(R(¥i — 2). (10.7.7) 


Hence the corresponding estimate of 9 is given by Bos which solves the estimating 
equations 
Tyo(By) ¥ 0. (10.7.8) 


Similar to Theorem 10.5.1, it can be shown that T,,((3) is a decreasing step function 
of 6 which steps down at each sample slope (Y; — Y;)/(x; — x;), for i A j. Thus 
the estimate exists. It cannot be obtained in closed form, but simple iterative 
techniques can be used to find the solution. In the regression problem, though, 
prediction of Y is often of interest, which also requires an estimate of a. Notice 
that such an estimate can be obtained as a location estimate based on residuals. 
This is discussed in some detail in Section 3.5.2 of Hettmansperger and McKean 
(2011). For our purposes, we consider the median of the residuals; that is, we 
estimate @ as 

@ = med{Y; — 8,(x; — Z)}. (10.7.9) 


Remark 10.7.1. The Wilcoxon estimates of slope and intercept are computed by 
several packages. The minitab command rregr obtains the Wilcoxon fit. Terpstra 
and McKean (2005) have written a collection of R functions, ww, which obtains this 
fit. The package of R routines, Rfit, also computes this fit; see Kloke and McKean 
(2011). This package was used for the computations in the following example. m 


Example 10.7.2 (Telephone Data). Consider the regression data discussed in Exer- 
cise 9.6.2. Recall that the responses (y) for this data set are the numbers of telephone 
calls (tens of millions) made in Belgium for the years 1950-1973, while time in years 
serves as the predictor variable (x). The data are plotted in Figure 10.7.1. For this 
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example, we used Wilcoxon scores to fit Model (10.7.1). This resulted in the esti- 
mates Bw = 0.145 and @ = —7.15. The Wilcoxon fitted value Vee = —7.154+0.1452; 
is plotted in Figure 10.7.1. The least squares fit Ys. = —26.0+ 0.5042;, found in 
Exercise 9.6.2, is also plotted. Note that the Wilcoxon fit is much less sensitive to 
the outliers than the least squares fit. 

The outliers in this data set were recording errors; see page 25 of Rousseeuw 
and Leroy (1987) for more discussion. m 


20 5 


— LS-Fit 


---- Wilcoxon-Fit ° 


Number of calls 


Figure 10.7.1: Plot of telephone data, Example 10.7.2, overlaid with Wilcoxon 
and LS fits. 


Similar to Lemma 10.2.1, a translation property holds for the process T'(3) given 
by 


Eg|T(0)] = Eo[T(—8)]; (10.7.10) 


see Exercise 10.7.1. Further, as Exercise 10.7.4 shows, this property implies that 
the power curve for the one-sided tests of Hp : 9 = 0 are monotone, assuring the 
unbiasedness of the tests based on Ty. 

We can now derive the efficacy of the process. Let ur(3) = Eg,[T(0)| and 
o2.(0) = Varo[T'(0)]. Expression (10.7.5) gives the result for o7(0). Recall that for 
the mean yr (3), we need its derivative at 0. We freely use the relationship between 
rankings and the empirical cdf and then approximate this empirical cdf with the 
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true cdf. Hence 


n 


wr(8) = EalP(O)] = FolP(—B)) = Soi - 7) Folag( RW + 048)) 
= D(a —@)Eo |p (eta) 
x S-(«i —F)Bole(F(% + 2:8) 
= Ye-2 [ orw+s9foay. (0.7.1) 


H'r(8)=ei— Tai fo Pw + a8) Flu + 8) lW) dy 
w=1 =e 
which yields 
r= te-m f ¢Pw)Pwav. (10.7.12) 
i=1 pica 
We need one assumption on the 71, 22,...,2%nj; namely, n~! 7}, (a; — Z)? — 02, 


where 0 < 02 < co. Recall that (n — 1)~'s? — 1. Therefore, the efficacy of the 
process T(3) is given by 


cp = tim ECO = iy Hel =H? J FO) PW) ty 
OR Cs a 
=f ePWPwdy (10.7.13) 


Using this, an asymptotic power lemma can be derived for the test based on T,,; 
see expression (10.7.17) of Exercise 10.7.5. Based on this, it can be shown that the 
asymptotic distribution of the estimator (, is given by 


Bo has an approximate NV @ 721). (a - ) distribution, (10.7.14) 
=I. 


where the scale parameter Ty is T, = (f°. y! (F(y)) f?(y) dy)7?. 


Remark 10.7.2. The least squares (LS) estimates for Model (10.7.1) were discussed 
in Section 9.6 in the case that the random errors €1,€2,...,€n are iid with a N(0,07) 
distribution. In general, for Model (10.7.1), the asymptotic distribution of the LS 
estimator of 3, say Brg, is: 


Bg has an approximate N (3 AS a -#) distribution, (10.7.15) 


w=1 
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where o? is the variance of ¢;. Based on (10.7.14) and (10.7.15), it follows that the 
ARE between the rank-based and LS estimators is given by 


2 


ARE(@,, 8g) (10.7.16) 


— 73° 
To 


Hence, if Wilcoxon scores are used, this ARE is the same as the ARE between the 
Wilcoxon and t-procedures in the one- and two-sample location models. lm 


EXERCISES 


10.7.1. Establish expression (10.7.10). To do this, note first that the expression is 
the same as 


n 


Ep |>_ (ai — B)ay(R(¥i)) 


i=1 


n 


di(#i — Bag (RV + 248))| - 


i=1 


= Eo 


Show that the cdfs of Y; (under @) and Y; + (a; — %)G (under 0) are the same. 


10.7.2. Suppose we have a two-sample model given by (10.7.3). Assuming Wilcoxon 
scores, show that the test statistic (10.7.4) is equivalent to the Wilcoxon test statistic 
found in expression (10.4.3). 


10.7.3. Show that the null variance of the test statistic Ti, is the value given in 
(10.7.5). 


10.7.4. Show that the translation property (10.7.10) implies that the power curve 
for either one-sided test based on the test statistic T, of Hp : 3 = 0 is monotone. 


10.7.5. Consider the sequence of local alternatives given by the hypotheses 


Ho: @ =0 versus Hy, : 8 = Bn = &, 
where (3; > 0. Let y(@) be the power function discussed in Exercise 10.7.4 for an 
asymptotic level a test based on the test statistic T,. Using the mean value theorem 
to approximate pr(G,,), sketch a proof of the limit 


im (Bn) = 1— ®(2q — er). (10.7.17) 


10.8 Measures of Association 


In the last section, we discussed the simple linear regression model in which the 
random variables, Ys, were the responses or dependent variables, while the xs were 
the independent variables and were thought of as fixed. Regression models occur in 
several ways. In an experimental design, the values of the independent variables are 
prespecified and the responses are observed. Bioassays (dose-response experiments) 
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are examples. The doses are fixed and the responses are observed. If the experimen- 
tal design is performed in a controlled environment (for example, all other variables 
are controlled), it may be possible to establish cause and effect between x and Y. 
On the other hand, in observational studies both the xs and Ys are observed. In the 
regression setting, we are still interested in predicting Y in terms of x, but usually 
cause and effect between x and Y are precluded in such studies (other variables 
besides « may be changing). 

In this section, we focus on observational studies but are interested in the 
strength of the association between Y and x. So both X and Y are treated as 
random variables in this section and the underlying distribution of interest is the 
bivariate distribution of the pair (X,Y). We assume that this bivariate distribution 
is continuous with cdf F'(«,y) and pdf f(a, y). 

Hence, let (X,Y) be a pair of random variables. A natural null model (baseline 
model) is that there is no relationship between X and Y; that is, the null hypothesis 
is given by Hp: X and Y are independent. Alternatives, though, depend on which 
measure of association is of interest. For example, if we are interested in the cor- 
relation between X and Y, we use the correlation coefficient p (Section 9.7) as our 
measure of the association. A two-sided alternative in this case is Hy: p #0. Re- 
call that independence between X and Y implies that p = 0, but that the converse 
is not true. However, the contrapositive is true; that is, 9 4 0 implies that X and 
Y are dependent. So, in rejecting Ho, we conclude that X and Y are dependent. 
Furthermore, the size of indicates the strength of the correlation between X and 
Y. 


10.8.1 Kendall’s 7 


The first measure of association that we consider in this section is a measure of the 
monotonicity between X and Y. Monotonicity is an easily understood association 
between X and Y. Let (X1, Yi) and (X2,Y2) be independent pairs with the same 
bivariate distribution (discrete or continuous). We say these pairs are concordant if 
sgn{(X1— X2)(Yi — Y2)} = 1 and are discordant if sgn{(X,— X2)(Yi—Y2)} = —-1. 
The variables X and Y have an increasing relationship if the pairs tend to be 
concordant and a decreasing relationship if the pairs tend to be discordant. A 
measure of this is given by Kendall’s 7, 


7 = Pisgn{(X1 — X2)(¥1 —Y2)} = 1)—Plsen{(X1 — X2)(Y¥i —Yo)} = —1]. (10.8.1) 


As Exercise 10.8.1 shows, —1 < 7 < 1. Positive values of 7 indicate increasing 
monotonicity, negative values indicate decreasing monotonicity, and 7 = 0 reflects 
neither. Furthermore, as the following theorem shows, if X and Y are independent, 
then 7 = 0. 


Theorem 10.8.1. Let (X1, Yi) and (X2, Y2) be independent pairs of observations of 
(X,Y), which has a continuous bivariate distribution. If X and Y are independent, 
then T = 0. 


Proof: Let (X1, Yi) and (X92, Y2) be independent pairs of observations with the same 
continuous bivariate distribution as (X,Y). Because the cdf is continuous, the sign 


10.8. Measures of Association 583 


function is either —1 or 1. By independence, we have 


Phen(X%) = 3) =Y) $1) = Ps wins 
4 PI = NIK < 
P(X, > Xo]P[Y. > Yo] 

+ PIX, < Xo]P[Y < Yo] 


(@) +) -3 


Likewise, P[sgn(X1 — X2)(Yi — Y2) = —1] = 4; hence, 7 = 0. m 


Relative to Kendall’s 7 as the measure of association, the two-sided hypotheses 
of interest here are 
Ho: tT =0 versus H,: 7 £0. (10.8.2) 


As Exercise 10.8.1 shows, the converse of Theorem 10.8.1 is false. However, the 
contrapositive is true; i.e., 7 ~ 0 implies that X and Y are dependent. As with the 
correlation coefficient, in rejecting Hp, we conclude that X and Y are dependent. 

Kendall’s 7 has a simple unbiased estimator. Let (X1, Y1), (X2, Y2),..-, (Xn, Yn) 
be a random sample of the cdf F(x, y). Define the statistic 


am ey do sen {(Xi — X5)(Vi — ¥j)}- (10.8.3) 


i<j 


Note that for all i ~ j, the pairs (X;,Y;) and (X;,Y;) are identically distributed. 
Thus E(K) = (2) ' (8) Elsen {(X1 — X2)(Yi — Yo)}] =r. 

In order to use K as a test statistic of the hypotheses (10.8.2), we need its 
distribution under the null hypothesis. Under Ho, rT = 0, so the Ey,(K) = 0. The 
null variance of K is given by expression (10.8.6); see, for instance, page 205 of 
Hettmansperger (1984). If all pairs (X;, Y;), (Xj, Y;) of the sample are concordant 
then kK = 1, indicating a strictly increasing monotone relationship. On the other 
hand, if all pairs are discordant then K = —1. Thus the range of K is contained in 
the interval [—1, 1]. Also, the summands in expression (10.8.3) are either +1. From 
the proof of Theorem 10.8.1, the probability that a summand is 1 is 1/2, which does 
not depend on the underlying distribution. Hence the statistic K is distribution- 
free under Ho. The null distribution of kK is symmetric about 0. This is easily seen 
from the fact that for each concordant pair there is an obvious discordant pair (just 
reverse an inequality on the Ys) and the fact that concordant and discordant pairs 
are equilikely under Ho. For tables of the null distribution of kK, see Hollander and 
Wolfe (1999). Also, it can be shown that K is asymptotically normal under Ho. 
We summarize these results, without proof, in a theorem. 


Theorem 10.8.2. Let (X1,Yi),(X2, Y2),..-,(Xn, Yn) be a random sample on the 
bivariate random vector (X,Y) with continuous cdf F(x,y). Under the null hypoth- 
esis of independence between X and Y, i.e., F(x,y) = Fx(x)Fy(y), for all (x,y) 
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in the support of (X,Y), the test statistic K satisfies the following properties: 


K is distribution free with a symmetric pmf (10.8.4) 
Ex, |K] = 0 (10.8.5) 
2 2n+5 
_2 10. 
Vari, (K) Sha) (10.8.6) 
“A has an asymptotic N(0,1) distribution. (10.8.7) 
J Varin (K) 


Based on the asymptotic test, a large sample level a test for the hypotheses 
(10.8.2) is to reject Ho if Z~ > zq/2, where 


a 
/2(2n + 5)/9n(n — 1) 


Most statistical computing packages compute Kendall’s 7. For instance, the R 
command cor.test(x,y,method=c ("kendall") ) obtains K and the test discussed 
above when x and y are the vectors of the X and Y observations, respectively. We 
illustrate this test in the next example. 


Ze = (10.8.8) 


Example 10.8.1 (Olympic Race Times). Table 10.8.1 displays the winning times 
for two races in the Olympics beginning with the 1896 Olympics through the 1980 
Olympics. The data were taken from Hettmansperger (1984). The times in seconds 
are for the 1500 m and the marathon. The entries in the table for the marathon race 
are the actual times minus 2 hours. In Exercise 10.8.2 the reader is asked to create 
a scatterplot of the times for the two races. The plot shows a strongly increasing 
monotone trend with one obvious outlier (1968 Olympics). An easy calculation 
shows that K = 0.695. The corresponding asymptotic test statistic is Z~ = 6.27, 
with p-value about 0.000, which shows strong evidence to reject the hypothesis of 
the independence of the times of the races. m 


10.8.2 Spearman’s Rho 


As above, assume that (X1, Yi), (X2, Y2),...,(Xn,Yn) is a random sample from 
a bivariate continuous cdf F(a,y). The population correlation coefficient p is a 
measure of linearity between X and Y. The usual estimate is the sample correlation 
coefficient given by 


p= ae. 6 = X)(%i = Y) (10.8.9) 


eens ya mee 


A simple rank analog is to replace X; by R(X;), where R(X;) denotes the rank of 
X; among X1,...,X», and likewise Y; by R(Y;), where R(Y;) denotes the rank of 
Y; among Yj,..., Y,. Upon making this substitution, the denominator of the above 
ratio is a constant. This results in the statistic 


Yer (R(X) — *) (ROY) — 4) 


eae (10.8.10) 


rs = 
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Table 10.8.1: Data for Example 10.8.1 


1500 m | Marathon* 1500 m | Marathon* 


* Actual marathon times are 2 hours + entry. 


which is called Spearman’s rho. The statistic rg is a correlation coefficient, so 
the inequality -—1 < rg < 1 is true. Further, as the following theorem shows, 
independence implies that the mean of rg is 0. 


Theorem 10.8.3. Suppose (X1,Y1),(X2, Y2),.--,;(Xn, Yn) is a sample on (X,Y), 


where (X,Y) has the continuous cdf F(x,y). If X and Y are independent, then 
E(rg) = 0. 


Proof: Under independence, X; and Y; are independent for all 7 and j; hence, 
in particular, R(X;) is independent of R(Y;). Furthermore, R(X;) is uniformly 
distributed on the integers {1,2,...,n}. Therefore, E(R(X;)) = (n+ 1)/2, which 
leads to the result. m 


Thus the measure of association rg can be used to test the null hypothe- 
sis of independence similar to Kendall’s AK. Under independence, because the 
Xjs are a random sample, the random vector (R(X1),...,R(Xp)) is equilikely 
to assume any permutation of the integers {1,2,...,n} and, likewise, the vector 
of the ranks of the Y;s. Furthermore, under independence, the random vector 
[R(X1),...,R(Xn), R(N%1),.-., R(Yn)] is equilikely to assume any of the (n!)? vec- 
tors (i1, t2, seey dns J1sJ25 sae Fin Vi where (44, t2, sang in) and (J15J2; see Jn) are per- 
mutations of the integers {1,2,...,n}. Hence, under independence, the statistic 
rg is distribution-free. The distribution is discrete and tables of it can be found, 
for instance, in Hollander and Wolfe (1999). Similar to Kendall’s statistic K’, the 
distribution is symmetric about zero and it has an asymptotic normal distribution 
with asymptotic variance 1/(n — 1); see Exercise 10.8.6 for a proof of the null vari- 
ance of rs. A large sample level a test is to reject independence between X and Y 
if |zg| > a2, where zg = /n— Irs. We record these results in a theorem, without 
proof. 


Theorem 10.8.4. Let (X1, Yi), (X2,Y2),..-,(Xn, Yn) be a random sample on the 
bivariate random vector (X,Y) with continuous cdf F(x,y). Under the null hypoth- 
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esis of independence between X and Y, i.e., F(x,y) = Fx(x)Fy(y), for all (x,y) 
in the support of (X,Y), the test statistic rg satisfies the following properties: 


rg is distribution-free, symmetrically distributed about 0 (10.8.11) 

Ex,[rs] = 0 (10.8.12) 
1 

Vary, (rg) _ ar (10.8.13) 

ss — is asymptotically N(0,1). (10.8.14) 

J Vari (rg) 


The statistic rg is easy to compute in practice. Simply replace the Xs and Ys 
by their ranks and use any routine which returns a correlation coefficient. For the 
data in Example 10.8.1, we used the minitab package to rank the data with the 
command rank first and then used the command corr to obtain the correlation 
coefficient. With R, r, and the test described above are computed by the command 
cor.test(x,y,method=c("spearman")), where x and y are the vectors of the X 
and Y observations, respectively. 


Example 10.8.2 (Example 10.8.1, Continued). For the data in Example 10.8.1, 
the value of r, is 0.905. Therefore, the value of the asymptotic test statistic is 
Zs = 0.905\/19 = 3.94. The p-value for a two-sided test is 0.00008; hence, there is 
strong evidence to reject Ho. m 


If the samples have a strictly increasing monotone relationship, then it is easy to 
see that rg = 1; while if they have a strictly decreasing monotone relationship, then 
rg = —1. Like Kendall’s K statistic, rg is an estimate of a population parameter, 
but, except for when X and Y are independent, it is a more complicated expression 
than r. It can be shown (see Kendall, 1962) that 


E(rg) = [7 + (n— 2)(2y — 1)], (10.8.15) 


n+1 
where 7 = P[(X2 — X1)(Y2 — Yi) > 0}. For large n, E(rs) & 6(y — 1/2), which is a 
harder parameter to interpret than the measure of concordance T. 

Spearman’s rho is based on Wilcoxon scores; hence, it can easily be extended to 
other rank score functions. Some of these measures are discussed in the exercises. 


EXERCISES 
10.8.1. Show that Kendall’s 7 satisfies the inequality -1 <7 <1. 


10.8.2. Consider Example 10.8.1. Let Y = winning times of the 1500 m race for a 
particular year and let X = winning times of the marathon for that year. Obtain 
a scatterplot of Y versus X, and determine the outlying point. 


10.8.3. Consider the last exercise as a regression problem. Suppose we are inter- 
ested in predicting the 1500 m winning time based on the marathon winning time. 
Assume a simple linear model and obtain the least squares and Wilcoxon (Section 
10.7) fits of the data. Overlay the fits on the scatterplot obtained in Exercise 10.8.2. 
Comment on the fits. What does the slope parameter mean in this problem? 
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10.8.4. With regards to Exercise 10.8.3, a more interesting predicting problem is 
the prediction of winning time of either race based on year. 


(a) Make a scatterplot of the winning 1500 m race time versus year. Assume a 
simple linear model (does the assumption make sense?) and obtain the least 
squares and Wilcoxon (Section 10.7) fits of the data. Overlay the fits on the 
scatterplot. Comment on the fits. What does the slope parameter mean in this 
problem? Predict the winning time for 1984. How close was your prediction 
to the true winning time? 


(b) Same as part (a), except use the winning time of the marathon for that year. 


10.8.5. Spearman’s rho is a rank correlation coefficient based on Wilcoxon scores. 
In this exercise we consider a rank correlation coefficient based on a general score 
function. Let (X1, Y1), (Xe, Y2),...,(Xn, Yn) be a random sample from a bivariate 
continuous cdf F(x, y). Let a(t) = y(i/(n+1)), where >>;"_, a(i) = 0. In particular, 
@ = 0. As in expression (10.5.6), let s2 = 7", a?(i). Consider the rank correlation 
coefficient, 


7 => a(R(X;))a(R(Y;)). (10.8.16) 


(a) Show that rq is a correlation coefficient on the items 
{(a[R(X1)], alR(Y1))), (a[R(X2)], alR(Y2)]), Ce ey (a[R(X,)], al[R(Yn)])}- 


(b) For the score function p(u) = V12(u— (1/2)), show that rg = rg, Spearman’s 
rho. 


(c) Obtain rq for the sign score function y(u) = sgn(u — (1/2)). Call this rank 
correlation coefficient rgc. (The subscript gc is obvious from Exercise 10.8.7.) 


10.8.6. Consider the general score rank correlation coefficient r, defined in Exercise 
10.8.5. Consider the null hypothesis Hp : X and Y are independent. 


(a) Show that Ey, (ra) = 0. 


(b) Based on part (a) and Hp, as a first step in obtaining the variance under Ho, 
show that the following expression is true: 


n 


Vary (Ta) = < do D>E Exp la(R(X;))a(R(X;))] En [a(RM%))a(R(Yj))]- 


@ j=1 j=1 


(c) To determine the expectation in the last expression, consider the two cases 
i=jandi#j. Then using uniformity of the distribution of the ranks, show 


that 
1 


n-1 


1 
4 

= 10.8.1 
= (10.8.17) 


VarH, (ra) = 
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10.8.7. Consider the rank correlation coefficient given by rg. in part (c) of Exer- 
cise 10.8.5. Let Q2x and Qoay denote the medians of the samples X1,...,X,, and 


Yi,---, Yn, respectively. Now consider the four quadrants: 
I = {(z,y):2>Qox,y > Qay} 
II = {(z,y): 2 < Qex,y > Qay} 
Hil {(z,y):@ < Qox,y < Qov} 
IV = {(z,y):2% > Qox,y < Qoy}. 


Show essentially that 


1 
rec = —{#(Xi,¥i) € 1+ #(%G,¥;) € HL — #(Xi, Yi) € HT - #(%, Yi) € IV}. 
(10.8.18) 
Hence, rgc is referred to as the quadrant count correlation coefficient. 


10.8.8. Set up the asymptotic test of independence using rg- of the last exer- 
cise. Then use it to test for independence between the 1500 m race times and the 
marathon race times of the data in Example 10.8.1. 


10.8.9. Obtain the rank correlation coefficient when normal scores are used; that 
is, the scores are a(i) = ®71(i/(n+1)), i = 1,...,n. Call it ry. Set up the 
asymptotic test of independence using ry of the last exercise. Then use it to test 
for independence between the 1500 m race times and the marathon race times of 
the data in Example 10.8.1. 


10.8.10. Suppose that the hypothesis Hp concerns the independence of two random 
variables X and Y. That is, we wish to test Hp : F(x, y) = F(a) Fo(y), where F, Fi, 
and F» are the respective joint and marginal distribution functions of the continuous 
type, against all alternatives. Let (X1, Y1), (X2, Y2),..-,(Xn, Yn) be a random sam- 
ple from the joint distribution. Under Ho, the order statistics of X,, X2,..., Xn and 
the order statistics of Y|, Y2,..., Yn, are, respectively, complete sufficient statistics 
for F and Fy. Use rg, rgc, and ry to create an adaptive distribution-free test of Ho. 


Remark 10.8.1. It is interesting to note that in an adaptive procedure it would 
be possible to use different score functions for the Xs and Ys. That is, the order 
statistics of the X values might suggest one score function and those of the Ys 
another score function. Under the null hypothesis of independence, the resulting 
procedure would produce an a level test. 


10.9 Robust Concepts 


In this section, we introduce some of the concepts in robust estimation. We intro- 
duce these concepts for the location model discussed in Sections 10.1—10.3 of this 
chapter and then apply them to the simple linear regression model of Section 10.7. 
In a review article, McKean (2004), presents three introductory lectures on robust 
concepts. 
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10.9.1 Location Model 


In a few words, we say an estimator is robust if it is not sensitive to outliers in the 
data. In this section, we make this more precise for the location model. Suppose 
then that X,, X2,...,X» is a random sample which follows the location model as 
given in Definition 10.1.2; ice., 


X,=O0+6;, $= 12,040.50, (10.9.1) 


where @ is a location parameter (functional) and ¢; has cdf F(t) and pdf f(t). Let 
Fx (t) and fx(t) denote the cdf and pdf of X, respectively. Then Fx (t) = F(t — 6) 
and fx(t) = f(t— 8). 

To illustrate the robust concepts, we use the location estimators discussed in 
Sections 10.1—10.3: the sample mean, the sample median, and the Hodges—-Lehmann 
estimator. It is convenient to define these estimators in terms of their estimating 
equations. The estimating equation of the sample mean is given by 


n 


S>(Xi - 8) = 0; (10.9.2) 


i=l 


i.e., the solution to this equation is @=X. The estimating equation for the sample 
median is given in expression (10.2.34), which, for convenience, we repeat: 


S © sen(X; — 6) = 0. (10.9.3) 
i=l 


Recall from Section 10.2 that the sample median minimizes the Lj-norm. So in 
this section, we denote it as #,, = med Xj. Finally, the estimating equation for the 
Hodges—Lehmann estimator is given by expression (10.4.25). For this section, we 
denote the solution to this equation by 


% X,+ X; 
Suppose, in general, then that we have a random sample Xj, X2,...,Xn, which 


follows the location model (10.9.1) with location parameter 0. Let @ be an estimator 
of #. Hopefully, @ is not unduly influenced by an outlier in the sample, that is, a 
point that is at a distance from the other points in the sample. For a realization of 
the sample, this sensitivity to outliers is easy to measure. We simply add an outlier 
to the data set and observe the change in the estimator. 

More formally, let x, = (#1, @2,.-.,@n) be a realization of the sample, let x be 
the additional point, and denote the augmented sample by x/,,, = (x},,v). Then a 
simple measure is the rate of change in the estimate due to x relative to the mass 
of w, (1/(n+1)); ie, = 7 

S(a; 0) = O(Xn+41) — (Xn) 
1/(n +1) 


This is called the sensitivity curve of the estimate 0. 


(10.9.5) 
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As examples, consider the sample mean and median. For the sample mean, it is 
easy to see that 

> Unt1 — In 

S(a;X) = ——_ 

( ) 1/(n+1) 


Hence the relative change in the sample mean is a linear function of «. Thus, if 
x is large, then the change in sample mean is also large. Actually, the change is 
unbounded in x. Thus the sample mean is quite sensitive to the size of the outlier. 
In contrast, consider the sample median in which the sample size n is odd. In 
this case, the sample median is 02, = 2), where r = (n + 1)/2. When the 
additional point x is added, the sample size becomes even and the sample median 
Or,,n+1 is the average of the middle two order statistics. If x varies between these 


=2—Tp. (10.9.6) 


two order statistics, then there is some change between the Orin and Oba nts But 
once x moves beyond these middle two order statistics, there is no change. Hence 
S'(x;9r,.n) is a bounded function of «. Therefore, 07, , is much less sensitive to an 
outlier than the sample mean. m 

Because the Hodges-Lehmann estimator O}77,, (10.9.4), is also a median, its 
sensitivity curve is also bounded. Exercise 10.9.2 provides a numerical illustration 
of these sensitivity curves. 


Influence Functions 


One problem with the sensitivity curve is its dependence on the sample. In earlier 
chapters, we compared estimators in terms of their variances which are functions of 
the underlying distribution. This is the type of comparison we want to make here. 

Recall that the location model (10.9.1) is the model of interest, where F'x (t) = 
F(t — 0) is the cdf of X and F(t) is the cdf of ¢. As discussed in Section 10.1, the 
parameter @ is a function of the cdf Fy (a). It is convenient, then, to use functional 
notation 6 = T(F'x), as in Section 10.1. For example, if @ is the mean, then T(F’x) 
is defined as 


T(Fx) = i, udF x(x) = . ufx (x) da, (10.9.7) 


—Co —co 


while if 0 is the median, then T(F'x) is defined as 


T(Fx)=Fy° (5) : (10.9.8) 


It was shown in Section 10.1 that for a location functional, T(Fx) = T(F) +0. 

Estimating equations (EE) such as those defined in expressions (10.9.2) and 
(10.9.3) are often quite intuitive, for example, based on likelihood equations or 
methods such as least squares. On the other hand, functionals are more of an ab- 
stract concept. But often the estimating equations naturally lead to the functionals. 
We outline this next for the mean and median functionals. 

Let F;, be the empirical distribution function of the realized sample 71, %2,...,2n. 
That is, F;, is the cdf of the distribution which puts mass n~! on each xj; see (10.1.1). 
Note that we can write the estimating equation (10.9.2), which defines the sample 
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mean as 
n 


1 
S "(2 — 0)— =0. (10.9.9) 
: n 
i=1 
This is an expectation using the empirical distribution. Since F;, — Fx in proba- 
bility, it would seem that this expectation converges to 


i [x —T(Fx)] fx (x) dx = 0. (10.9.10) 


—cCo 


The solution to the above equation is, of course, T(Fx) = E(X). 
Likewise, we can write the estimating equation (EE), (10.9.3), which defines the 
sample median, as 


is 1 

S sen(X; — 0)— =0. (10.9.11) 
n 

4=1 


The corresponding equation for the functional 6 = T(Fx) is the solution of the 
equation 


/. sen[y — T(F'x)] fx (y) dy = 0. (10.9.12) 


Note that this can be written as 


T(Fx) co 
o=-f Ftwav+ [ fx) dy = —Fx(P(Fx)] +1 ~ Fx(P(Fx), 


Hence Fx[T(Fx)] = 1/2 or T(Fx) = Fx'(1/2). Thus T(Fx) is the median of the 
distribution of X. 

Now we want to consider how a given functional T(x) changes relative to some 
perturbation. The analog of adding an outlier to F(t) is to consider a point-mass 
contamination of the cdf Fx (t) at a point x. That is, for « > 0, let 


Fy,e(t) = (1 — 6) Fx(t) + cAz(d), (10.9.13) 
where A,,(t) is the cdf with all its mass at 2; ie., 


A(t) = ee (10.9.14) 


The cdf F,,,-(t) is a mixture of two distributions. When sampling from it, (1—«)100% 
of the time an observation is drawn from F'x(t), while «100% of the time x (an 
outlier) is drawn. So x has the flavor of the outlier in the sensitivity curve. As 
Exercise 10.9.4 shows, F,,-(t) is in an € neighborhood of Fx (t); that is, for all 2, 
|F',,<(t) — Fx (t)| < €. Hence the functional at FE, .(t) should also be close to T (Fx). 
The concept for functionals, corresponding to the sensitivity curve, is the function 


IF (2; 0) = lim P(Fae) = TEx) 


e—0 iE 


(10.9.15) 


d 
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n 


provided the limit exists. The function IF(; 6) is called the influence function of 
the estimator @ at x. As the notation suggests, it can be thought of as a derivative 
of the functional T(F,.) with respect to € evaluated at 0, and we often determine 
it this way. Note that for € small, 
T(Fu..) © T(Fx) + €IF (a; 0): 

hence, the change of the functional due to point-mass contamination is approxi- 
mately directly proportional to the influence function. We want estimators, whose 
influence functions are not sensitive to outliers. Further, as mentioned above, for 
any x, F(t) is close to F(t). Hence, at least, the influence function should be a 
bounded function of x. 


Definition 10.9.1. The estimator 6 is said to be robust if |IF(«; 8)| is bounded 
for all x. 


Hampel (1974) proposed the influence function and discussed its important prop- 
erties, a few of which we list below. First, however, we determine the influence 
functions of the sample mean and median. 

For the sample mean, recall Section 3.4.1 on mixture distributions. The function 
F,,,-(t) is the cdf of the random variable U = _.X + [1— _.]W, where X, Ty_<, 
and W are independent random variables, X has cdf Fx (t), W has cdf A,(t), and 
I,_, is b(1,1—). Hence 


E(U) = (1-60) E(X) + €E(W) = (1-6) E(X) + ex. 


Denote the mean functional by T,,(F'x) = E(X). In terms of T,,(F’), we have just 
shown that 
Ty (Fr) = (1 - /)T (Fx) + ex. 
Therefore, 
“—ge- —T,(F) +a. 
Hence the influence function of the sample mean is 


IF(y;X) =2- 4p, (10.9.16) 
where uw = E(X). The influence function of the sample mean is linear in « and, 
hence, is an unbounded function of x. Therefore, the sample mean is not a robust 
estimator. Another way to derive the influence function is to differentiate implicitly 
equation (10.9.10) when this equation is defined for F:, .<(t); see Exercise 10.9.6. 


Example 10.9.1 (Influence Function of the Sample Median). In this example, we 
derive the influence function of the sample median, On,. In this case, the functional 
is Ty(F) = F~1(1/2), i-e., the median of F'. To determine the influence function, we 
first need to determine the functional at the contaminated cdf F,,,.(t), i.e., determine 
F2 (1/2). As shown in Exercise 10.9.8, the inverse of the cdf F,,<(t) is given by 


Fu) = oe ee (10.9.17) 
~ use u> F(a), = 
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for 0 <u <1. Hence, letting u = 1/2, we get 


Fz} 2) Fz'(1) <a 
To(Fr.) = Fri(ijay=< ~*~ S06 x (3) (10.9.18) 
z,€ 1 [ (1/2)-e PF Wf: 
xX l-e xX (Se 


Based on (10.9.18) the partial derivative of F}(1/2) with respect to € is seen to be 


(1/2)(1~«)~? -1/1 
OTo(Fr.e) Fx Fx (G/2)/G—9)] Fx’ (3) <a 
—_, = = (10.9.19) 
Oe (=1/2)(1~«)~? Fz! (4) — 
FxlFx" ({0/2)—¢}/11-4)] x \2 , 
Evaluating this partial derivative at ¢ = 0, we arrive at the influence function of the 
median: 
1 
~ so, CO <a sgn(a — 0) 
IF(x;02,) = ¢ 7/x{® = =, (10.9.20) 
' AO) O>x 2f (9) 


where @ is the median of F'x. Because this influence function is bounded, the sample 
median is a robust estimator. 


As derived on p. 46 of Hettmansperger and McKean (2011), the influence func- 
tion of the Hodges—Lehmann estimator, Oy], at the point x is given by: 


Fx(x mG 
Pero FEO) 


Since a cdf is bounded, the Hodges-Lehmann estimator is robust. 

We now list three useful properties of the influence function of an estimator. 
Note that for the sample mean, E[IF(X;X)] = E[X]— py = 0. This is true in 
general. Let IF(x) = IF(a; 6) denote the influence function of the estimator @ with 
functional 0 = T(Fx). Then 


IF (x; y71,) = (10.9.21) 


E(IF(X)] =0, (10.9.22) 


provided expectations exist; see Huber (1981) for a discussion. Hence, for the second 
property, we have 
Var[IF(X)] = E[IF?(X)], (10.9.23) 


provided the squared expectation exists. A third property of the influence function 
is the asymptotic result 


Vnle Paes ;) + op(1). (10.9.24) 


Assume that the variance (10.9.23) exists, then because IF(X1),...,IF(X;) are iid 
with finite variance, the simple Central Limit Theorem and (10.9.24) imply that 


Vn{é — 6] 3 N(0, E[IF?(X))). (10.9.25) 
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Thus we can obtain the asymptotic distribution of the estimator from its influence 
function. Under general conditions, expression (10.9.24) holds, but often the verifi- 
cation of the conditions is difficult and the asymptotic distribution can be obtained 
more easily in another way; see Huber (1981) for a discussion. In this chapter, 
though, we use (10.9.24) to obtain | asymptotic distributions of estimators. Suppose 
(10.9.24) holds for the estimators 6, and 02, which are both estimators of the same 
functional, say, 6. Then, letting IF; denote the influence function of 60;, i=1,2, we 
can express the asymptotic relative efficiency between the two estimators as 


E(IF3(X)] 


ARE(61, 62) = Fea 


(10.9.26) 


As an example, we consider the sample median. 


Example 10.9.2 (Asymptotic Distribution of the Sample Median). The influence 
function for the sample median 67, is given by (10.9.20). Since E[sgn?(X —6)] = 
by expression (10.9.25) the asymptotic distribution of the sample median is 


Vnl6 — 6] > N (0, (2fx (I~?) , 


where @ is the median of the pdf fx(t). This agrees with the result given in Section 
10.2. @ 


Breakdown Point of an Estimator 


The influence function of an estimator measures the sensitivity of an estimator to 
a single outlier, sometimes called the local sensitivity of the estimator. We next 
discuss a measure of global sensitivity of an estimator. That is, what proportion of 
outliers can an estimator tolerate without completely breaking down? 


To be precise, let x’ = (#1, 22,...,%p) be a realization of a sample. Suppose we 
corrupt m points of this sample by replacing x1,...,%m by aj,...,v7,, where these 
points are large outliers. Let x, = (a7,...,@*,,€@m+1,---;%n) denote the corrupted 


sample. Define the bias of the estimator upon corrupting m data points to be 
bias(m, Xn, 9) = sup |0(Xm) — 0(Xn)|, (10.9.27) 


where the sup is taken over all possible corrupted samples x,,,. If this bias is infinite, 
we say that the estimator has broken down. The smallest proportion of corruption 
an estimator can tolerate until its breakdown is called its finite sample breakdown 
point. More precisely, if 


e* = min{m/n : bias(m, Xn, 6) = oo}, (10.9.28) 
then €* is called the finite sample breakdown point of @. If the limit 
6,7 € (10.9.29) 


exists, we call «* the breakdown point of 0. 
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To determine the breakdown point of the sample mean, suppose we corrupt 
one data point, say, without loss of generality, the first data point. The corrupted 


sample is then x’ = (x},%2,...,%»). Denote the sample mean of the corrupted 
sample by Z*. Then it is easy to see that 
1 
@* —E= —(x} -— 271). 
n 


Hence bias(1,x,,%) is a linear function of x} and can be made as large (in absolute 
value) as desired by taking aj large (in absolute value). Therefore, the finite sample 
breakdown of the sample mean is 1/n. Because this goes to 0 as n — ov, the 
breakdown point of the sample mean is 0. 


Example 10.9.3 (Breakdown Value of the Sample Median). Next consider the 
sample median. Let x, = (#1, 22,...,%n) be a realization of a random sample. If 
the sample size is n = 2k, then it is easy to see that in a corrupted sample x,, when 
Xp) tends to —oo, the median also tends to —oo. Hence the breakdown value of the 
sample median is k/n, which tends to 0.5. By a similar argument, when the sample 
size is n = 2k + 1, the breakdown value is (k + 1)/n and it also tends to 0.5 as the 
sample size increases. Hence we say that the sample median is a 50% breakdown 
estimate. For a location model, 50% breakdown is the highest possible breakdown 
point for an estimate. Thus the median achieves the highest possible breakdown 
point. m 


In Exercise 10.9.10, the reader is asked to show that the Hodges-Lehmann esti- 
mate has the breakdown point of 0.29. 


10.9.2 Linear Model 


In Sections 9.6 and 10.7, respectively, we presented the least squares (LS) procedure 

and a rank-based (Wilcoxon) procedure for fitting simple linear models. In this 

section, we briefly compare these procedures in terms of their robustness properties. 
Recall that the simple linear model is given by 


Yj =a+ 6ryi+e;, 1=1,2,...,n, (10.9.30) 
where €1,€2,...,€n are continuous random variable which are iid. In this model, we 
have centered the regression variables; that is, x.; = x; —Z, where 41, %2,...,%p are 


considered fixed. The parameter of interest in this section is the slope parameter 
3, the expected change (provided expectations exist) when the regression variable 
increases by one unit. The centering of the xs allows us to consider the slope 
parameter by itself. The results we present are invariant to the intercept parameter 
a. Estimates of a are discussed in Section 10.9.2. With this in mind, define the 
random variable e; to be ¢; + a. Then we can write the model as 


Y; = Pre te; 1=1,2,...,n, (10.9.31) 


where €1,€2,...,€n are iid with continuous cdf F(a) and pdf f(x). We often refer 
to the support of Y as the Y-space. Likewise, we refer to the range of X as the 
X-space. The X-space is often referred to as the factor space. 
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Least Squares and Wilcoxon Procedures 


The first procedure is least squares (LS). The estimating equation for (3 is given by 
expression (9.6.3) of Chapter 9. Using the fact that 57, zi; = 0, this equation can 


be reexpressed as 
n 


SO aah en= 0. (10.9.32) 


i=l 


This is the estimating equation (EE) for the LS estimator of 3, which we use in 
this section. It is often called the normal equation. It is easy to see that the LS 
estimator is = 
Bg = Sisto 10.9.33 
PLS doe Lee \ 
which agrees with expression (9.6) of Chapter 9. The geometry of the LS estimator 
is discussed in Remark 9.6.1. 

For our second procedure, we consider the estimate of slope discussed in Section 
10.7. This is a rank-based estimate based on an arbitrary score function. In this 
section, we restrict our discussion to the linear (Wilcoxon) scores; i.e., the score 
function is given by yw(u) = V12[u — (1/2)], where the subscript W denotes the 
Wilcoxon score function. The estimating equation of the rank-based estimator of 3 
is given by expression (10.7.8), which for the Wilcoxon score function is 


JS aw(R(¥; — tei8))eee = 0, (10.9.34) 
i=l 


where aw (i) = yw [i/(n+1)]. This equation is the analog of the LS normal equation. 
See Exercise 10.9.12 for a geometric interpretation. 


Influence Functions 


To determine the robustness properties of these procedures, first consider a prob- 
ability model corresponding to Model (10.9.31), in which X, in addition to Y, is 
a random variable. Assume that the random vector (X,Y) has joint cdf and pdf, 
H (x,y) and h(a, y), respectively, and satisfies 


Y =6X +e, (10.9.35) 


where the random variable e has cdf and pdf F(t) and f(t), respectively, and e and 
X are independent. Since we have centered the xs, we also assume that E(X) = 0. 
As Exercise 10.9.13 shows, 


P(Y <t\X =x) = F(t — Ba), (10.9.36) 
and, hence, Y and X are independent if and only if G = 0. 


The functional for the LS estimator easily follows from the LS normal equation 
(10.9.32). Let H,, denote the empirical cdf of the pairs (#1, y1), (2, y2),---5 (@n; Yn); 
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that is, Hy, is the cdf corresponding to the discrete distribution, which puts prob- 
ability (mass) of 1/n on each point (2;,y;). Then the LS estimating equation, 
(10.9.32), can be expressed as an expectation with respect to this distribution as 


n 


i=1 


For the probability model, (10.9.35), it follows that the functional Ty,9(H) corre- 
sponding to the LS estimate is the solution to the equation 


i /- [y — Ty,s(4)2|rh(z, y) dxdy = 0. (10.9.38) 


To obtain the functional corresponding to the Wilcoxon estimate, recall the 
association between the ranks and the empirical cdf; see (10.5.14). For Wilcoxon 
scores, we have 


aw (R(¥i — 2ei3)) = pw Fr(¥i — ei 8)| . (10.9.39) 


n 
n+1 
Based on the Wilcoxon estimating equations, (10.9.34), and expression (10.9.39), 
the functional Tw (H) corresponding to the Wilcoxon estimate satisfies the equation 


i i. owl{F ly — Tw (A)a]}ah(a, y) dady = 0. (10.9.40) 


We next derive the influence functions of the LS and Wilcoxon estimators of 
GB. In regression models, we are concerned about the influence of outliers in both 
the Y— and X-spaces. Consider then a point-mass distribution with all its mass at 
the point (xo, yo), and let A(,,.4,)(", y) denote the corresponding cdf. Let € denote 
the probability of sampling from this contaminating distribution, where 0 < € < 1. 
Hence, consider the contaminated distribution with cdf 


H.(2,y) = (1 — €)A(a, y) + €A(ag,yo) (2, ¥)- (10.9.41) 

Because the differential is a linear operator, we have 
dH,.(x,y) = (1 — e)dH (2, y) + €dA (ag yo) (£, Y)s (10.9.42) 
where dH (x,y) = h(a, y) dxdy; that is, d corresponds to the second mixed partial 


0? /Ox Oy. 
By (10.9.38), the LS functional T,. at the cdf H.(x, y) satisfies the equation 


(l-e )f- [x u(y —aT.)h(a, y) )dedy +e fx y= 2.) OD Gis ag be): 


(10.9.43) 
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To find the partial derivative of T. with respect to €, we simply implicitly differen- 
tiate expression (10.9.43) with respect to €, which yields 


--f [ Hy Tete adieds 
raf La 


+ i fx Od Afes gig) (OU) FER, (10.9.44) 


T, 
h(a, y) dady 


where the expression for B is not needed since we are evaluating this partial at 
e=0. Notice that ate = 0, y-Texw =y—-—Tx =y-— Gx. Hence, at € = 0, the first 
expression on the right side of (10.9.44) is 0, while the second expression becomes 
—E(X?)(0T/0e), where the partial is evaluated at 0. Finally, the third expression 
is the expected value of the point-mass distribution A;,,.,,.), which is, of course, 
Xo(yo — Pxo). Therefore, solving for the partial OT. /Oc and evaluating at « = 0, we 
see that the influence function of the LS estimator is given by 


(yo — Bxo)to 


BU) (10.9.45) 


IF (xo, Yo; Br) a 


Note that the influence function is unbounded in both the Y— and X—spaces. Hence 
the LS estimator is unduly sensitive to outliers in both spaces. It is not robust. 

Based on expression (10.9.40), the Wilcoxon functional at the contaminated 
distribution satisfies the equation 


0 = (1-6) [- [- cpw|F(y — «T.)| h(a, y) dxdy 


+ cf / row |F(y — 2T.)| dAcas yo) (t ¥) (10.9.46) 
[technically, the cdf F' should be replaced by the actual cdf of the residual, but the 


result is the same; see page 477 of Hettmansperger and McKean (2011)]. Proceeding 
to implicitly differentiate this expression with respect to €, we obtain 


-{ : : . npw[F(y — #T.)|h(e,y) dandy 


+9 ff op iFy—Tea)l fy ~ Te) F2h(a,y) dry 


+ ff xpwlFy—2T.)] dA coyy) ty) + 6B. (10.9.47) 


where the expression for B is not needed since we are evaluating this partial at 
e = 0. When ec = 0, then Y — TX = e and the random variables e and X are 
independent. Hence, upon setting « = 0, expression (10.9.47) simplifies to 


OT. 
(ela 


0= —Elyw(F(e))f(e)|E(X”) + ow [F (yo — 08)|20. (10.9.48) 


e=0 
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Since y’(u) = V12, we finally obtain, as the influence function of the Wilcoxon 
estimator, 

Flu — 
TewlF (yo — Bro)|xo (10.9.49) 


IF (x0, yo; Bw) = E(X2) ’ 


where T = 1/[/12 f f?(e) de]. Note that the influence function is bounded in the 
Y-space, but it is unbounded in the X-space. Thus, unlike the LS estimator, the 
Wilcoxon estimator is robust against outliers in the Y—space, but like the LS esti- 
mator, it is sensitive to outliers in the X—space. Weighted versions of the Wilcoxon 
estimator, though, have bounded influence in both the Y— and X—spaces; see the dis- 
cussion of the HBR estimator in Chapter 3 of Hettmansperger and McKean (2011). 
Exercises 10.9.18 and 10.9.19 asks for derivations, respectively, of the asymptotic 
distributions of the LS and Wilcoxon estimators, using their influence functions. 


Breakdown Points 


Breakdown for the regression model is based on the corruption of the sample in 
Model (10.9.31), that is, the sample (11, Y1),.--,(®en, Yn). Based on the influence 
functions for both the LS and Wilcoxon estimators, it is clear that corrupting one 
az; breaks down both estimators. This is shown in Exercise 10.9.14. Hence the 
breakdown point of each estimator is 0. The HBR estimator (weighted version of 
the Wilcoxon estimator cited above), has bounded influence in both spaces and can 
achieve 50% breakdown; see Chang et al. (1999) and Hettmansperger and McKean 
(2011). 


Intercept 


In practice, the linear model usually contains an intercept parameter; that is, the 
model is given by (10.9.30) with intercept parameter a. Notice that a is a location 
parameter of the random variables Y; — Gx,.;. This suggests an estimate of location 
on the residuals Y; — @x,.;. For LS, we take the sample mean of the residuals; i.e., 


n 


Aug =n (Yi — Aygaei) =, (10.9.50) 


i=1 


because the x,;s are centered. For the Wilcoxon fit, several choices seem appropri- 
ate. We use the median of the Wilcoxon residuals. That is, let 


G@w = medicicn{Y; — Bw2ci}. (10.9.51) 


Remark 10.9.1 (Computation). There are resources available to compute the 
Wilcoxon estimates. The minitab computer package has the command rregr, 
which computes both the Wilcoxon and LS fits. Terpstra and McKean (2005) 
developed a collection of R routines which return the Wilcoxon fit. Their algorithm 
is based on the identity established in Exercise 10.9.15. More recently, Kloke and 
McKean (2011) developed an R library, Rfit, which can be used to obtain the 
simple Wilcoxon regression fit. m 
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EXERCISES 


10.9.1. Consider the location model as defined in expression (10.9.1). Let 
@= Argming||X — ALllEg, 


where || - lig is the square of the Euclidean norm. Show that 6 = Z. 


10.9.2. Obtain the sensitivity curves for the sample mean, the sample median and 
the Hodges—Lehmann estimator for the following data set. Evaluate the curves at 
the values —300 to 300 in increments of 10 and graph the curves on the same plot. 
Compare the sensitivity curves. 


—9 58 12 —-1 -37 0 11 21 
18 24 4 53 9 9 8 


10.9.3. Consider the influence function for the Hodges-Lehmann estimator given 
in expression (10.9.21). Show for it that property (10.9.22) is true. Next, evaluate 
expression (10.9.23) and, hence, obtain the asymptotic distribution of the estimator 
as given in expression (10.9.25). Does it agree with the result derived in Section 
10.3? 


10.9.4. Let F,,-(t) be the point-mass contaminated cdf given in expression (10.9.13). 
Show that 
|Fx,<(t) — Fx (| < ¢, 


for all t. 


10.9.5. Suppose X is a random variable with mean 0 and variance o?. Recall that 
the function F),,-(t) is the cdf of the random variable U = _.X + [1 — h_.|W, 
where X, 1_., and W are independent random variables, X has cdf F'y(t), W 
has cdf A,(t), and 4;_, has a binomial(1, 1 — €) distribution. Define the functional 
Var(F'x) = Var(X) = 0”. Note that the functional at the contaminated cdf F,,<(t) 
has the variance of the random variable U = _-X + [1— _.]W. To derive the 
influence function of the variance, perform the following steps: 


(a) Show that E(U) = ex. 
(b) Show that Var(U) = (1 — €)o? + ex? — e727. 


(c) Obtain the partial derivative of the right side of this last equation with respect 
to €. This is the influence function. 


Hint: Because I,_,. is a Bernoulli random variable, i - = I,_,.. Why? 


10.9.6. Often influence functions are derived by differentiating implicitly the defin- 
ing equation for the functional at the contaminated cdf F,.(t), (10.9.13). Consider 
the mean functional with the defining equation (10.9.10). Using the linearity of the 


10.9. Robust Concepts 601 


differential, first show that the defining equation at the cdf F,,-(t) can be expressed 
as 


o- | ” t-T(Fre)IdFre(t) = (—e) / ” it — T(Fee)hfx(t) at 


—co —co 


+ef- [tT (Fr,.)] dA(t). —— (10.9.52) 


Recall that we want OT (F,,-)/0e. Obtain this by implicitly differentiating the above 
equation with respect to e. 


10.9.7. In Exercise 10.9.5, the influence function of the variance functional was de- 
rived directly. Assuming that the mean of X is 0, note that the variance functional, 
V(Fx), also solves the equation 


= [- [t? — V(Fx)] fx (t) dt. 


—0o 


(a) Determine the natural estimator of the variance by writing the defining equa- 
tion at the empirical cdf F,,(t), for X; — X,...,X, — X iid with cdf Fx (t), 
and solving for V(F;,). 


(b) As in Exercise 10.9.6, write the defining equation for the variance functional 
at the contaminated cdf F;,,.(t). 


(c) Then derive the influence function by implicit differentiation of the defining 
equation in part (b). 
10.9.8. Show that the inverse of the cdf F,,.(t) given in expression (10.9.17) is 


correct. 


10.9.9. Let IF(x) be the influence function of the sample median given by (10.9.20). 
Determine E[IF(X)] and Var[IF(X)]. 


10.9.10. Let 21,22,...,2, be a realization of a random sample. Consider the 
Hodges—Lehmann estimate of location given in expression (10.9.4). Show that the 
breakdown point of this estimate is 0.29. 

Hint: Suppose we corrupt m data points. We need to determine the value of 
m which results in corruption of one half of the Walsh averages. Show that the 
corruption of m data points leads to 


pion) =m + (2) + m{n—m) 


corrupted Walsh averages. Hence the finite sample breakdown point is the “correct” 
solution of the quadratic equation p(m) = n(n + 1)/4. 


10.9.11. For any n x 1 vector v, define the function ||v||y by 


llvilw = > aw(Rwi))vi, (10.9.53) 
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where R(v;) denotes the rank of v; among v1,...,Un and the Wilcoxon scores are 
given by aw(t) = pw[i/(n + 1)] for pw(u) = V12[u — (1/2)]. By using the corre- 
spondence between order statistics and ranks, show that 


n 


lIvilw => alow, (10.9.54) 
i=l 
where v1) < +++ < Um) are the ordered values of v1,...,Un. Then, by establishing 


the following properties, show that the function (10.9.53) is a pseudo-norm on 
Re. 
(a) ||v||w > 0 and ||v||w = 0 if and only if vy = vg = +++ = Un. 
Hint: First, because the scores a(z) sum to 0, show that 
S/ ala)uay = Salt) oa) — vp] + Sa lo~@ — 1G], 
i=1 i<j i>j 
where j is the largest integer in the set {1,2,...,n} such that a(j) <0. 
(b) |levilw =Idllvllw, for alle R. 


(c) ||v+wllw < |lvllw + ||w|lw, for all v,w € R”. 
Hint: Determine the permutations, say, i, and j;, of the integers {1,2,...,n}, 
which maximize 5°, ci,d;, for the two sets of numbers {ci,...,cn} and 
{di, Sailer dn}. 
10.9.12. Remark 9.6.1 discusses the geometry of the LS estimate of 3. There is an 
analogous geometry for the Wilcoxon estimate. Using the norm || - ||w defined in 
expression (10.9.53) of the last exercise, let 


B* = Argmin ||Y — X.6|lw, 


where Y’ = (Yi,..., Y¥,) and X!, = (a1,...,2en). Thus B minimizes the distance 
between Y and the space spanned by the vector X,. 


(a) Using expression (10.9.54), show that B* satisfies the Wilcoxon estimating 
equation (10.9.34). That is, 6* = by. 


(b) Let Yw = X.Bw and Y — Yyw denote the Wilcoxon vectors of fitted values 
and residuals, respectively. Sketch a figure analogous to the LS Figure 9.6.2, 
but with these vectors on it. Note that your figure may not contain a right 
angle. 

(c) For the Wilcoxon regression procedure, determine a vector (not 0) that is 
orthogonal to Yy. 

10.9.13. For Model (10.9.35), show that equation (10.9.36) holds. Then show that 
Y and X are independent if and only if 6 = 0. Hence independence is based on the 


value of a parameter. This is a case where normality is not necessary to have this 
independence property. 
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10.9.14. Consider the telephone data discussed in Example 10.7.2. It is easily seen 
in Figure 10.7.1 that there are seven outliers in the Y—-space. Based on the estimates 
discussed in this example, the Wilcoxon estimate of slope is robust to these outliers, 
while the LS estimate is highly sensitive to them. 


(a) For this data set, change the last value of x from 73 to 173. Notice the drastic 
change in the LS fit. 


(b) Obtain the Wilcoxon estimate for the changed data in part (a). Notice that 
it has a drastic change also. To obtain the Wilcoxon fit, see Remark 10.9.1 
on computation. 


— 
co) 
wa 


Using the Wilcoxon estimates of Example 10.7.2, change the the value of Y 
at x = 173 to the predicted value of Y based on the Wilcoxon estimates of 
Example 10.7.2. Note that this point is a “good” point at the outlying z; 
that is, it fits the model. Now determine the Wilcoxon and LS estimates. 
Comment on them. 


10.9.15. For the pseudo-norm ||v||y defined in expression (10.9.53), establish the 
identity 


Ilvllw = oa — v;|, (10.9.55) 


n+l i=1 j=1 
for all v € R”. Thus we have shown that 
Bw = Argmin 7 D7 |(yi — ys) — B(®ei — 2e9)I- (10.9.56) 


i=l j=l 


Note that the formulation of Bw given in expression (10.9.56) allows an easy way to 
compute the Wilcoxon estimate of slope by using an L, (least absolute deviations) 
routine. Terpstra and McKean (2005) used this identity, (10.9.55), to develop R 
functions for the computation of the Wilcoxon fit. 


o] 


10.9.16. Suppose the random variable e has cdf F(t). Let y(u) = v12[u — (1/2)] 
0 <u <1, denote the Wilcoxon score function. 


(a) Show that the random variable y[F'(e;)] has mean 0 and variance 1. 


(b) Investigate the mean and variance of y[F(e;)] for any score function y(u) 
which satisfies i y(u) du = 0 and i p?(u) du = 1. 


10.9.17. In the derivation of the influence function, we assumed that x was ran- 
dom. For inference, though, we consider the case that x is given. In this case, the 
variance of X, E(X7), which is found in the influence function, is replaced by its 
estimate, namely, n~' 5°," , x2;. With this in mind, use the influence function of 
the LS estimator of 9 to derive the asymptotic distribution of the LS estimator; 
see the discussion around expression (10.9.24). Show that it agrees with the exact 
distribution of the LS estimator given in expression (9.6.6) under the assumption 
that the errors have a normal distribution. 
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10.9.18. As in the last problem, use the influence function of the Wilcoxon esti- 
mator of @ to derive the asymptotic distribution of the Wilcoxon estimator. For 
Wilcoxon scores, show that it agrees with expression (10.7.14). 


10.9.19. Use the results of the last two exercises to find the asymptotic relative 
efficiency (ARE) between the Wilcoxon and LS estimators of (3. 


Chapter 11 


Bayesian Statistics 


11.1 Subjective Probability 


Subjective probability is the foundation of Bayesian methods, so in this section we 
offer a discussion of it. Suppose a person has assigned P(C) = z to some event C. 


Then the odds against C would be 


Moreover, if that person is willing to bet, he or she is willing to accept either side 
of the bet: (1) Win three units if C occurs and lose two if it does not occur, or (2) 
win two units if C does not occur and lose three if it does. If that is not the case, 
then that person should review his or her subjective probability of event C. 

This is really much like two children dividing a candy bar as equally as pos- 
sible: One divides it and the other gets to choose which of the two parts seems 
more desirable, that is, larger. Accordingly, the child dividing the candy bar tries 
extremely hard to cut it as equally as possible. Clearly, this is exactly what the 
person selecting the subjective probability does, as he or she must be willing to take 
either side of the bet with the odds established. 

Let us now say the reader is willing to accept the subjective probability P(C) 
as the fair price for event C,, given that you win one unit if case C occurs [that is, 
your profit is 1 — P(C), as you have already paid P(C)] and, of course, you lose 
P(C) if it does not occur. Then, it turns out, all rules (definitions and theorems) 
on probability found in Chapter 1 follow for subjective probabilities. We do not 
give proofs of them all; we give proofs of two of them, and some of the others are 
left as exercises. These proofs were given to us in a personal communication from 
George Woodworth of the University of Iowa. 


Theorem 11.1.1. Jf Cy and C2 are mutually exclusive, then 


P(C, U C2) = P(C)) + P(C2). 
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Proof: Suppose a person thinks a fair price for C is py = P(C1) and that for C2 is 
p2 = P(C2). However, that person believes the fair price for Cy) U C2 is ps, which 
differs from p;+ po. Say, ps < p1+p2 and let the difference be d = (pi +p2)—p3. A 
gambler offers this person the price p3 + q for C UC . That person takes the offer 
because it is better than p3. The gambler sells C) at a discount price of p; — q and 
sells Cy at a discount price of pz — s to that person. Being a rational person, with 
those given prices of p1, pz, and ps, all three of these deals seem very satisfactory. 
However, that person received p3 + q and paid p, + p2 — gq Thus, before any bets 
are paid off, that person has 


a8 4: d _ _ d 
P3 7 Pi + p2 5) = P3 — Pi — p24 as 


That is, the person is down 4 before any bets are settled. 


e Suppose C, happens: The gambler has C; U C2 and the person has C1, so 
they exchange units and the person is still down q The same thing occurs if 
Cz happens. 


e Suppose neither C; or Cg happens; then the gambler and that person receive 


zero, and the person is still down 4 


e Of course, C;, and C2 cannot occur together since they are mutually exclusive. 


Thus we see that it is bad for that person to assign 
p3 = P(C, UC2) < pi + po = P(Ci) + P(C2), 


because the gambler can put that person in a position to lose (p; + pz — p3)/4 no 
matter what happens. This is sometimes referred to as a Dutch book. 

The argument when p3 > p; + p2 is similar and can also lead to a Dutch book; 
it is left as an exercise. Thus p3 must equal p; + pz to avoid a Dutch book; that is, 
P(CQy U C2) = P(C\) + P(C2). | | 


Let us prove another one. 
Theorem 11.1.2. If Cy C C2, then P(C\) < P(C2). 


Proof: Say the person believes the fair prices are such that py = P(C1) > pe = 
P(C). Then if d = p, — po, the gambler sells C; to that person for p; — q and buys 
Cz from that person for po + 4 If the person truly believes p; > p2, both of these 
are good deals. Yet before any bets are settled, that person has 


Pe d - ae es de 
p2 7 PL 7 p2—- Pl an 2. 9? 


d 


that is, that person is down 5. 


e If C; is true, then C2 is true, and both receive one unit from each other and 
that person is still down g. 
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e If Cy happens, but C, does not, then the gambler receives one unit from that 
person and the latter is down 1 + gq. 


e If neither C, nor C2 happens, neither the gambler nor the person receives 


anything and the person is still down g. 


The person loses no matter what happens; that is, we have a Dutch book when 
pi > pg. So p, > p2 is unfavorable, and thus it must be that the fair prices are 
Pi Spo. 0 


In the exercises, we give hints how to show that 


P(C) = 1 (Exercise 11.1.3) 
P(C*%) = 1— P(C) (Exercise 11.1.4) 


If Cy C C2 and C2 C C; (that is, Cy = C2), then P(C1) = P(C2) (Exercise 
11.1.5) 


If Ci, Cg, and C3 are mutually exclusive, then P(C, U C2 U C3) = P(C1) + 
P(C2) + P(C3) (Exercise 11.1.6) 


P(CQy U C2) = P(C,) + P(C3) = P(Cy M C2) (Exercise 11.1.7). 


The Bayesian continues to consider subjective conditional probabilities, such as 
P(C\|C2), which is the fair price of C, only if C2 is true. If C2 is not true, the bet 
is off. Of course, P(C,|C2) could differ from P(C;). To illustrate, say C2 is the 
event that “it will rain today” and C| is the event that “a certain person who will 
be outside on that day will catch a cold.” Most of us would probably assign the 
fair prices so that 

P(C)) < P(C,|C3). 


Consequently, a person has a better chance of getting a cold on a rainy day. 
The Bayesian can go on to argue that 


P(C, N C2) = P(C2)P(C1|C2), 


recalling that the bet P(C1|C2) is called off if Cy does not happen by creating a 
Dutch book situation. However, we do not consider that argument here, and simply 
state that all the rules of subjective probabilities are the same as those of Chapter 
1 using this subjective approach to probability. 


EXERCISES 
11.1.1. The following amounts are bets on horses A, B,C, D, and FE to win. 
Horse Amount 
A $600,000 
B $200,000 
Cc $100,000 
D $75,000 
E $25,000 


Total $1,000,000 
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Suppose the track wants to take 20% off the top, namely, $200,000. Determine the 
payoff for winning with a $2 bet on each of the five horses. (In this exercise, we do 
not concern ourselves with “place” and “show.” ) 

Hint: Figure out what would be a fair payoff so that the track does not take any 
money (that is, the track’s take is zero), and then compute 80% of those payofts. 


11.1.2. In the proof of Theorem 11.1.1, we considered the case in which p3 < p,+po. 
Now, say the person believes that p3 > p; + p2 and create a Dutch book for him. 
Hint: Let d = p3 — (p1 + p2). The gambler buys from the person C; at a premium 
price of p; + (d/4) and C2 for pz + (d/4). Then the gambler sells C; U C2 to that 
person at a discount of ps — (d/4). All those are good deals for that person who 
believes that p1,p2,p3 are correct with p3 > p; + pe. Show that the person has a 
Dutch book. 


11.1.3. Show that P(C) = 1. 
Hint: Suppose a person thinks P(C) = p # 1. Consider two cases: p > 1 and 
p <1. In the first case, say d = p—1, and the gambler sells the person C at a 
discount price of 1+ (d/2). Of course, 2 happens and the gambler pays the person 
one unit, but he is down 1 + (d/2) — 1 = d/2; therefore, he has a Dutch book. 
Proceed with the other case. 


11.1.4. Show that P(C°) =1-— P(C). 
Hint: C° UC =C and use result (11.1.1) and Exercise 11.1.3. 


11.1.5. Show that if Cy C C2 and C2 C C\ (that is, C; = C2), then P(C) = P(C2). 
Hint: Use result (11.1.2) twice. 


11.1.6. Show that if C1, C2, and C3 are mutually exclusive, then P(C; UC2UC3) = 
P(C,) + P(C2) + P(Cs). 
Hint: Write Cy U C2 U C3 = Cy U (C2 UC3) and use result (11.1.1) twice. 


11.1.7. Show that P(C, U C2) = P(C\) + P(C2) = P(C, M C2). 
Hint: Ci UC, = Ci U (Cin C2) and Co — (C1 M C2) U (CNC). Use result (11.1.1) 
twice and a little algebra. 


11.2 Bayesian Procedures 


To understand the Bayesian inference, let us review Bayes Theorem, (1.4.1), in a 
situation in which we are trying to determine something about a parameter of a 
distribution. Suppose we have a Poisson distribution with parameter 0 > 0, and we 
know that the parameter is equal to either 6 = 2 or @ = 3. In Bayesian inference, the 
parameter is treated as a random variable 0. Suppose, for this example, we assign 
subjective prior probabilities of P(Q = 2) = “ and P(O = 3) = 5 to the two 
possible values. These subjective probabilities are based upon past experiences, 
and it might be unrealistic that O can only take one of two values, instead of a 
continuous 6 > 0 (we address this immediately after this introductory illustration). 
Now suppose a random sample of size n = 2 results in the observations x, = 2, 
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z2 = 4. Given these data, what are the posterior probabilities of 0 = 2 and 
© = 3? By Bayes Theorem, we have 


P(Q =2 and X; =2,X2 =4) 
Pg = ),J6=)) 
—252 —254 
(4)2 2° e ~2 
~ 71 c= 222 =e ee e334 
(3) + (3) 


3/7 2! 4! 2! 4! 


= 0.245. 


P(® =2|X, =2, X> =4) 


Similarly, 


P(® =3|X, =2, Xp = 4) =1— 0.245 = 0.755. 


That is, with the observations 7; = 2,x%2 = 4, the posterior probability of O = 2 
was smaller than the prior probability of 0 = 2. Similarly, the posterior probability 
of O = 3 was greater than the corresponding prior. That is, the observations 
a1 = 2,22 = 4 seemed to favor O = 3 more than O = 2; and that seems to agree 
with our intuition as Z = 3. Now let us address in general a more realistic situation 
in which we place a prior pdf h(@) on a support which is a continuum. 


11.2.1 Prior and Posterior Distributions 


We now describe the Bayesian approach to the problem of estimation. This ap- 
proach takes into account any prior knowledge of the experiment that the statis- 
tician has and it is one application of a principle of statistical inference that may 
be called Bayesian statistics. Consider a random variable X that has a distri- 
bution of probability that depends upon the symbol 6, where @ is an element of 
a well-defined set 2. For example, if the symbol @ is the mean of a normal dis- 
tribution, 2 may be the real line. We have previously looked upon @ as being a 
parameter, albeit an unknown parameter. Let us now introduce a random variable 
© that has a distribution of probability over the set Q; and just as we look upon 
x as a possible value of the random variable X, we now look upon @ as a possible 
value of the random variable 0. Thus, the distribution of X depends upon 6, an 
experimental value of the random variable 0. We denote the pdf of 0 by h(@) and 
we take h(@) = 0 when @ is not an element of 2. The pdf h(@) is called the prior 
pdf of ©. Moreover, we now denote the pdf of X by f(a|) since we think of it as a 
conditional pdf of X, given 0 = 9. For clarity in this chapter, we use the following 
summary of this model: 


X|0 ~ f(a|6) 
Oo ~ h(6). (11.2.1) 
Suppose that X,, X2,...,X, is a random sample from the conditional distri- 


bution of X given O = 6 with pdf f(x|@). Vector notation is convenient in this 
chapter. Let X’ = (X1, Xo,...,X») and x’ = (#1, 2%2,...,2n). Thus we can write 
the joint conditional pdf of X, given 0 = 6, as 


L(x|6) = f(a1|) f(w2l0)--- fanl0). (11.2.2) 
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Thus the joint pdf of X and O is 
g(x, 0) = L(x | A)h(6). (11.2.3) 


If © is a random variable of the continuous type, the joint marginal pdf of X is 
given by 
gi(x) =| g(x, 8) do. (11.2.4) 
If © is a random variable of the discrete type, integration would be replaced by 
summation. In either case, the conditional pdf of 0, given the sample X, is 
0 L(x | @)h(0 
k(@|x) = g(x, 9) = E(x | O)h(@) (1132.5) 
g(x) g(x) 
The distribution defined by this conditional pdf is called the posterior distribu- 
tion and (11.2.5) is called the posterior pdf. The prior distribution reflects the 
subjective belief of O before the sample is drawn, while the posterior distribution 
is the conditional distribution of © after the sample is drawn. Further discussion 
on these distributions follows an illustrative example. 


Example 11.2.1. Consider the model 


X;|@ ~ iid Poisson(@) 
O ~ T(a,Z),a and G@ are known. 


Hence the random sample is drawn from a Poisson distribution with mean 6 and 
the prior distribution is a I(a, 3) distribution. Let X’ = (X1, Xo,...,X,). Thus, 
in this case, the joint conditional pdf of X, given O = @, (11.2.2), is 


ie” ite" 


so ear a 651051 Oe. 4 pA MD a, 
and the prior pdf is 
n(6) 9°-1¢e-9/B ; 
= ————_,, 0<9<~m™. 
P(a)pe 


Hence the joint mixed continuous-discrete pdf is given by 


atx.) = L(x o)n(@) = [RS PET] (A 


1! Ly! 
provided that x; = 0,1,2,3,..., 7 = 1,2,...,n, and 0 < 0 < ow, and is equal to 
zero elsewhere. Then the marginal distribution of the sample, (11.2.4), is 


oo 9x aj +a-1_—(n+1/B)0 y (ss +: | 


(11.2.6) 
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Finally, the posterior pdf of 0, given X = x, (11.2.5), is 
L(x} 6)h Dei ta-1,—0/[8/(nB+1)] 
w(x) = EXIDO) __ Ete 


an) fp (Sai +2) [B/(nB + Ete ea 


provided that 0 < 6 < oo, and is equal to zero elsewhere. This conditional pdf is of 
the gamma type, with parameters a* = S7i_, 2; + a and 3* = B/(nB +1). Notice 
that the posterior pdf reflects both prior information (a, 3) and sample information 
(Ui vi). 

In Example 11.2.1, notice that it is not really necessary to determine the marginal 
pdf gi(x) to find the posterior pdf k(@|x). If we divide L(x|0)h(@) by gi(x), we 
must get the product of a factor that depends upon x but does not depend upon 


0, say c(x), and 
gd tita-1,-8/[8/(mB+1)]_ 


That is, 
k(0|x) = c(x)O% M+0-1e—F/1B/(mB+4)] 


provided that 0 < 6 < oo and a; = 0,1,2,..., 7 =1,2,...,n. However, c(x) must 
be that “constant” needed to make k(6|x) a pdf, namely, 


dl 


c(x) = r (Son +a) [B/(nB + ]))eate 


Accordingly, we frequently write that k(0|x) is proportional to L(x|0@)h(6); that is, 
the posterior pdf can be written as 


k(6|x) ox L(x | 0)h(0). (11.2.8) 


Note that in the right-hand member of this expression, all factors involving con- 
stants and x alone (not @) can be dropped. For illustration, in solving the problem 
presented in Example 11.2.1, we simply write 


k(O|x) oc 02% 7 e—"9 99-1 9/8 


or, equivalently, . 
k(0|x) « gd tita—1,—0/[8/(nB+1)]_ 


0 < 6 < ~, and is equal to zero elsewhere. Clearly, &(@|x) must be a gamma pdf 
with parameters a* = )) 2; +a and @* = B/(nB +1). 

There is another observation that can be made at this point. Suppose that there 
exists a sufficient statistic Y = u(X) for the parameter so that 


L(x| 0) = glu(x)|@])H (x), 
where now g(y|@) is the pdf of Y, given 0 = 0. Then we note that 


k(O[x) ox glu(x)|4]h(8) 
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because the factor H(x) that does not depend upon 6 can be dropped. Thus, if a 
sufficient statistic Y for the parameter exists, we can begin with the pdf of Y if we 
wish and write 

K(ly) x g(yl@)h(), (11.2.9) 
where now k(6|y) is the conditional pdf of © given the sufficient statistic Y = y. In 
the case of a sufficient statistic Y, we also use gi(y) to denote the marginal pdf of 
Y; that is, in the continuous case, 


atv) = | * g(yl0)A(0) db. 


—Co 


11.2.2 Bayesian Point Estimation 


Suppose we want a point estimator of 6. From the Bayesian viewpoint, this really 
amounts to selecting a decision function 6, so that 5(x) is a predicted value of @ (an 
experimental value of the random variable ©) when both the computed value x and 
the conditional pdf k(@|x) are known. Now, in general, how would we predict an 
experimental value of any random variable, say W, if we want our prediction to be 
“reasonably close” to the value to be observed? Many statisticians would predict 
the mean, E(W), of the distribution of W; others would predict a median (perhaps 
unique) of the distribution of W; and some would have other predictions. However, 
it seems desirable that the choice of the decision function should depend upon a loss 
function £[0, 6(x)]. One way in which this dependence upon the loss function can 
be reflected is to select the decision function 6 in such a way that the conditional 
expectation of the loss is a minimum. A Bayes estimate is a decision function 6 
that minimizes 


E{L[O, 6(x)]|X =x} -| £0, 5(x)|k(6|x) a6 
if O is a random variable of the continuous type. That is, 
d(x) = Argmin f L[O, 0(x)]k(0|x) do. (11.2.10) 


The associated random variable 5(X) is called a Bayes estimator of 0. The usual 
modification of the right-hand member of this equation is made for random variables 
of the discrete type. If the loss function is given by £[0,6(x)] = [0 — 6(x)]?, then 
the Bayes estimate is d(x) = E(Q|x), the mean of the conditional distribution of 0, 
given X =x. This follows from the fact that E[(W — b)?], if it exists, is a minimum 
when b = E(W). If the loss function is given by L[0,6(x)] = |6 — 5(x)|, then a 
median of the conditional distribution of 0, given X = x, is the Bayes solution. 
This follows from the fact that E(|W —0]), if it exists, is a minimum when 0 is equal 
to any median of the distribution of W. 

It is easy to generalize this to estimate a specified function of 6, say, [(@). For 
the loss function £[0, 6(x)], a Bayes estimate of I(@) is a decision function 6 that 
minimizes 


E{L{l(@), 6(x)]|X =x} = [. L{L(0), 5(x)]k(0|x) dd. 
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The random variable 6(X) is called a Bayes estimator of (0). 

The conditional expectation of the loss, given X = x, defines a random variable 
that is a function of the sample X. The expected value of that function of X, in 
the notation of this section, is given by 


[. fm LO, 5(x We(o) a} g 1(x x= fo {fA LO, (x )LCx\6) ax} ncaa, 


in the continuous case. The integral within the braces in the latter expression is, 
for every given 6 € O, the risk function R(6,6); accordingly, the latter expression 
is the mean value of the risk, or the expected risk. Because a Bayes estimate 6(x) 


minimizes 
[. LO, 6(x)]k(0|x) dé 


for every x for which g(x) > 0, it is evident that a Bayes estimate 6(x) minimizes 
this mean value of the risk. We now give two illustrative examples. 


Example 11.2.2. Consider the model 
X;|9 ~ iid binomial, b(1, 6) 
0 ~  beta(a, 3), a and 6 are known; 
that is, the prior pdf is 


P(a)P(B) 


n(6) = ate ori —9e1 o<o<1 
0 elsewhere., 


where a and £ are assigned positive constants. We seek a decision function 6 that 
is a Bayes solution. The sufficient statistic is Y = S77 Xi, which has a b(n, 6) 
distribution. Thus the conditional pdf of Y given 0 = @ is 


atule) = { ee i y=0,1,...,n 


elsewhere. 


Thus, by (11.2.9), the conditional pdf of 0, given Y = y at points of positive 
probability density, is 


k(6ly) « 6¥(1 — 0)" ¥9%-1(1—6)9-1, O<O<1. 


That is, 
T(in+a+{) = ae 
k(6|y) = ———-———_>—- 9*19-1(1 — 989-1 00 < 6 <1, 
= Terytm+a-y 8) 
and y = 0,1,...,n. Hence the posterior pdf is a beta density function with param- 


eters (a+ y,3+n—y). We take the squared-error loss, i.e., £[A, 5(y)] = [9 — 6(y)]?, 
as the loss function. Then, the Bayesian point estimate of @ is the mean of this beta 
pdf, which is 

at+y 


Bn 
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It is very instructive to note that this Bayes estimator can be written as 


oe (+) vy (=) =a 
at+tB+in]n a+@G+n/ a+ 
which is a weighted average of the maximum likelihood estimate y/n of 6 and the 
mean a/(a+ ) of the prior pdf of the parameter. Moreover, the respective weights 
are n/(a+8+n) and (a+ 3)/(a+6+n). Note that for large n, the Bayes estimate 
is close to the maximum likelihood estimate of 9 and that, furthermore, 6(Y) is a 
consistent estimator of 6. Thus we see that a@ and @ should be selected so that not 
only is a/(a + 3) the desired prior mean, but the sum a + ( indicates the worth 
of the prior opinion relative to a sample of size n. That is, if we want our prior 
opinion to have as much weight as a sample size of 20, we would take a+ @ = 20. 
So if our prior mean is 3. we have that a and £ are selected so that a = 15 and 
b=5. 8 


Example 11.2.3. For this example, we have the normal model, 
X;|0 ~ iid N(0,07), where o? is known 
@ ~ N(6o,04), where 0) and o? are known. 
Then Y = X is a sufficient statistic. Hence an equivalent formulation of the model 
is 
Y|@ ~ N(6,07/n), where o? is known 
© ~ N(6,04),where 0) and o@ are known. 


Then for the posterior pdf, we have 


1 
———_~ —— ex 
V2ra//n V 27009 7 2(0?/n) 203 
If we eliminate all constant factors (including factors involving only y), we have 


[og + (07 /n)]6? — 2lyog + a 
2(0?/n)oG 


k (Bly) o exp - 


This can be simplified by completing the square to read (after eliminating factors 
not involving 6) 


_ yo8 + O0(0?/n)\* 
(° a + (o?/n) ) 
207 [n)op 


log + (0?/n)| 


That is, the posterior pdf of the parameter is obviously normal with mean 


yoo + Oo(o7/n) _ (mo fn 
op +(o?/n) (a + ry) “al (= 7 a) 9 (11.2.1) 


k(O]y) x exp | — 
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and variance (o?/n)o@/[o? + (07/n)]. If the squared-error loss function is used, this 
posterior mean is the Bayes estimator. Again, note that it is a weighted average 
of the maximum likelihood estimate y = % and the prior mean 09. As in the 
last example, for large n, the Bayes estimator is close to the maximum likelihood 
estimator and 6(Y) is a consistent estimator of 0. Thus the Bayesian procedures 
permit the decision maker to enter his or her prior opinions into the solution in a 
very formal way such that the influences of these prior notions are less and less as 
nm increases. 


In Bayesian statistics, all the information is contained in the posterior pdf k(@|y). 
In Examples 11.2.2 and 11.2.3, we found Bayesian point estimates using the squared- 
error loss function. It should be noted that if £L[d(y),@] = |d(y) — @|, the absolute 
value of the error, then the Bayes solution would be the median of the posterior 
distribution of the parameter, which is given by k(@|y). Hence the Bayes estimator 
changes, as it should, with different loss functions. 


11.2.3. Bayesian Interval Estimation 


If an interval estimate of @ is desired, we can find two functions u(x) and u(x) so 
that the conditional probability 
v(x) 
Plu(x) < © < v(x)|X =x] = ; k(0|x) dO 

u(x) 
is large, for example, 0.95. Then the interval u(x) to v(x) is an interval estimate 
of 6 in the sense that the conditional probability of O belonging to that interval is 
equal to 0.95. These intervals are often called credible or probability intervals, 
so as not to confuse them with confidence intervals. 


Example 11.2.4. As an illustration, consider Example 11.2.3, where X1, Xo,..., Xn 
is a random sample from a N (6,07) distribution, where o? is known, and the prior 
distribution is a normal N(9,02) distribution. The statistic Y = X is sufficient. 
Recall that the posterior pdf of O given Y = y was normal with mean and variance 
given near expression (11.2.11). Hence a credible interval is found by taking the 
mean of the posterior distribution and adding and subtracting 1.96 of its standard 
deviation; that is, the interval 


yo3 + On(02/n) (02 /n)op 
a+ (o2/n) a8 + (o2/n) 


forms a credible interval of probability 0.95 for 0. m 


Example 11.2.5. Recall Example 11.2.1, where X’ = (Xy, Xo,..., Xn) isarandom 
sample from a Poisson distribution with mean 6 and a [(a,) prior, with a and 
3 known, is considered. As given by expression (11.2.7), the posterior pdf is a 
T'(y + a, B/(nB + 1)) pdf, where y = 50", x;. Hence, if we use the squared-error 
loss function, the Bayes point estimate of # is the mean of the posterior 


5) < Buta) nd _v , af 
= nB+1  n@+tin = n@B+l1° 
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As with the other Bayes estimates we have discussed in this section, for large n 
this estimate is close to the maximum likelihood estimate and the statistic 6(Y) is 
a consistent estimate of 6. To obtain a credible interval, note that the posterior 
distribution of — is x7(2()07_, v1 +@)). Based on this, the following interval 


is a (1 — a)100% credible interval for 0: 
B 
met 2(S+2)]). 


B 
(a “on (Son +0))) 
(11.2.12) 


where y7_ (a/2) (2 (Quis ,v; +a)) and x2 /2(2 (do), @: + @)) are the lower and upper 
x? quantiles for a y? distribution with 2(>;"_, x; + a) degrees of freedom. m 


11.2.4 Bayesian Testing Procedures 


As above, let X be a random variable with pdf (pmf) f(2|@), @ € Q. Suppose we 
are interested in testing the hypotheses 


Ho: 0 € wo versus Hy: 0 € wy, 


where wp Uw, = 2 and wy) Mw, = ¢. A simple Bayesian procedure to test these 
hypotheses proceeds as follows. Let h(@) denote the prior distribution of the prior 
random variable 0; let X’ = (X1, Xo,...,X,) denote a random sample on X; and 
denote the posterior pdf or pmf by &(6|x). We use the posterior distribution to 
compute the following conditional probabilities: 


P(O € wo|x) and P(O € w)|x). 


In the Bayesian framework, these conditional probabilities represent the truth of 
Hy and Hy, respectively. A simple rule is to 


Accept Ho if P(O € wo|x) > P(O € wi |x); 


otherwise, accept H,; that is, accept the hypothesis which has the greater condi- 
tional probability. Note that the condition w9Nw, = ¢ is required, but wow, = 2 is 
not necessary. More than two hypotheses may be tested at the same time, in which 
case a simple rule would be to accept the hypothesis with the greater conditional 
probability. We finish this subsection with a numerical example. 


Example 11.2.6. Referring again to Example 11.2.1, where X’ = (X1, Xo,...,Xn) 
is arandom sample from a Poisson distribution with mean @, suppose we are inter- 
ested in testing 

Ho: @< 10 versus Hy: 4 > 10. (11.2.13) 


Suppose we think @ is about 12, but we are not quite sure. Hence we choose the 
T(10, 1.2) pdf as our prior, which is shown in the left panel of Figure 11.2.1. The 
mean of the prior is 12, but as the plot shows, there is some variability (the variance 
of the prior distribution is 14.4). The data for the problem are 
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ll 7 11 6 5 9 14 10 9 5 
8 10 8 10 12 9 3 12 14 4 


(these are the values of a random sample of size n = 20 taken from a Poisson 
distribution with mean 8; of course, in practice we would not know the mean is 8). 
The value of the sufficient statistic is y = pat x, = 177. Hence, from Example 
11.2.1, the posterior distribution is a ['(177 + 10, 1.2/[20(1.2) + 1]) = P'(187, 0.048) 
distribution, which is shown in the right panel of Figure 11.2.1. Note that the data 
have moved the mean to the left of 12 to 187(0.048) = 8.976, which is the Bayes 
estimate (under squared-error loss) of 6. Using a statistical computing package (we 
used the pgamma command in R), we compute the posterior probability of Ho as 


P[O < 10|y = 177] = P[T'(187, 0.048) < 10] = 0.9368. 


Thus P[O > 10|y = 177] = 1—0.9368 = 0.0632; consequently, our rule would accept 
He. 


Figure 11.2.1: Prior (left panel) and posterior (right panel) pdfs of Example 11.2.6 


The 95% credible interval, (11.2.12), is (7.77, 10.31), which also contains 10; see 
Exercise 11.2.7 for details. m 


11.2.5 Bayesian Sequential Procedures 


Finally, we should observe what a Bayesian would do if additional data were col- 
lected beyond 21, %2,...,%n. In such a situation, the posterior distribution found 
with the observations 71, ©2,...,%», becomes the new prior distribution, additional 
observations give a new posterior distribution, and inferences would be made from 
that second posterior. Of course, this can continue with even more observations. 
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That is, the second posterior becomes the new prior, and the next set of observa- 
tions yields the next posterior from which the inferences can be made. Clearly, this 
gives Bayesians an excellent way of handling sequential analysis. They can continue 
taking data, always updating the previous posterior, which has become a new prior 
distribution. Everything a Bayesian needs for inferences is in that final posterior 
distribution obtained by this sequential procedure. 


EXERCISES 


11.2.1. Let Y have a binomial distribution in which n = 20 and p = 0. The prior 
probabilities on @ are P(@ = 0.3) = 2/3 and P(@ = 0.5) = 1/3. If y = 9, what are 
the posterior probabilities for 6 = 0.3 and @ = 0.5? 


11.2.2. Let X1, X2,...,X, be a random sample from a distribution that is b(1, 0). 
Let the prior of 0 be a beta one with parameters a and 3. Show that the posterior 
pdf k(0|a1,22,...,%p) is exactly the same as k(0|y) given in Example 11.2.2. 


11.2.3. Let X1,X2,...,X, denote a random sample from a distribution that is 
N(0,07), where —oo < 6 < 00 and o? is a given positive number. Let Y = X denote 
the mean of the random sample. Take the loss function to be £0, d(y)] = |@—4d(y)|. 
If 6 is an observed value of the random variable © that is N(u,77), where 7? > 0 
and js are known numbers, find the Bayes solution d(y) for a point estimate 0. 


11.2.4. Let X1, X2,...,X, denote a random sample from a Poisson distribution 
with mean 0, 0 < 0 < oo. Let Y = 0} X;. Use the loss function £6, d(y)] = 
[9 — 5(y)]?. Let @ be an observed value of the random variable ©. If © has the prior 
pdf h(0) = 6° 'e-9/8 /T(a)B%, for 0 < 0 < oo, zero elsewhere, where a > 0, 3 > 0 
are known numbers, find the Bayes solution 6(y) for a point estimate for 0. 


11.2.5. Let Y,, be the nth order statistic of a random sample of size n from a 
distribution with pdf f(a|0) = 1/0, 0 < x < @, zero elsewhere. Take the loss 
function to be L[O,5(y)] = [8 — 6(yn)]?. Let 6 be an observed value of the random 
variable @, which has the prior pdf h(@) = Ba?/0°+!, a < 0 < ov, zero elsewhere, 
with a > 0, @ > 0. Find the Bayes solution 6(y,) for a point estimate of 0. 


11.2.6. Let Y; and Y2 be statistics that have a trinomial distribution with param- 
eters n, 6,, and 62. Here 6; and 62 are observed values of the random variables 0, 
and 92, which have a Dirichlet distribution with known parameters a,, a2, and 
a3; see expression (3.3.6). Show that the conditional distribution of ©; and Oz is 
Dirichlet and determine the conditional means E(©;1|y1, y2) and E(O2|y1, y2). 


11.2.7. For Example 11.2.6, obtain the 95% credible interval for 8. Next obtain the 
value of the mle for 0 and the 95% confidence interval for 6 discussed in Chapter 6. 


11.2.8. In Example 11.2.2, let n = 30, a = 10, and @ = 5, so that 6(y) = (10+y)/45 
is the Bayes estimate of 0. 


(a) If Y has a binomial distribution b(30, 0), compute the risk E{[@ — 6(Y)]?}. 
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(b) Find values of 6 for which the risk of part (a) is less than 0(1— 0) /30, the risk 
associated with the maximum likelihood estimator Y/n of 0. 


11.2.9. Let Y4 be the largest order statistic of a sample of size n = 4 from a 
distribution with uniform pdf f(a;0) = 1/0, 0 < x < @, zero elsewhere. If the prior 
pdf of the parameter g(@) = 2/68, 1 < @ < ov, zero elsewhere, find the Bayesian 
estimator 6(Y4) of @, based upon the sufficient statistic Y,, using the loss function 


(ya) — Ol. 


11.2.10. Refer to Example 11.2.3; suppose we select a3 = do”, where 0? was known 
in that example. What value do we assign to d so that the variance of posterior is 
two thirds the variance of Y = X, namely, o?/n? 
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Suppose X’ = (X1, X2,..., Xn) represents a random sample with likelihood L(x|@) 
and we assume a prior pdf h(@). The joint marginal pdf of X is given by 


g(x) = l- L(x|0)h(0)d0. 


—Cco 


This is often called the pdf of the predictive distribution of X because it provides 
the best description of the probabilities about X given the likelihood and the prior. 
An illustration of this is provided in expression (11.2.6) of Example 11.2.1. Again 
note that this predictive distribution is highly dependent on the probability models 
for X and O. 

In this section, we consider two classes of prior distributions. The first class is 
the class of conjugate priors defined by: 


Definition 11.3.1. A class of prior pdfs for the family of distributions with pdfs 
f(x|@), 0 € Q, ts said to define a conjugate family of distributions if the 
posterior pdf of the parameter is in the same family of distributions as the prior. 


As an illustration, consider Example 11.2.5, where the pmf of X; given 6 was 
Poisson with mean 6. In this example, we selected a gamma prior and the resulting 
posterior distribution was of the gamma family also. Hence the gamma pdf forms 
a conjugate class of priors for this Poisson model. This was true also for Example 
11.2.2 where the conjugate family was beta and the model was a binomial, and for 
Example 11.2.3, where both the model and the prior were normal. 

To motivate our second class of priors, consider the binomial model, b(1,@), 
presented in Example 11.2.2. Thomas Bayes (1763) took as a prior the beta dis- 
tribution with a = 6 = 1, namely h(@) = 1,0 < @ < 1, zero elsewhere, because he 
argued that he did not have much prior knowledge about 6. However, we note that 
this leads to the estimate of 


(Fs) © + (FR) GG). 
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We often call this a shrinkage estimate because the estimate y/n is pulled a lit- 
tle toward the prior mean of 1/2, although Bayes tried to avoid having the prior 
influence the inference. 

Haldane (1948) did note, however, that if a prior beta pdf exists with a = 6 = 0, 
then the shrinkage estimate would reduce to the mle y/n. Of course, a beta pdf 
with a = 6 = 0 is not a pdf at all, for it would be such that 

I 


M8) & Baa” 0<é<1, 


does not exist. However, such priors are used if, when combined with the likelihood, 
we obtain a posterior pdf which is a proper pdf. By proper, we mean that it 
integrates to a positive constant. In this example, we obtain the posterior pdf of 


zero elsewhere, and 


(Bly) < M1 — PY, 


which is proper provided y > 0 and n— y > 0. Of course, the posterior mean is 


Definition 11.3.2. Let X’ = (Xy, X2,...,Xn) be a random sample from the dis- 
tribution with pdf f(x|0). A prior h(@) > 0 for this family is said to be improper 
if it is not a pdf, but the function k(0|x) «x L(x|@)h(0) can be made proper. 


A noninformative prior is a prior which treats all values of 6 the same, that is, 
uniformly. Continuous noninformative priors are often improper. As an example, 
suppose we have a normal distribution N(@1,02) in which both 6; and 62 > 0 are 
unknown. A noninformative prior for 0; is hi(6:) = 1, —co < 0, < oo. Clearly, 
this is not a pdf. An improper prior for 02 is h2(@2) = c2/62, 0 < 02 < ov, zero 
elsewhere. Note that log @2 is uniformly distributed between —oo < log@2 < ov. 
Hence, in this way, it is a noninformative prior. In addition, assume the parameters 
are independent. Then the joint prior, which is improper, is 


hy (01) h2(02) x 1/2, -1~ <A < oo, 0 <0. < oH. (11.3.1) 
Using this prior, we present the Bayes solution for 6, in the next example. 


Example 11.3.1. Let X1, Xo,...,X,, be a random sample from a N (61, 2) distri- 
bution. Recall that X and $? = (n—1)~1 7", (X; — X)? are sufficient statistics. 
Suppose we use the improper prior given by (11.3.1). Then the posterior distribu- 
tion is given by 


tsa Olt. s®) 2 (F) (ge) exp | {(n—1)5?-+ mC — 04)?} 0 


= (Z)" oo [Fein 1)s? + n(F 01)?} (65) 
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To get the conditional pdf of 6, given % and s”, we integrate out 02 
ky (1 [Z, s”) => | Se) (A, 62|Z, s”)dOo. 
0 


To carry this out, let us change variables z = 1/02 and 62 = 1/z, with Jacobian 
—1/z?. Thus 


co 5241 = 2 z—6,)2 
b(t. s2) x f es {eee te de 
0 z 


2 


Referring to a gamma distribution with a = n/2 and 8 = 2/{(n—1)s*+n(%—-61)"}, 
this result is proportional to 


ky (04 [Z, s?) x {(n = 1)s? ae n( = bh, Pie 
Let us change variables to get more familiar results; namely, let 


,-f 
s//n 


with Jacobian s/\/n. This conditional pdf of t, given % and s?, is then 


t= and 6, =%+ts//n, 


k(t|z, 5”) x {(n—- 1)s? a (st)2}-"/2 
i}. 
* A+ 2/(n— De 


That is, the conditional pdf of t = (0, — Z)/(s/n), given Z and s?, is a Student 
t with n — 1 degrees of freedom. Since the mean of this pdf is 0 (assuming that 
n > 2), it follows that the Bayes estimator of ;, under squared-error loss, is X, 
which is also the mle. 

Of course, from ki (0,{Z, s?) or k(t|Z, s?), we can find a credible interval for 6}. 
One way of doing this is to select the highest density region (HDR) of the pdf 
@, or that of t. The former is symmetric and unimodal about @; and the latter 
about zero, but the latter’s critical values are tabulated; so we use the HDR of that 
t-distribution. Thus, if we want an interval having probability 1 — a, we take 


ta eee < ty 2 
7 i ; 
or, equivalently, 
E—tyjos//n <0, <E+tyjos/Jn. 


This interval is the same as the confidence interval for 0; see Example 4.2.1. Hence, 
in this case, the improper prior (11.3.1) leads to the same inference as the traditional 
analysis. m 


Example 11.3.2. Usually in a Bayesian analysis, noninformative priors are not 
used if prior information exists. Let us consider the same situation as in Example 
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11.3.1, where the model was a N (61,02) distribution. Suppose now we consider the 
precision 63 = 1/62 instead of variance 02. The likelihood becomes 


(2) ex| 5 {(n—1)s? + n(@— 01)?} 85] 


so that it is clear that a conjugate prior for 03 is I(a,@). Further, given 63, a 
reasonable prior on 6; is N(6, wa) where no is selected in some way to reflect 
how many observations the prior is worth. Thus the joint prior of 6, and 63 is 


(1,03) a 83-2 99/F (12963) 1/7e~ C190)" sr 0/2, 


If this is multiplied by the likelihood function, we obtain the posterior joint pdf of 
6, and 63, namely, 


where 
Q(61) = = +no(O1 — 09)? + [(n — 1)s? + n(¥ — 0,)7] 
= (no +n) (0 sais =~) iD), 
no +n 
with 5 
D= 3 + (n—1)s? + (not +n7')-1(09 — 2) 


If we integrate out 63, we obtain 


ky (04|%, s”) ax i k(0,, 032, s”)d03 
0 
1 
x [Q(61)]2otn+1)/2 . 
To get this in a more familiar form, change variables by letting 


a) _ no Oo tne 
notn 


VD/[(n0 + n)Qat nj] 


with Jacobian \/D/[(no + n)(2a+n)]. Thus 


1 


— 2 
ko(t[e, . ) & (2a+n+1)/2? 


t2 
[1 + 2a+n 


which is a Student ¢ distribution with 2a+n degrees of freedom. The Bayes estimate 
(under squared-error loss) in this case is 
noAo + ne 
notn / 
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It is interesting to note that if we define “new” sample characteristics as 


ne=notn 


_ 2090 + NE 
a no +n 
2 D 
s, = 5 
2a+n 
then 
0; — Xp 
paw 2 Uk 


8K / Tk 


has a ¢-distribution with 2a + n degrees of freedom. Of course, using these degrees 
of freedom, we can find t,/2 so that 


Eby /2 Vik 
is an HDR credible interval estimate for 6, with probability 1—-y. Naturally, it falls 
upon the Bayesian to assign appropriate values to a, 3,no, and 09. Small values of 


q@ and ng with a large value of 3 would create a prior, so that this interval estimate 
would differ very little from the usual one. 


Tra 


Finally, it should be noted that when dealing with symmetric, unimodal pos- 
terior distributions, it was extremely easy to find the HDR interval estimate. If, 
however, that posterior distribution is not symmetric, it is more difficult and often 
the Bayesian would find the interval that has equal probabilities on each tail. 


EXERCISES 


11.3.1. Let X,, X2 be a random sample from a Cauchy distribution with pdf 


1 02 
TT 63 + (x — 04)?’ 


where —co < 0, < 00, 0 < 09. Use the noninformative prior h(61, 62) « 1. 


F(x; 01502) = ( 


-wO<2< MH, 


(a) Find the posterior pdf of 0), 02, other than the constant of proportionality. 


(b) Evaluate this posterior pdf if a; = l,vg = 4 for 0; = 1,2,3,4 and 6) = 
0.5, 1.0, 1.5, 2.0. 


(c) From the 16 values in part (b), where does the maximum of the posterior pdf 
seem to be? 


(d) Do you know a computer program that can find the point (61, 02) of maximum? 


11.3.2. Let X1,Xo,...,Xi9 be a random sample of size n = 10 from a gamma 
distribution with a = 3 and @ = 1/6. Suppose we believe that @ has a gamma 
distribution with a = 10 and 2 = 2. 
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(a) Find the posterior distribution of 0. 


(b) If the observed ¥ = 18.2, what is the Bayes point estimate associated with 
square-error loss function? 


(c) What is the Bayes point estimate using the mode of the posterior distribution? 


(d) Comment on an HDR interval estimate for 0. Would it be easier to find one 
having equal tail probabilities? 


Hint: Can the posterior distribution be related to a chi-square distribution? 


11.3.3. Suppose for the situation of Example 11.3.2, 6; has the prior distribution 
N(75,1/(5@3)) and 63 has the prior distribution [(a = 4,3 = 0.5). Suppose the 
observed sample of size n = 50 resulted in ¥ = 77.02 and s? = 8.2. 


(a) Find the Bayes point estimate of the mean 6). 
(b) Determine an HDR interval estimate with 1 — y = 0.90. 


11.3.4. Let f(a|0), 0 € Q, be a pdf with Fisher information, (6.2.4), [(@). Consider 
the Bayes model 


X|o ~ f(ald), EO 
© ~ h(O) x JT). (11.3.2) 


(a) Suppose we are interested in a parameter T = u(@). Use the chain rule to 


prove that 
0 
VI(r) = V1(0) IF ; (11.3.3) 
iT 
(b) Show that for the Bayes model (11.3.2), the prior pdf for 7 is proportional to 
I(r). 


The class of priors given by expression (11.3.2) is often called the class of Jeffreys’ 
priors; see Jeffreys (1961). This exercise shows that Jeffreys’ priors exhibit an 
invariance in that the prior of a parameter 7, which is a function of 0, is also 
proportional to the square root of the information for T. 


11.3.5. Consider the Bayes model 
Xi{9 ,i=1,2,...,n ~ iid with distribution T'(1,6), 9>0 
O ~ h(d)x 
(a) Show that h(@) is in the class of Jeffreys’ priors. 
(b) Show that the posterior pdf is 


1 n+2-1 
ox (Z) ew 


where y = oy) Zi. 
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(c) Show that if r = 071, then the posterior k(r|y) is the pdf of a I'(n,1/y) 
distribution. 


(d) Determine the posterior pdf of 2y7. Use it to obtain a (1 — a)100% credible 
interval for 0. 


(e 


wa 


Use the posterior pdf in part (d) to determine a Bayesian test for the hypothe- 
ses Hyp: 0 > @ versus H,: 0 < 09, where po is specified. 


11.3.6. Consider the Bayes model 


X;i|0 ,i=1,2,...,n ~ iid with distribution Poisson (6), 0 >0 
QO ~ h(d)x«@7*/?, 


(a 
(b 


wa 


Show that h(@) is in the class of Jeffreys’ priors. 


Show that the posterior pdf of 2n@ is the pdf of a y?(2y + 1) distribution, 
where y = >, Zi- 


ee 


(c) Use the posterior pdf of part (b) to obtain a (1 — a)100% credible interval for 
6. 


(d) Use the posterior pdf in part (d) to determine a Bayesian test for the hypothe- 
ses Hyp : 0 > 0 versus H,: 0 < 09, where 9p is specified. 


11.3.7. Consider the Bayes model 
X;|0 ,i =1,2,...,n ~ iid with distribution b(1,0),0<0@< 1. 
(a 


(b) Assume squared-error loss and obtain the Bayes estimate of 0. 


wa 


Obtain the Jeffreys’ prior for this model. 


11.3.8. Consider the Bayes model 


X;|0 ,i=1,2,...,n ~ iid with distribution b(1,0),0<6<1 
Oo ~ h(6)=1. 


(a 


(b) Assume squared-error loss and obtain the Bayes estimate of 0. 


a 


Obtain the posterior pdf. 


11.3.9. Let X,,Xo,...,X, bea random sample from a multivariate normal normal 
distribution with mean vector ww = ({11, M2,..-,~%)’ and known positive definite 
covariance matrix ©. Let X be the mean vector of the random sample. Suppose 
that w has a prior multivariate normal distribution with mean pp and positive 
definite covariance matrix 4p. Find the posterior distribution of , given K = ¥. 
Then find the Bayes estimate E(u |X =X). 
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11.4 Gibbs Sampler 


From the preceding sections, it is clear that integration techniques play a significant 
role in Bayesian inference. Hence, we now touch on some of the Monte Carlo 
techniques used for integration in Bayesian inference. 

The Monte Carlo techniques discussed in Chapter 5 can often be used to ob- 
tain Bayesian estimates. For example, suppose a random sample is drawn from a 
N(0,07), where o? is known. Then Y = X is a sufficient statistic. Consider the 
Bayes model 


Y|0 ~ N(0,07/n) 
© ~ (8) xb“ exp{—(6 — a)/b}/(1 + exp{—[(0 — a)/B]})?, 00 < 8 <c0, 
a and b > 0 are known, (11.4.1) 


i.e., the prior is a logistic distribution. Thus the posterior pdf is 


exp { 1 (y—0)* } b-1e~(0-2)/b /(1 4 e-[(0-a)/21)2 


1 
_ V2ra//n 276? 7a 

k(6|y) = fis es exp {-3 (y—9)? } b-le-(8—a)/b /(1 a e—[(9-a)/b])2 do 
—co Vina/Jn 2 o7/n 


Assuming squared-error loss, the Bayes estimate is the mean of this posterior distri- 
bution. Its computation involves two integrals, which cannot be obtained in closed 
form. We can, however, think of the integration in the following way. Consider the 
likelihood f(y|@) as a function of 0; that is, consider the function 


_ ey eee J ee 
(0) = $018) = exp | I 


We can then write the Bayes estimate as 


f eaee Ow(0)b- te (-2)/8 (1. a arta? dé 
E[0w(®)] 


= eee (11.4.2) 


d(y) = 


where the expectation is taken with O having the logistic prior distribution. 

The estimation can be carried out by simple Monte Carlo. Independently, gen- 
erate 01, 02,...,0O,, from the logistic distribution with pdf as in (11.4.1). This 
generation is easily computed because the inverse of the logistic cdf is given by 
a+ blog{u/(1— u)}, for 0 <u <1. Then form the random variable, 


(a in yi O;w(9;) : 
. mo" Le w(0i) 
By the Weak Law of Large Numbers (Theorem 5.1.1) and Slutsky’s Theorem (The- 


orem 5.2.4), Ty, — O(y), in probability. The value of m can be quite large. Thus 
simple Monte Carlo techniques enable us to compute this Bayes estimate. Note that 


(11.4.3) 
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we can bootstrap this sample to obtain a confidence interval for F[Ow(0)]/E[w(0)]; 
see Exercise 11.4.2. 

Besides simple Monte Carlo methods, there are other more complicated Monte 
Carlo procedures which are useful in Bayesian inference. For motivation, consider 
the case in which we want to generate an observation which has pdf fx (x), but this 
generation is somewhat difficult. Suppose, however, that it is easy to generate both 
Y, with pdf fy(y), and an observation from the conditional pdf fx|y(2|y). As the 
following theorem shows, if we do these sequentially, then we can easily generate 
from fx (2). 


Theorem 11.4.1. Suppose we generate random variables by the following algo- 
rithm: 


1. Generate Y ~ fy(y), 
2. Generate X ~ fxjy(a|Y). 


Then X has pdf fx (x). 


Proof: To avoid confusion, let T’ be the random variable generated by the algorithm. 
We need to show that T has pdf fx(a). Probabilities of events concerning T are 
conditional on Y and are taken with respect to the cdf F'x;y. Recall that proba- 
bilities can always be written as expectations of indicator functions and, hence, for 
events concerning T, are conditional expectations. In particular, for any t € R, 


PIT <t) = E[Fxy(O)] 


= [Lf sevteinas| eon 
i if. fxiy (aly) fy) ay| de 
7 iz i Frc (esu) dy de 
[tore 


Hence the random variable generated by the algorithm has pdf fx (a), as was to be 
shown. & 


In the situation of this theorem, suppose we want to determine E[W(X)], for 
some function W(a), where E[W2(X)] < oo. Using the algorithm of the theorem, 
generate independently the sequence (Yi, X1), (Y2, X2),---,(Ym,Xm), for a speci- 
fied value of m, where Y; is drawn from the pdf fy(y) and X; is generated from the 
pdf fxjy(a|Y). Then by the Weak Law of Large Numbers, 


ae A 
oS 
=p oD 


wx) S [" woefx(e)de = E[W(X)]. 


i=1 
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Furthermore, by the Central Limit Theorem, /m(W — E[W(X)]) converges in 
distribution to a N(0, o7,) distribution, where of, = Var(W(X)). If wi, wo,...,Wm 
is a realization of such a random sample, then an approximate (1 — a)100% (large 
sample) confidence interval for E[W(X)] is 
Sw 

C Zq/2 Vm’ 
where s}, = (m—1)71 “", (wi — 0). 

To set ideas, we present the following simple example. 


(11.4.4) 


Wa 


Example 11.4.1. Suppose the random variable X has pdf 


2e *(l-—e-*) O0<2<@ 
fx(2) = { 0 elsewhere. (11.4.5) 


Suppose Y and X|Y have the respective pdfs 


Qe-*¥” 0<4<co 
fry) = { 0 elsewhere (146) 
—(«-y) 
_ e€ y<xr<o 
Fxiy (ely) a { 0 elsewhere. ie) 


Suppose we generate random variables by the following algorithm: 


1. Generate Y ~  fy(y) as in expression (11.4.6). 
2. Generate X ~ fx )y(2|Y) as in expression (11.4.7). 


Then, by Theorem 11.4.1, X has the pdf (11.4.5). Furthermore, it is easy to generate 
from the pdfs (11.4.6) and (11.4.7) because the inverses of the respective cdfs are 
given by Fy '(u) = —27!log(1 — u) and Fyiy (u) = —log(1—u) +Y. 

As a numerical illustration, the R function condsim1, found in Appendix B, uses 
this algorithm to generate observations from the pdf (11.4.5). Using this function, 
we performed m = 10,000 simulations of the algorithm. The sample mean and 
standard deviation were 7 = 1.495 and s = 1.112. Hence a 95% confidence interval 
for F(X) is (1.473,1.517), which traps the true value E(X) = 1.5; see Exercise 
11.4.4. 


For the last example, Exercise 11.4.3 establishes the joint distribution of (X,Y) 
and shows that the marginal pdf of X is given by (11.4.5). Furthermore, as shown in 
this exercise, it is easy to generate from the distribution of X directly. In Bayesian 
inference, though, we are often dealing with conditional pdfs, and theorems such as 
Theorem 11.4.1 are quite useful. 

The main purpose of presenting this algorithm is to motivate another algorithm, 
called the Gibbs Sampler, which is useful in Bayes methodology. We describe it 
in terms of two random variables. Suppose (X,Y) has pdf f(x,y). Our goal is to 
generate two streams of iid random variables, one on X and the other on Y. The 
Gibbs sampler algorithm is: 
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Algorithm 11.4.1 (Gibbs Sampler). Let m be a positive integer, and let Xo, an 
initial value, be given. Then for i =1,2,3,...,m, 


1. Generate Y;|Xi_-1 ~ f (yx). 
2: Generate X;|Y; ~ f(xy). 


Note that before entering the ith step of the algorithm, we have generated 
X;- . Let x;-; denote the observed value of X;-;. Then, using this value, generate 
sequentially the new Y; from the pdf f(y|a;-1) and then draw (the new) X; from 
the pdf f(a|y;), where y; is the observed value of Y;. In advanced texts, it is shown 
that 


y= Ye fy (y) 
hi oS XOI®, (11.4.8) 
as 7 — oo, and 
= S*W(Xi) 5 E[W(X)], as m = oo. (11.4.9) 


Note that the Gibbs sampler is similar but not quite the same as the algorithm 
given by Theorem 11.4.1. Consider the sequence of generated pairs 


(Bore aah (X2, Y2), a (Xx, Ye), (Xpo1, Vest). 


Note that to compute (X,41, Y,41), we need only the pair (Xx, Y;,) and none of the 
previous pairs from 1 to k—1. That is, given the present state of the sequence, the 
future of the sequence is independent of the past. In stochastic processes such a 
sequence is called a Markov chain. Under general conditions, the distribution of 
Markov chains stabilizes (reaches an equilibrium or steady-state distribution) as the 
length of the chain increases. For the Gibbs sampler, the equilibrium distributions 
are the limiting distributions in the expression (11.4.8) as i + oo. How large should 
i be? In practice, usually the chain is allowed to run to some large value i before 
recording the observations. Furthermore, several recordings are run with this value 
of i and the resulting empirical distributions of the generated random observations 
are examined for their similarity. Also, the starting value for Xo is needed; see 
Casella and George (1992) for a discussion. The theory behind the convergences 
given in the expression (11.4.8) is beyond the scope of this text. There are many 
excellent references on this theory. A discussion from an elementary level can be 
found in Casella and George (1992). An informative overview can be found in 
Chapter 7 of Robert and Casella (1999); see also Lehmann and Casella (1998). We 
next provide a simple example. 


Example 11.4.2. Suppose (X,Y) has the mixed discrete-continuous pdf given by 


11, a+a—1,—2y 0: x =0,1,2,... 
_f maynyste te y>0; #=0,1,2, 114.10 
f(x,y) { 0 elsewhere, a, 
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for a > 0. Exercise 11.4.5 shows that this is a pdf and obtains the marginal pdfs. 
The conditional pdfs, however, are given by 


fglayaye ee # (11.4.1) 


and : 
f(atly) x eu (11.4.12) 


Hence the conditional densities are T'(a+, 1/2) and Poisson (y), respectively. Thus 
the Gibbs sampler algorithm is, for 7 = 1,2,...,m, 


1. Generate Y;|Xi-1 ~~ T(a + Xi_-1; 1/2). 
2. Generate X;|Y; ~ Poisson(Y;). 


In particular, for large m and n > m, 


Y=(n—m)? SY, 4 E(Y) (11.4.13) 
i=m+1 

X =(n—m)7! MS. BR: (11.4.14) 
i=m+1 


In this case, it can be shown (see Exercise 11.4.5) that both expectations are equal 
to a. The R routine gibbser2.s found in Appendix B computes this Gibbs sampler. 
Using this routine, the authors obtained the following results upon setting a = 10, 
m = 3000, and n = 6000: 


Sample Sample | Approximate 95% 
Parameter Estimate | Estimate | Variance | Confidence Interval 


E(Y) =a=10 10.027 | 10.775 (9.910, 10.145) 
E(X)=a=10 10.061 (9.896, 10.225) 


where the estimates Y and Z are the observed values of the estimators in expressions 
(11.4.13) and (11.4.14), respectively. The confidence intervals for a are the large 
sample confidence intervals for means discussed in Example 4.2.2, using the sample 
variances found in the fourth column of the above table. Note that both confidence 
intervals trapped a = 10. m 


EXERCISES 
11.4.1. Suppose Y has a ['(1,1) distribution while X given Y has the conditional 


pdf 


-(@-y) 9g 
~y J e <y<@%< 0 
F(ely) = { 0 elsewhere. 


Note that both the pdf of Y and the conditional pdf are easy to simulate. 
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(a) Set up the algorithm of Theorem 11.4.1 to generate a stream of iid observations 
with pdf fx(z). 


(b 


(c 


wa 


State how to estimate F(X). 


If computational facilities are available, write a computer program to estimate 
E(X) using your algorithm found in part (a). 


a 


(d) Using your program, obtain a stream of 2000 simulations. Compute your 
estimate of F(X) and find an approximate 95% confidence interval. 


(e 


a 


Show that X has a ['(2,1) distribution. Did your confidence interval trap the 
true value 2? 


11.4.2. Carefully write down the algorithm to obtain a bootstrap percentile con- 
fidence interval for E[Ow(0)]/E[w(O)], using the sample 01, O2,...,Om and the 
estimator given in expression (11.4.3). If computation facilities are at hand, obtain 
code for this bootstrap. 


11.4.3. Consider Example 11.4.1. 
(a) Show that E(X) = 1.5. 


(b) Obtain the inverse of the cdf of X and use it to show how to generate X 
directly. 


11.4.4. If computation facilities are at hand, obtain another 10,000 simulations 
similar to those discussed at the end of Example 11.4.1. Use your simulations to 
obtain a confidence interval for F(X). 


11.4.5. Consider Example 11.4.2. 


(a) Show that the function given in expression (11.4.10) is a joint, mixed discrete- 
continuous pdf. 


(b) Show that the random variable Y has a I'(a, 1) distribution. 
(c) Show that the random variable X has a negative binomial distribution with 


pmf 


elsewhere. 


p(z) “| Gast? OF) 2 =0,1,2,... 
0 


(d) Show that F(X) =a. 


11.4.6. If computation facilities are available, write a program (or use gibbser2.s 
of Appendix B) for the Gibbs sampler discussed in Example 11.4.2. Run your 
program for a = 10, m = 3000, and n = 6000. Compare your results with those of 
the authors tabled in the example. 
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11.4.7. Consider the following mixed discrete-continuous pdf for a random vector 
(X,Y), (discussed in Casella and George, 1992): 


nN), «+a-1 n—2+B-1 = 
era) £2 Olja, OXY <1 
Fesy) { 0 elsewhere, 


fora >0Oand 6 > 0. 


(a) Show that this function is indeed a joint, mixed discrete-continuous pdf by 
finding the proper constant of proportionality. 


(b) Determine the conditional pdfs f(a|y) and f(y|a). 
(c) Write the Gibbs sampler algorithm to generate random samples on X and Y. 
(d) Determine the marginal distributions of X and Y. 


11.4.8. If computation facilities are available, write a program for the Gibbs sam- 
pler of Exercise 11.4.7. Run your program for a = 10, 6 = 4, m = 3000, and 
n = 6000. Obtain estimates (and confidence intervals) of E(X) and E(Y) and 
compare them with the true parameters. 


11.5 Modern Bayesian Methods 


The prior pdf has an important influence in Bayesian inference. We need only 
consider the different Bayes estimators for the normal model based on different 
priors, as shown in Examples 11.2.3 and 11.3.1. One way of having more control 
over the prior is to model the prior in terms of another random variable. This is 
called the hierarchical Bayes model, and it is of the form 


X|0 ~ f(x\9) 
Oly ~ h(Oly) 
To o~ wy). (11.5.1) 


With this model we can exert control over the prior h(6|y) by modifying the pdf 
of the random variable [. A second methodology, empirical Bayes, obtains an 
estimate of y and plugs it into the posterior pdf. We offer the reader a brief 
introduction of these procedures in this section. There are several good books 
on Bayesian methods. In particular, Chapter 4 of Lehmann and Casella (1998) 
discusses these procedures in some detail. 

Consider first the hierarchical Bayes model given by (11.5.1). The parameter 7 
can be thought of a nuisance parameter. It is often called a hyperparameter. As 
with regular Bayes, the inference focuses on the parameter 6; hence, the posterior 
pdf of interest remains the conditional pdf k(0|x). 

These discussions often involve several pdfs; hence, we frequently use g as a 
generic pdf. It will always be clear from its arguments what distribution it repre- 
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sents. Keep in mind that the conditional pdf f(x|@) does not depend on ¥; hence, 


g(x, 9,7) 
g(x) 
g(xl9, y)9(9, Y) 
g(x) 
F(x|OROAly) by) 
g(x) 


9(9, y|x) 


Therefore, the posterior pdf is given by 


O)h(O d 
k(6|x) = ee (11.5.2) 
Jeo Joe FIO) (Ol 7)¥ (7) dy 
Furthermore, assuming squared-error loss, the Bayes estimate of W(@) is 
W( x|0)h(@ dydé 
sox) = Leedn MOFAIHON WO nes 


Joon Fo FCO) Aly) d(y) dy 


Recall that we defined the Gibbs sampler in Section 11.4. Here we describe it 
to obtain the Bayes estimate of W(@). For 7 = 1,2,...,m, where m is specified, the 
ith step of the algorithm is 

Oi|x, 7-1 ~ g(4|X,%-1) 
Ti|x,0: ~ g(y/x, 4). 
Recall from our discussion in Section 11.4 that 


e, 2 


T; 


4s 
D 
a 
as 4 — oo. Furthermore, the arithmetic average 


— > W(0i) > E[W(©)|x] = dw(x) as m = oo. (11.5.4) 


In practice, to obtain the Bayes estimate of W(@) by the Gibbs sampler, we 
generate by Monte Carlo the stream of values (61,71), (02, y2).... Then choosing 
large values of m and n* > m, our estimate of W(6) is the average, 


: — > Wi). 15a) 


Because of the Monte Carlo generation these procedures are often called MCMC, 
for Markov Chain Monte Carlo procedures. We next provide two examples. 
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Example 11.5.1. Reconsider the conjugate family of normal distributions dis- 
cussed in Example 11.2.3, with 69 = 0. Here we use the model 
—= o2 
X|O ~ N (« “) , o is known 
n 
QO|7? ~ N(0,7?) 
= T(a,b), a and b are known. (11.5.6) 
To set up the Gibbs sampler for this hierarchical Bayes model, we need the condi- 
tional pdfs g(0|z, 77) and g(r?|Z, 6). For the first, we have 


g(\, 77) x f(ZO)h(G|r* (7). 


As we have been doing, we can ignore standardizing constants; hence, we need 
only consider the product f(Z|@)h(6|7?). But this is a product of two normal pdfs 
which we obtained in Example 11.2.3. Based on those results, g(@|%,77) is the pdf 
of a N({r?/[(o?/n) + 77]}2, (7207) /[o? + n7?]). For the second pdf, by ignoring 
standardizing constants and simplifying, we obtain 


aire) x feaie)g( ole? wale?) 


1 ie pyle H 
oa a eee 
1 a+(1/2)-1 1 Te 1 


which is the pdf of a '{a + (1/2), [(@?/2) + (1/b)]~*} distribution. Thus the Gibbs 


sampler for this model is given by: for i = 1,2,...,m, 
T2 407 
O24 % AS 
Ln (core 


2 a) 2 
Tj 4 OF NT] 
2 


1 
lige, ~ Platt, (%42)_ (11.5.8) 
alt, ©: ots | > +5 : 5: 


u 


As discussed above, for a specified values of large m and n* > m, we collect the 
chain’s values ((Om, Tm), (Om+1; Tm+1);+-+;(On*;Tn*)) and then obtain the Bayes 
estimate of 6 (assuming squared-error loss): 


a 1 
1S Ss. Be (11.5.9) 


The conditional distribution of O given % and 7;_1, though, suggests the second 
estimate given by 


er i+ Toe og (1.5.10) 
oa Te) 
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Example 11.5.2. Lehmann and Casella (1998, p. 257) presented the following 
hierarchical Bayes model: 


X|\ ~~ Poisson(A) 
Alb ~ T[(1,)) 
B w~ g(b)=77'b 7 exp{—1/br}, b>0,7 >0. 
For the Gibbs sampler, we need the two conditional pdfs, g(A|x,b) and g(b|z, A). 
The joint pdf is 
g(x, A, 6) = f(a|A)R(A|b) (0). (11.5.11) 
Based on the pdfs of the model, (11.5.11), for the first conditional pdf we have 
v7 1 
A 1 -a/sb 
g(A|z,b) «x e a Bo 
a Ae tee (11.5.12) 
which is the pdf of a [(a + 1,b/[b + 1]) distribution. 


For the second conditional pdf, we have 


1 
g(bla,A) « Ue bee 


x rep {5 [> +a]}. 
b |r 


In this last expression, making the change of variable y = 1/b which has the Jacobian 
db/dy = —y~?, we obtain 


1 
g(y|z,r) x ye exp {-u E + 4 \ y > 


= 1+Ar 
x ytexp{-y| |}. 


which is easily seen to be the pdf of the T'(2,7/[Ar + 1]) distribution. Therefore, 
the Gibbs sampler is, for i = 1,2,...,m, where m is specified, 


Ajlz,b-1 ~ T(e+1,0:-1/[1 + :-1)) 
B;,=Y,-', where Y;|z,\; ~ T(2,7/)i7+1]). o 


As a numerical illustration of the last example, suppose we set 7 = 0.05 and 
observe « = 6. The R program hierarchi.s in Appendix B performs the Gibbs 
sampler given in the example. It requires specification of the value of 7 at which 
the Gibbs sample commences and the length of the chain beyond this point. We 
set these values at m = 1000 and n* = 4000, respectively, i-e., the length of the 
chain used in the estimate is 3000. To see the effect that varying 7 has on the Bayes 
estimator, we performed five Gibbs samplers, with these results: 


6.600 6.490 6.530 6.500 6.440 


0.040 0.045 0.050 0.055 0.060 
}6 
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There is some variation. As discussed in Lehmann and Casella (1998), in general, 
there is less effect on the Bayes estimator due to variability of the hyperparameter 
than in regular Bayes due to the variance of the prior. 


11.5.1 Empirical Bayes 


The empirical Bayes model consists of the first two lines of the hierarchical Bayes 
model; i.e., 

X|6 ~ f(x\9) 

Oly ~ h(Gly). 


Instead of attempting to model the parameter y with a pdf as in hierarchical Bayes, 
empirical Bayes methodology estimates y based on the data as follows. Recall that 


ly) = 987) 
g(x, Oly) men 
_ Fxl)H(OI0) 
(7) 
= f(x|@)h(4|y). 
Consider, then, the likelihood function 
m(x\|7) =) f(x|@)h(O|y) do. (11.5.1) 


Using the pdf m(x|y), we obtain an estimate 7 = ¥(x), usually by the method 
of maximum likelihood. For inference on the parameter 0, the empirical Bayes 
procedure uses the posterior pdf k(6|x, 4). 

We illustrate the empirical Bayes procedure with the following example. 


Example 11.5.3. Consider the same situation discussed in Example 11.5.2, except 
assume that we have a random sample on X; i.e., consider the model 


Xj|A, i= 1,2,...,n ~ iid Poisson(A) 
Alb ~ (1,6). 
Let X = (X1, X2,..., Xn)’. Hence 
r= 
eon 


g(xlA) = — 


Ly)+++ Lp! 


where T= n~!57i_, 2;. Thus the pdf we need to maximize is 
mie) = ) g(x|A)h(A|b) dd 
0 


= i 1 yntti-1,—mr! r/o d\ 
9 ««i!l+++ ay! b 


[(nz + 1)[b/(nb + 1)]"™*2 
x}! fees Ln!b 
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Taking the partial derivative of log m(x|b) with respect to b, we obtain 


JOlogm(x|b) 1 _ 1 
a Gi al ces 


Setting this equal to 0 and solving for b, we obtain the solution 
b=F. (11.5.14) 


To obtain the empirical Bayes estimate of A, we need to compute the posterior pdf 
with b substituted for b. The posterior pdf is 


K(A|x,b) cx  g(x|A)A(AIb) 
oc \MEtI-1e-Aln+(1/8)] (11.5.15) 

which is the pdf of a (nz + 1,b/[nb + 1]) distribution. Therefore, the empirical 

Bayes estimator under squared-error loss is the mean of this distribution; i.e., 


n~ 


~ b 
\ = [nF + 1]—— =F, (11.5.16) 
nb+1 


since b = 7. T hus, for the above prior, the empirical Bayes estimate agrees with 
the mle. @ 


We can use our solution of this last example to obtain the empirical Bayes 
estimate for Example 11.5.2 also, for in this earlier example, the sample size is 1. 
Thus the empirical Bayes estimate for \ is x. In particular, for the numerical case 
given at the end of Example 11.5.2, the empirical Bayes estimate has the value 6. 


EXERCISES 


11.5.1. Consider the Bayes model 


1 
X06 ~ iidT (1 3) 
0 
O\8 ~ (2,8). 
By performing the following steps, obtain the empirical Bayes estimate of 0. 


(a) Obtain the likelihood function 
m(x|3) =f flx|8)n(0\3) db. 
0 


(b) Obtain the mle B of @ for the likelihood m(x|). 


c) Show that the posterior distribution of © given x and B is a gamma distribu- 
& g 
tion. 
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(d) Assuming squared-error loss, obtain the empirical Bayes estimator. 


11.5.2. Consider the hierarchical Bayes model 


Y ~ O(n,p), O<p<i1 
pla ~ (pid) = op°*, 6>0 
6 ~ T(l,a), a> 0 is specified. (1.5.17) 


(a) Assuming squared-error loss, write the Bayes estimate of p as in expression 
(11.5.3). Integrate relative to @ first. Show that both the numerator and 
denominator are expectations of a beta distribution with parameters y + 1 
andn—y+l. 


(b) Recall the discussion around expression (11.4.2). Write an explicit Monte 
Carlo algorithm to obtain the Bayes estimate in part (a). 


11.5.3. Reconsider the hierarchical Bayes model (11.5.17) of Exercise 11.5.2. 


(a) Show that the conditional pdf g(ply, 0) is the pdf of a beta distribution with 
parameters y+@ andn—y+l1. 


(b) Show that the conditional pdf g(@|y,p) is the pdf of a gamma distribution 
with parameters 2 and [4+ — log p] ad 


(c) Using parts (a) and (b) and assuming squared-error loss, write the Gibbs 
sampler algorithm to obtain the Bayes estimator of p. 


11.5.4. For the hierarchical Bayes model of Exercise 11.5.2, set n = 50 and a = 2. 
Now, draw a @ at random from a ['(1,2) distribution and label it 6*. Next, draw a 
p at random from the distribution with pdf 6*p® ~! and label it p*. Finally, draw 
a y at random from a b(n, p*) distribution. 


(a) Setting m at 3000, obtain an estimate of 6* using your Monte Carlo algorithm 
of Exercise 11.5.2. 


(b) Setting m at 3000 and n* at 6000, obtain an estimate of 6* using your Gibbs 
sampler algorithm of Exercise 11.5.3. Let 3001, p3002,---,; P6000 denote the 
stream of values drawn. Recall that these values are (asymptotically) simu- 
lated values from the posterior pdf g(p|y). Use this stream of values to obtain 
a 95% credible interval. 


11.5.5. Write the Bayes model of Exercise 11.5.2 as 


Y ~ O(n p), O<p<1 
pia ~ h(p|0) = @p°-1, @>0. 


Set up the estimating equations for the mle of g(y|@), i-e., the first step to obtain 
the empirical Bayes estimator of p. Simplify as much as possible. 
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11.5.6. Example 11.5.1 dealt with a hierarchical Bayes model for a conjugate family 
of normal distributions. Express that model as 


= o2 

X|O ~ N ( “) , o is known 
n 

Q|7? ~ N(0,77). 


Obtain the empirical Bayes estimator of 6. 
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Appendix A 


Mathematical Comments 


A.1 Regularity Conditions 


These are the regularity conditions referred to in Sections 6.4 and 6.5 of the text. 
A discussion of these conditions can be found in Chapter 6 of Lehmann and Casella 
(1998). 

Let X have pdf f(x;0), where 9 € 0 Cc R?. For these assumptions, X can be 
either a scalar random variable or a random vector in R*. As in Section 6.4, let 
I(@) = [Lx] denote the p x p information matrix given by expression (6.4.4). Also, 
we will denote the true parameter 0 by 0. 


Assumptions A.1.1. Additional regularity conditions for Sections 6.4 and 6.5. 


(R6): There exists an open subset Qo C Q such that Ag € Qo and all third partial 
derivatives of f(x;@) exist for all 8 € Qo. 


(R7) The following equations are true (essentially, we can interchange expectation 
and differentiation): 


O ; 
Bo | ae log f(x; a) = 0, forj=1,...,p 
Tn(@) = £ az log f(a ; 0) for j,k=1 
jk ~~ (4) ~ 00; 00% 8 vy ’ or 7, =41,.--,p 


(R8) For all 8 € Qo, 1(0) is positive definite. 
(R9) There exist functions Mjxi(x) such that 


63 


59,09.9, OS fe 1 9)) Ss Mi aed 
3; 00,6 CET |< ju(), for all @ € Qo, 


and 
Eg, (Mjxi] <oo, forall j,k,l€1,...,p. @ 
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A.2 Sequences 


Let {ay} be a sequence of real numbers. Recall from calculus that a, — a 
(lim,—oo @n = a) if and only if 


for every € > 0, there exists an No such that n > No = > |an—al<e. (A.2.1) 


Let A be a set of real numbers which is bounded from above; that is, there exists 
an M € R such that x < M for all x € A. Recall that a is the supremum of A if 
a is the least of all upper bounds of A. From calculus, we know that the supremum 
of a set bounded from above exists. Furthermore, we know that a is the supremum 
of A if and only if, for all « > 0, there exists an x € A such that a—e <a <a. 
Similarly, we can define the infimum of A. 

We need three additional facts from calculus. The first is the Sandwich Theorem. 


Theorem A.2.1 (Sandwich Theorem). Suppose for sequences {an}, {bn}, and 
{cn} that cn < Gn < bn, for all n, and that limp oo by = limn—oo Cn = a. Then 
lity; + 60-0n = @- 


Proof: Let € > 0 be given. Because both {b,} and {c,} converge, we can choose 
No so large that |c, — a| < € and |b, — a| < €, for n > No. Because cn < dn < bn, 
it is easy to see that 


lan _ al < max{|Cn ~ al, |bn, _ al}, 
for all n. Hence, if n > No, then |a, — al <e¢. m 


The second fact concerns subsequences. Recall that {a,,} is a subsequence of 
{an} if the sequence ny < ng <--- is an infinite subset of the positive integers. 
Note that nz > k. 


Theorem A.2.2. The sequence {a,} converges to a if and only if every subsequence 
{an,,} converges to a. 


Proof: Suppose the sequence {a,,} converges to a. Let {a,,} be any subsequence. 
Let € > 0 be given. Then there exists an No such that |a, — al < €, for n > No. 
For the subsequence, take k’ to be the first index of the subsequence beyond No. 
Because for all k, nz > k, we have that np > ny > k’ > No, which implies that 
lan, —a| <e. Thus, {an,} converges to a. The converse is immediate because a 
sequence is also a subsequence of itself. m 


Finally, the third theorem concerns monotonic sequences. 


Theorem A.2.3. Let {a,,} be a nondecreasing sequence of real numbers; i.e., for 
all n, Gn < Anyi. Suppose {ay} is bounded from above; i.e., for some M € R, 


Gn <M for alln. Then the limit of ay exists. 


Proof: Let a be the supremum of {a,,}. Let ¢ > 0 be given. Then there exists an 
No such that a—€ < an, < a. Because the sequence is nondecreasing, this implies 
that a—€ < dy, <a, for alln > No. Hence, by definition, a, — a. & 
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Let {an} be a sequence of real numbers and define the two subsequences 


bn = sup{dn, Qn41,---$, m=1,2,3... (A.2.2) 
inf{an,Gn41,-.-}, n=1,2,3.... (A.2.3) 


l| 


Cn 


It is obvious that {b,,} is a nonincreasing sequence. Hence, if {a,,} is bounded from 
below, then the limit of b,, exists. In this case, we call the limit of {b,,} the limit 
supremum (limsup) of the sequence {a,,} and write it as 


lim ay = lim bp. (A.2.4) 
Note that if {a,} is not bounded from below, then lim,_... a, = —oo. Also, if 


{an} is not bounded from above, we define limp... Gn = 00. Hence, the lim of any 
sequence always exists. Also, from the definition of the subsequence {b,,}, we have 


Gy S bn, 1H 1,2;3,.056 (A.2.5) 


On the other hand, {c,,} is a nondecreasing sequence. Hence, if {a,} is bounded 
from above, then the limit of cp, exists. We call the limit of {c,} the limit infimum 
(liminf) of the sequence {a,,} and write it as 


lim a, = lim cp. (A.2.6) 


n—0o noo 


Note that if {a,,} is not bounded from above, then lim,, _,., an = oo. Also, if {ay} is 
not bounded from below, lim,,_,.. a, = —oo. Hence, the lim of any sequence always 
exists. Also, from the definition of the subsequences {c,} and {b,}, we have 


Gy dy bg; WH 1, 2,3).5.« (A.2.7) 
Also, because c, < by, for all n, we have 
lim a, < lim an. © (A.2.8) 


i 
n—oo noo 


Example A.2.1. Here are two examples. More are given in the exercises. 


1. Suppose a, = —n for all n = 1,2,.... Then b, = sup{—n,—n-1,...} = 
—n — —oo and cp, = inf{—n,-—n —1,...} = —oo — —oo. So, lim, ..o an = 
limyn—+oo Gn, = —OO. 


2. Suppose {a,,} is defined by 


1++4 = ifniseven 
An = ii 
” 2+ = if n is odd. 


Then {b,,} is the sequence {3, 2+(1/3), 2+(1/3),2+(1/5),2+(1/5),...}, which 
converges to 2, while {c,,} = 1, which converges to 1. Thus, lim ial 
and limp-—+.oo Gn = 2. 


n— Co 
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It is useful that the lim and limp—+oo of every sequence exists. Also, the 


—n > co 


sandwich effects of expressions (A.2.7) and (A.2.8) lead to the following theorem. 


Theorem A.2.4. Let {a,} be a sequence of real numbers. Then the limit of 
{an} exists if and only if lim, Gn = limMyn—+o0 An, in which case, limp—.oo dn = 


lim, 56 Gn = limn—oo An. 


N— Co 


Proof: Suppose first that lim,—..@n = a. Because the sequences {c,} and {b,,} 
are subsequences of {a,,}, Theorem A.2.2 implies that they converge to a also. 
Conversely, if lim, ,., dn = limn_oo dn, then expression (A.2.7) and the Sandwich 
Theorem, A.2.1, imply the result. m 


Based on this last theorem, we have two interesting applications which are fre- 
quently used in statistics and probability. Let {p,,} be a sequence of probabilities 
and let b, = sup{Pn,Pn41,---} and c, = inf{pn,pn4i,--.}. For the first applica- 
tion, suppose we can show that Timp soo Pn = 0. Then, because 0 < py, < by, the 
Sandwich Theorem implies that limp... pn = 0. For the second application, sup- 
pose we can show that lim, .., pn = 1. Then, because c, < py, < 1, the Sandwich 
Theorem implies that lim, _.5. pn = 1. 

We list some other properties in a theorem and ask the reader to provide the 
proofs in Exercise A.2.2: 


Theorem A.2.5. Let {a,} and {dy} be sequences of real numbers. Then 


ie (ei): & Gea, ae (A.2.9) 
lim a, = — lim (—an). (A.2.10) 


EXERCISES 

A.2.1. Calculate the lim and lim of each of the following sequences: 
(a) Forn=1,2,..., an =(—1)"(2- $4). 
(b) For n=1,2,..., an = n%(""/?), 
(c) For n=1,2,..., an =++cos™ +(-1)". 

A.2.2. Prove properties (A.2.9) and (A.2.10). 

A.2.3. Let {a,} and {d,} be sequences of real numbers. Show that 


lim (a, +d,) > lim a, + lim dy. 


n—-oco n— Co n—- oo 


A.2.4. Let {an} be a sequence of real numbers. Suppose {a@n,} is a subsequence 
of {an}. If {an,} + ao as k > oo, show that lim, .., dn < ao < limp Gn. 


Appendix B 


R Functions 


Below in alphabetical order are the R and S-PLUS routines referenced in the text. 


1. binomci. Discussed in Example 4.3.1. 


binomci = function(s,n,thetal,theta2,value,maxstp=100,eps=.00001) { 
yi = pbinom(s,n,theta1l) 
y2 = pbinom(s,n,theta2) 
icl =0 
ic2 = 0 
if(y1 >= value) {ic1=1} 
if(y2 <= value) {ic2=1} 
if((icl*ic2) > 0){ 
istep = 0 
while(istep < maxstp){ 
istep = istep + 1 
theta3 = (thetal + theta2)/2 
y3 = pbinom(s,n,theta3) 
if(y3 > value){ 
thetal = theta3 


yi = y3 
} else { 
theta2 = theta3 
y2. = ys 
} 
if (abs(thetai-theta2) < eps){istep = maxstp} 
} 
list (solution=theta3,valatsol = y3) 
} else { 


list (error="Bad Starts") 


} 
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2. binpower. Discussed in Example 4.5.2. 


binpower<-function(){ 

n<-20 

ki<-i1 

k2<-12 

po<-.7 

x<-seq(.4,1,.01) 

pow1<-pbinom(k1,n,x) 

pow2<-pbinom(k2,n,x) 

#par (mfrow=c (2,2) ) 

postscript (file="figbino.ps") 

plot (x,pow2,xlab="p", ylab="Power", ylim=c(0,1),xlim=c(.35,1), 
type="1",1ty=2) 

lines(x,pow1,1ty=1) 

text(.72,.4,"Level 0.23") 

text(.54,.4,"Level 0.11") 

ie 


3. boottestonemean. Bootstrap test for 
Ho: 0=9 9 versus Ha: O0>0. 


The test is based on the sample mean but can easily be changed to another 
test. 


boottestonemean<-function(x, theta0,b){ 


x = sample 
thetaO is the null value of the mean 
b is the number of bootstrap resamples 


origtest contains the value of the test statistics 
for the original sample 

pvalue is the bootstrap p-value 

teststatall contains the b bootstrap tests 


# HH HH H HOH HF OF 


n<-length(x) 

v<-mean (x) 

z<-x-mean (x)+theta0 

counter<-0 

teststatall<-rep(0,b) 

for(i in 1:b){xstar<-sample(z,n,replace=T) 
vstar<-mean (xstar) 
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if(vstar >= v){counter<-counter+1} 
teststatall [i] <-vstar} 
pvalue<-counter/b 
list (origtest=v, pvalue=pvalue, teststatall=teststatall) 
} 


4. boottesttwo. Program which obtains the bootstrap test for two samples 
as discussed in Exercise 4.9.6. The test statistic is the difference in sample 
means. To change to another test statistic, simply substitute the appropriate 
call in place of the call to means. 


boottesttwo<-function(x,y,b){ 


x vector containing first sample. 
y vector containing first sample. 
b number of bootstrap replications. 


origtest: value of test statistic on original samples 
pvalue: bootstrap p-value 
teststatall: vector of bootstrap test statistics 


# He HH HH HOH OH 


ni<-length (x) 

n2<-length(y) 

v<-mean(y) - mean(x) 

z<-c(x,y) 

counter<-0O 

teststatall<-rep(0,b) 

for(i in 1:b){xstar<-sample(z,n1,replace=T) 
ystar<-sample(z,n2,replace=T) 
vstar<-mean(ystar) - mean(xstar) 
if(vstar >= v){counter<-counter+1} 
teststatall [i] <-vstar} 

pvalue<-counter/b 

list (origtest=v, pvalue=pvalue, teststatall=teststatall) 

#list (origtest=v, pvaule=pvalue) 


} 


5. condsim1. This algorithm generates observations from the pdf (11.4.5). 


condsim1<-function(nsims) { 
collect<-rep(0,nsims) 
for(i in 1:nsims) 
{y<--.5*log(1-runif (1)) 
collect [i]<--log(1-runif (1))+y 
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} 
collect 


} 


6. empalphacn. Obtains the empirical level of the test discussed in Example 
4.8.6. 


empalphacn<-function(nsims) { 

# 

# Obtains the empirical level of the test discussed 

# in Example 4.8.6. 

# 

# nsims is the number of simulations 

# 

sigmac<-25 

eps<-.25 

alpha<-.05 

n<-20 

tc<-qt (1-alpha,n-1) 

ic<-0 

for(i in 1i:nsims){ 
samp<-rcn(n,eps,sigmac) 
ttest<- (sqrt (n) *mean(samp))/var(samp)~.5 
if(ttest > tc) {ic<-ict1i} 
} 

empalp<-ic/nsims 

err<-1.96*sqrt ((empalp*(1-empalp) )/nsims) 

list (empiricalalpha=empalp, error=err) 


} 


7. gibbser2. This R program performs the Gibbs sampler given in Example 
11.4.2. 


gibbser2 = function(alpha,m,n){ 

xO = 1 

yc = rep(0,m+n) 

xc = c(x0,rep(0,m-1+n)) 

for(i in 2:(mtn))f{yc[i] = rgamma(1,alphatxc[i-1] ,2) 
xcli] = rpois(1,ycli])} 

yil=yc[1:m] 

y2=yc[(m+1) : Gnt+n)] 

xil=xc[1:m] 

x2=xc[(m+1): (mtn)] 

list(y1 = y1,y2=y2,x1=x1,x2=x2) 

} 
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8 


10. 


hieracrh1. This R program performs the Gibbs sampler given in Example 
11.5.2. 


hieracrhi<-function(nsims,x,tau,kstart){ 
bold<-1 

clambda<-rep (0, (nsims+kstart) ) 
cb<-rep(0, (nsimstkstart) ) 

for(i in 1:(nsimstkstart)) 

{clambda [i] <-rgamma(1,shape=(x+1) ,scale=(bold/(bold+1) )) 
newy<-rgamma (1, shape=2,scale=(tau/(clambda[i] *tau+1))) 
cb[i]<-1/newy 
bold<-1/newy} 

gibbslambda<-clambda[(kstart+1) : (nsimstkstart)] 
gibbsb<-cb[(kstart+1) : (msims+kstart) ] 

list (clambda=clambda, cb=cb, gibbslambda=gibbslambda, gibbsb=gibbsb) 
} 


Islinhypoth. Returns the F7.g test statistic and p-value based on the hypoth- 
esis matrix am, where the response is in y, and the full model design matrix 
is in x. 


lslinhypoth<-function(x,y,am){ 
n<-length(x[,1]) 

p<-length(x[1,]) 

q<-length(am[,1]) 
beta<-lsfit (x,y) $coef 
sig<-sum((lsfit(x,y)$resid)~2)/(n-p) 
mid<-am/*/solve (t (x) ,¥*LX) Lent (am) 
top<-t (am/*{beta) ,*i,solve (mid) %*,am/i*,beta/q 
fls<-top/sig 
pvalue<-1-pf(fls,q,n-p) 

list (fls=fls,pvalue=pvalue) 

} 


mixnormal. This R/S-Plus function returns one iteration of the EM step 
for Exercise 6.6.8 of Chapter 6. The initial estimate for the step is the input 
vector theta0 


mixnormal = function(x,theta0){ 
part1=(1-theta0[5] )*dnorm(x,theta0[1] , theta0[3] ) 


650 R 


part 2=theta0[5]*dnorm(x,theta0[2] ,theta0[4] ) 
gam = part2/(partitpart2) 

denom1 = sum(1 - gam) 

denom2 = sum(gam) 

mui = sum((1-gam)*x)/denom1 

sigi = sqrt (sum((1-gam) *((x-mu1)*2))/denom1) 
mu2 = sum(gam*x) /denom2 

sig2 = sqrt (sum(gam*((x-mu2) ~2) )/denom2) 

p = mean(gam) 

mixnormal = c(mul1,mu2,sigi,sig2,p) 
mixnormal 


, 


11. mlelogistic. Obtains the maximum likelihood estimate for the situation dis- 
cussed in Example 6.2.7. 


mlelogistic = function(x, theta0=mean(x) ,numstp=100,eps=.0001){ 
n = length(x) 
numfin = numstp 
small = 1.0*107(-8) 
ic = 0 
istop = 0 
while(istop == 0)f{ 
ic=ict+il 
expx = exp(-(x - theta0)) 
lprime = n-2*sum(expx/(1+expx) ) 
ldprime = -2*sum(expx/(1+expx) *2) 
thetal = thetaO - (lprime/ldprime) 
check = abs(theta0-theta1)/abs(theta0 + small) 
if (check < eps) {istop=1} 
thetaO = thetal 
} 
list (thetal=thetal, check=check, realnumstps=ic) 
} 


12. piest. Obtains the estimate of pi and its standard error for the simulation 
discussed in Example 4.8.1. 


piest<-function(n) { 


Obtains the estimate of pi and its standard 
error for the simulation discussed in Example 4.8.1 


n is the number of simulations 


# # HH H HH OF 
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13. 


14. 


u1<-runif (n) 

u2<-runif (n) 

cnt<-rep(0,n) 

chk<-ui72 + u272 - 1 

cnt[chk < 0]<-1 

est<-mean (cnt) 

se<-4*sqrt (est*(1-est) /n) 
est<-4x*est 

list (estimate=est ,standard=se) 


} 

piest2. Obtains the estimate of pi and its standard error for the simulation 
discussed in Example 4.8.4. 

piest2<-function(n) { 


Obtains the estimate of pi and its standard 
error for the simulation discussed in Example 4.8.4 


n is the number of simulations 


# HH HOH OH 


samp<-4*sqrt (1-runif (n) ~2) 
est<-mean (samp) 
se<-sqrt (var (samp) /n) 

list (est=est,se=se) 


} 


percentciboot. Program which obtains a percentile confidence interval for 
the mean. To change this to a parameter other than the mean, simply sub- 
stitute the appropriate function at both calls to the mean. 


percentciboot<-function(x,b,alpha) { 
x is a vector containing the original sample. 
b is the desired number of bootstraps. 
alpha: (1 - alpha) is the confidence coefficient. 


# 

# 

# 

# 

# theta is the point estimate. 

# lower is the lower end of the percentile confidence interval. 
# upper is the upper end of the percentile confidence interval. 
# thetastar is the vector of bootstrapped theta”*s. 

# 

theta<-mean (x) 

thetastar<-rep(0,b) 

n<-length(x) 
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16. 


for(i in 1:b){xstar<-sample(x,n,replace=T) 
thetastar [i] <-mean(xstar) 
} 

thetastar<-sort (thetastar) 

pick<-round((alpha/2) *(b+1)) 

lower<-thetastar [pick] 

upper<-thetastar [b-pick+1] 

list (theta=theta, lower=lower , upper=upper , thetastar=thetastar) 

#list (theta=theta, lower=lower , upper=upper) 

} 


poisrand. Discussed in Example 4.8.2. 


poisrand = function(n, lambda) { 

# 

# n is the number of simulations 

# lambda is the mean of the Poisson distribution. 
# 


poisrand = rep(0,n) 
for(i in t:n){ 


xt = 0 
t=0 
while(t < 1){ 
xX = xt 
y = —(1/lambda) *log(1-runif (1)) 


SG Fy 
xt = xt+1 


} 

poisrand[i] = x 
} 
poisrand 


poissonci. Discussed in Example 4.3.2. 


poissonci = function(s,n,thetal,theta2,value,maxstp=100,eps=.00001) { 

yi = ppois(s,n*thetat) 

y2 = ppois(s,n*theta2) 

ict = 0 

ic2 = 0 

if(y1 >= value) {icl=1} 

if(y2 <= value) {ic2=1} 

if((ici*ic2) > o){ 

istep = 0 
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while(istep < maxstp){ 
istep = istep + 1 
theta3 = (thetail + theta2)/2 
y3 = ppois(s,n*theta3) 
if(y3 > value){ 
thetal = theta3 


yl = y3 
} else { 
theta2 = theta3 
y2 = y3 
} 
if (abs(thetai-theta2) < eps){istep = maxstp} 
} 
list (solution=theta3,valatsol = y3) 
} else { 


list (error="Bad Starts") 


J 


17. qqplotc4s2 Obtains the (R version) of Figure 4.4.1. 


qqplotc4s2<-function(){ 

data<-matrix(scan("c4s2.dat") ,ncol=1,byrow=T) 

vec<-data[,1] 

n<-length (vec) 

ps<-(1:n)/(n+1) 

normalqs<-qnorm(ps) 

y<-sort (vec) 

#postscript("try.ps",horizontal=T) 

par (mfrow=c(2,2)) 

boxplot(y, ylab="x") 

title(main="Panel A") 

plot (normalqs,y,xlab="Normal quantiles",ylab="Sample quantiles") 
title(main="Panel B",xlab="Normal quantiles",ylab="Sample quantiles") 
plot (qlaplace(ps) ,y,xlab="Laplace quantiles",ylab="Sample quantiles") 
title(main="Panel C") 

plot (qexp(ps) ,y,xlab="Exponential quantiles",ylab="Sample quantiles") 
title(main="Panel D") 

} 


qlaplace<-function(ps){ 
low<-ps[ps < .5] 
high<-ps[ps >= .5] 
lowq<-log(2*low) 
highq<--log(2* (1-high) ) 
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qlaplace<-c(lowq,highq) 
} 


ren. Returns a random sample of size n drawn from a contaminated normal 
distribution with percent contamination € and standard deviation ratio a¢. 


ren<-function(n,eps,sigmac) { 
returns a random sample of size n drawn from 


a contaminated normal distribution with percent 
contamination eps and variance ratio sigmac 


# # HH HF 


ind<-rbinom(n,1,eps) 
x<-rnorm(n) 

ren<-x* (1-ind)+sigmac*x*ind 
ren 


} 


rscn. Returns a random sample of size n drawn from a skewed contaminated 
normal distribution with percent contamination ¢€, standard deviation ratio 
Oc, and mean [Mc. 


rscn = function(n,eps,sd,mu){ 


# 
# returns a random sample of size n drawn from 
# a skewed contaminated normal distribution with percent 
# contamination eps, variance ratio sd, and mean mu. 
# 
xi = rnorm(n) 
x2 = rnorm(n,mu,sd) 
bi = rbinom(n,1,eps) 


rscn = xi*(1-bi) + bi*x2 
rscn 


Appendix C 


Tables of Distributions 


In this appendix, tables for the following distributions are presented: 
Table I Cumulative distribution functions for selected Poisson distributions. 
Table IT Selected quantiles for chi-square distributions. 


Table ITI Cumulative distribution function for the standard normal random 
variable. 


Table IV Selected quantiles for t-distributions. 
Table V Selected quantiles for F’-distributions. 


These tables were generated using the R software. Most statistical computing pack- 
ages have functions which obtain probabilities and quantiles for these distributions 
as well as many other distributions. Furthermore, many hand calculators have such 
functions. 
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Table I 
Poisson Distribution 


The following table presents selected Poisson distributions. The probabilities tabled 


are 
T 


id 


w=0 


1.200 1.300 1.400 1.500 1.600 1.700 1.800 1.900 2.000 
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m= E(X) 
4.200 4.400 4.600 4.800 5.000 5.200 5.400 5.600 5.800 6.000 
0] 0.015 0.012 0.010 0.008 0.007 0.006 0.005 0.004 0.003 0.002 
1 | 0.078 0.066 0.056 0.048 0.040 0.034 0.029 0.024 0.021 0.017 
2 | 0.210 0.185 0.163 0.143 0.125 0.109 0.095 0.082 0.072 0.062 
3 | 0.395 0.359 0.326 0.294 0.265 0.238 0.213 0.191 0.170 0.151 
4] 0.590 0.551 0.513 0.476 0.440 0.406 0.373 0.342 0.313 0.285 
5 | 0.753 0.720 0.686 0.651 0.616 0.581 0.546 0.512 0.478 0.446 
6 | 0.867 0.844 0.818 0.791 0.762 0.732 0.702 0.670 0.638 0.606 
7 | 0.936 0.921 0.905 0.887 0.867 0.845 0.822 0.797 0.771 0.744 
8 | 0.972 0.964 0.955 0.944 0.932 0.918 0.903 0.886 0.867 0.847 
9 | 0.989 0.985 0.980 0.975 0.968 0.960 0.951 0.941 0.929 0.916 
10 | 0.996 0.994 0.992 0.990 0.986 0.982 0.977 0.972 0.965 0.957 
11 | 0.999 0.998 0.997 0.996 0.995 0.993 0.990 0.988 0.984 0.980 
12 | 1.000 0.999 0.999 0.999 0.998 0.997 0.996 0.995 0.993 0.991 
13 | 1.000 1.000 1.000 1.000 0.999 0.999 0.999 0.998 0.997 0.996 
14 | 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.999 0.999 
15 | 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 
16 | 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 
6.500 7.000 7.500 8.000 8.500 9.000 9.500 10.000 10.500 11.000 
0.002 0.001 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.011 0.007 0.005 0.003 0.002 0.001 0.001 0.000 0.000 0.000 
0.043 0.030 0.020 0.014 0.009 0.006 0.004 0.003 0.002 0.001 
0.112 0.082 0.059 0.042 0.030 0.021 0.015 0.010 0.007 0.005 
0.224 0.173 0.132 0.100 0.074 0.055 0.040 0.029 0.021 0.015 
0.369 0.301 0.241 0.191 0.150 0.116 0.089 0.067 0.050 0.038 
0.527 0.450 0.378 0.3138 0.256 0.207 0.165 0.130 0.102 0.079 
0.673 0.599 0.525 0.453 0.386 0.324 0.269 0.220 0.179 0.143 
0.792 0.729 0.662 0.593 0.523 0.456 0.392 0.333 0.279 0.232 
0.877 0.830 0.776 0.717 0.653 0.587 0.522 0.458 0.397 0.341 
0.933 0.901 0.862 0.816 0.763 0.706 0.645 0.583 0.521 0.460 
0.966 0.947 0.921 0.888 0.849 0.803 0.752 0.697 0.639 0.579 
0.984 0.973 0.957 0.936 0.909 0.876 0.836 0.792 0.742 0.689 
0.993 0.987 0.978 0.966 0.949 0.926 0.898 0.864 0.825 0.781 
0.997 0.994 0.990 0.9838 0.973 0.959 0.940 0.917 0.888 0.854 
0.999 0.998 0.995 0.992 0.986 0.978 0.967 0.951 0.932 0.907 
1.000 0.999 0.998 0.996 0.993 0.989 0.982 0.973 0.960 0.944 
1.000 1.000 0.999 0.998 0.997 0.995 0.991 0.986 0.978 0.968 
1.000 1.000 1.000 0.999 0.999 0.998 0.996 0.993 0.988 0.982 
1.000 1.000 1.000 1.000 0.999 0.999 0.998 0.997 0.994 0.991 
1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.998 0.997 0.995 
1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.999 0.998 
1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.999 
1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 
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The following table presents selected quantiles of chi-square distribution, i.e., the 


values x such that 


recsa= | rep 


for selected degrees of freedom r. 


r | 0.010 
1 | 0.000 
2 | 0.020 
3} 0.115 
4 | 0.297 
5 | 0.554 
6 | 0.872 
7 | 1.239 
8 | 1.646 
9 | 2.088 
10 | 2.558 
11 | 3.053 
12 | 3.571 
13 | 4.107 
14 | 4.660 
15 | 5.229 
16 | 5.812 
17 | 6.408 
18 | 7.015 
19 | 7.633 
20 | 8.260 
21 | 8.897 
22 | 9.542 
23 | 10.196 
24 | 10.856 
25 | 11.524 
26 | 12.198 
27 | 12.879 
28 | 13.565 
29 | 14.256 
30 | 14.953 


0.025 
0.001 
0.051 
0.216 
0.484 
0.831 
1.237 
1.690 
2.180 
2.700 
3.247 
3.816 
4.404 
5.009 
5.629 
6.262 
6.908 
7.564 
8.231 
8.907 
9.591 
10.283 
10.982 
11.689 
12.401 
13.120 
13.844 
14.573 
15.308 
16.047 
16.791 


0.050 
0.004 
0.103 
0.352 
0.711 
1.145 
1.635 
2.167 
2.733 
3.325 
3.940 
4.575 
5.226 
5.892 
6.571 
7.261 
7.962 
8.672 
9.390 
10.117 
10.851 
11.591 
12.338 
13.091 
13.848 
14.611 
15.379 
16.151 
16.928 
17.708 
18.493 


Table IT 
Chi-Square Distribution 


1 


P(X <2) 


0.100 
0.016 
0.211 
0.584 
1.064 
1.610 
2.204 
2.833 
3.490 
4.168 
4.865 
5.578 
6.304 
7.042 
7.790 
8.547 
9.312 
10.085 
10.865 
11.651 
12.443 
13.240 
14.041 
14.848 
15.659 
16.473 
17.292 
18.114 
18.939 
19.768 
20.599 


0.900 
2.706 
4.605 
6.251 
7.779 
9.236 
10.645 
12.017 
13.362 
14.684 
15.987 
17.275 
18.549 
19.812 
21.064 
22.307 
23.542 
24.769 
25.989 
27.204 
28.412 
29.615 
30.813 
32.007 
33.196 
34.382 
35.563 
36.741 
37.916 
39.087 
40.256 


0.950 
3.841 
5.991 
7.815 
9.488 
11.070 
12.592 
14.067 
15.507 
16.919 
18.307 
19.675 
21.026 
22.362 
23.685 
24.996 
26.296 
27.587 
28.869 
30.144 
31.410 
32.671 
33.924 
35.172 
36.415 
37.652 
38.885 
40.113 
41.337 
42.557 
43.773 


r/2-1,—w/2 dw, 


0.975 
5.024 
7.378 
9.348 
11.143 
12.833 
14.449 
16.013 
17.535 
19.023 
20.483 
21.920 
23.337 
24.736 
26.119 
27.488 
28.845 
30.191 
31.526 
32.852 
34.170 
35.479 
36.781 
38.076 
39.364 
40.646 
41.923 
43.195 
44.461 
45.722 
46.979 


0.990 

6.635 

9.210 
11.345 
13.277 
15.086 
16.812 
18.475 
20.090 
21.666 
23.209 
24.725 
26.217 
27.688 
29.141 
30.578 
32.000 
33.409 
34.805 
36.191 
37.566 
38.932 
40.289 
41.638 
42.980 
44.314 
45.642 
46.963 
48.278 
49.588 
50.892 
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Table III 
Normal Distribution 


The following table presents the standard normal distribution. The probabilities 
tabled are 


ew /2 dw, 


PZ <2)=9(2= 


oo V2 


Note that only the probabilities for z > 0 are tabled. To obtain the probabilities 
for z < 0, use the identity 6(—z) = 1— ®(z). At the bottom of the table, some 
useful quantiles of the standard normal distribution are displayed. 


0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 
5000 .5040 .5080 8.5120 = .5160 
53898  .5438 .5478 .5517 = .5557 
5793  .5832 5871 =—.5910 5948 
6179 6217 = =.6255 = .6293 6331 
6554 .6591 .6628 .6664 .6700 
6915 .6950 .6985 .7019 = .7054 
7257 = 672917324 67357 £7389 
-7580 = .7611 = =.7642 = 67673 ~~. 7704 
-7881  .7910  =.7939. .7967 ~—.7995 
8159 = .8186 = 82128238 8264 
8413 .8438 = .8461 = 8485 8508 
.8643 .8665 .8686 .8708  .8729 
8849 .8869  =.8888 = 8907 ~—.8925 
9032 .9049 .9066 .9082 .9099 
9192 .9207 .9222 .9236 .9251 
9332  .9345 .9357 .9370  .9382 
9452 .9463 9474 .9484 .9495 
9554 .9564 .9573 .9582 .9591 
9641 .9649 .9656 .9664 .9671 
9713 9719 9726 .9732 = .9738 
9772 9778 9783 9788  .9793 
9821 .9826 .9830 .9834 .9838 
9861 .9864 .9868 .9871  .9875 
9893 .9896 .9898 .9901 .9904 
9918 .9920 .9922 .9925 .9927 
9938 .9940 .9941 .9943 .9945 
9953 .9955 .9956 .9957  .9959 
9965 .9966 .9967 .9968  .9969 
9974 9975 .9976 9977 .9977 
9981 .9982 .9982 .9983 .9984 
9987 9987 .9987 .9988  .9988 
9990 .9991 .9991 .9991  .9992 
9993 .9993 .9994 .9994 .9994 
9995 .9995 .9995 .9996 .9996 
9997 .9997 .9997 .9997 .9997 
9998  .9998 .9998  .9998  .9998 


0.300 0.200 0.100 0.050 0.025 0.020 0.010 0.005 0.001 


0.253 0.524 0.842 1.282 1.645 1.960 2.054 2.326 2.576 3.090 
0.842 1.0386 1.282 1.645 1.960 2.241 2.326 2.576 2.807 3.291 
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Table IV 
t-Distribution 


The following table presents selected quantiles of the t-distribution, i.e., the values 
t such that 


PIT <t)= / P(r + 1)/2) he, 


oo Varl (r/2)(1 + w2/r)ot/2 
for selected degrees of freedom r. The last row gives the standard normal quantiles. 


PUD <t) 
0.900 0.950 0.975 0.990 0.995 0.999 
3.078 6.314 12.706 31.821 63.657 318.309 
1.886 2.920 4.303 6.965 9.925 22.327 
1.6388 2.353 3.182 4.541 5.841 10.215 
1.533 2.132 2.776 3.747 4.604 7.173 
1.476 2.015 2571 3.365 4.032 5.893 
1.440 1.943 2.447 3.143 3.707 5.208 
1.415 1895 2365 2.998 3499 4.785 
1.397 1.860 2.306 2.896 3.355 4.501 
9 | 1.383 1.833 2.262 2.821 3.250 4.297 
10 | 1.872 1.812 2.228 2.764 3.169 4.144 
11 | 1.3863 1.796 2.201 2.718 3.106 4.025 
12| 1.356 1.782 2.179 2.681 3.055 3.930 
13 | 1.850 1.771 2.160 2.650 3.012 3.852 
14 | 1.345 1.761 2.145 2.624 2.977 3.787 
15 | 1.3841 1.753 2.131 2.602 2.947 3.733 
16 | 1.337 1.746 2.120 2.583 2.921 3.686 
17 | 1.3833 1.740 2.110 2.567 2.898 3.646 
18 | 1.3830 1.734 2.101 2.552 2.878 3.610 
19 | 1.328 1.729 2.093 2.539 2861 3.579 
20 | 1.825 1.725 2.086 2.528 2.845 3.552 
21 | 1.323 1.721 2.080 2.518 2.831 3.527 
22 | 1.321 1.717 2.074 2.508 2.819 3.505 
23 | 1.319 1.714 2.069 2.500 2.807 3.485 
24] 1.318 1.711 2.064 2.492 2.797 3.467 
251.316 1.708 2.060 2.485 2.787 3.450 
26} 1.315 1.706 2.056 2.479 2.779 3.435 
27 | 1.314 1.703 2.052 2.473 2001 3.421 
28 | 1.313 1.701 2.048 2.467 2.763 3.408 
29} 1.311 1.699 2.045 2.462 2.756 3.396 
30 | 1.310 1.697 2.042 2.457 2.750 3.385 
oo | 1.282 1.645. 1.960 2.326 2576 3.090 
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Table V 
F-Distribution 
Upper 0.05 Critical Points 


The following table presents selected 0.95 and 0.99 quantiles of the F-distribution, 
ie., for a = 0.05, 0.01, the values Fy. (r1, 72) such that 
oo r Dy, Fi. /2 ii /2-1 
a= P(X > Falrisra)) = f a 
Fa(risre) P(r1/2)0(r2/2)(1 + riw/r2) tr 


where r; and r2 are the numerator and denominator degrees of freedom, respectively. 


199.50 215.71 224.58 230.16 233.99 236.77 238.88 240.54 
19.00 19.16 19.25 19.30 19.33 19.35 19.37 19.38 
9.55 9.28 9.12 9.01 8.94 8.89 8.85 8.81 
6.94 6.59 6.39 6.26 6.16 6.09 6.04 6.00 
5.79 5.41 5.19 5.05 4.95 4.88 4.82 4.77 
5.14 4.76 4.53 4.39 4.28 4.21 4.15 4.10 
4.74 4.35 4.12 3.97 3.87 3.79 3.73 3.68 
4.46 4.07 3.84 3.69 3.58 3.50 3.44 3.39 
4.26 3.86 3.63 3.48 3.37 3.29 3.23 3.18 
4.10 3.71 3.48 3.33 3.22 3.14 3.07 3.02 
3.98 3.59 3.36 3.20 3.09 3.01 2.95 2.90 
3.89 3.49 3.26 3.11 3.00 2.91 2.85 2.80 
3.81 3.18 2.92 2.83 
3.74 3.11 2.85 2.76 
3.68 3.06 2.79 2.71 
3.63 3.01 2.74 2.66 
3.59 2.96 2.70 2.61 
3.55 . 2.93 2.66 2.58 
3.52 ' 2.90 : 2.63 2.54 

2.51 
2.49 
2.46 
2.44 
2.42 
2.40 
2.39 
2.37 
2.36 
2.35 
2.33 
2.25 
2.17 
2.09 
2.01 
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Table V 
F-Distribution, Continued 
Upper 0.05 Critical Points 


Fo.o5(71,72) 
1 
10 15 20 25 30 40 60 120 co 

241.88 245.95 248.01 249.26 250.10 251.14 252.20 253.25 254.31 
19.40 19.43 19.45 19.46 19.46 19.47 19.48 19.49 19.50 
8.79 8.70 8.66 8.63 8.62 8.59 8.57 8.55 8.53 

5.96 5.86 5.80 5.77 5.75 5.72 5.69 5.66 5.63 
4.74 4.62 4.56 4.52 4.50 4.46 4.43 4.40 4.36 
4.06 3.94 3.87 3.83 3.81 erat’ 3.74 3.70 3.67 
3.64 3.51 3.44 3.40 3.38 3.34 3.30 3.27 3.23 
3.35 gree aLd 3.11 3.08 3.04 3.01 2.97 2.93 
3.14 3.01 2.94 2.89 2.86 2.83 2.79 210 271 
10 2.98 2.85 2.77 2.73 2.70 2.66 2.62 2.58 2.54 
11 2.85 2.72 2.65 2.60 2:57 2.53 2.49 2.45 2.40 
12 2.75 2.62 2.54 2.50 2.47 2.43 2.38 2.34 2.30 
13 2.67 2.53 2.46 2.41 2.38 2.34 2.30 2.25 2.21 
14 2.60 2.46 2.39 2.34 2.31 2.27 2.22 2.18 2.13 
15 2.54 2.40 2.33 2.28 2.25 2.20 2.16 2.11 2.07 
16 2.49 2.35 2.28 2.23 2.19 DV) 2.11 2.06 2.01 
17 2.45 2.31 2.23 2.18 2.15 2.10 2.06 2.01 1.96 
18 2.41 2.27 2.19 2.14 2.11 2.06 2.02 1.97 1.92 
19 2.38 2:23 2.16 211 2.07 2.03 1.98 1.93 1.88 
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20 2.35 2.20 2.12 2.07 2.04 1.99 1.95 1.90 1.84 
21 2.32 2.18 2.10 2.05 2.01 1.96 1.92 1.87 1.81 
22 2.30 2.15 2.07 2.02 1.98 1.94 1.89 1.84 1.78 
23 2.27 2.13 2.05 2.00 1.96 1.91 1.86 1.81 1.76 
24 2.25 2.11 2.03 1.97 1.94 1.89 1.84 1.79 1.73 
25 2.24 2.09 2.01 1.96 1.92 1.87 1.82 1.77 1.71 
26 2.22 2.07 1.99 1.94 1.90 1.85 1.80 1.75 1.69 
27 2.20 2.06 1.97 1.92 1.88 1.84 1.79 1.73 1.67 
28 2.19 2.04 1.96 191. 1.87 1.82 1.77 1.71 1.65 
29 2.18 2.03 1.94 1.89 1.85 1.81 1.75 1.70 1.64 
30 2.16 2.01 1.93 1.88 1.84 1.79 1.74 1.68 1.62 
40 2.08 1.92 1.84 1.78 1.74 1.69 1.64 1.58 1.51 
60 1.99 1.84 1.75 1.69 1.65 1.59 1.53 1.47 1.39 
120 1.91 1.75 1.66 1.60 1.55 1.50 1.43 1.35 1.25 
oo 1.83 1.67 1.57 1.51 1.46 1.39 1.32 1.22 1.00 
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Table V 
F-Distribution, Continued 
Upper 0.01 Critical Points 
Fo.01(71, 72) 
ry 

r2 1 2 3 4 5 6 7 8 9 

1 | 4052.2 4999.5 5403.4 5624.6 5763.7 5859.0 5928.4 5981.1 6022.5 

2 98.50 99.00 99.17 99.25 99.30 99.33 99.36 99.37 99.39 

3 34.12 30.82 29.46 28.71 28.24 27.91 27.67 27.49 27.35 

4 21.20 18.00 16.69 15.98 15.52 15.21 14.98 14.80 14.66 

5 16.26 13.27 12.06 11.39 10.97 10.67 10.46 10.29 10.16 

6 13.75 10.92 9.78 9.15 8.75 8.47 8.26 8.10 7.98 

7 12.25 9.55 8.45 7.85 7.46 7.19 6.99 6.84 6.72 

8 11.26 8.65 7.59 7.01 6.63 6.37 6.18 6.03 5.91 

9 10.56 8.02 6.99 6.42 6.06 5.80 5.61 5.47 5.35 
10 10.04 7.56 6.55 5.99 5.64 5.39 5.20 5.06 4.94 
11 9.65 (21 6.22 5.67 5.32 5.07 4.89 4.74 4.63 
12 9.33 6.93 5.95 5.41 5.06 4.82 4.64 4.50 4.39 
13 9.07 6.70 5.74 5.21 4.86 4.62 4.44 4.30 4.19 
14 8.86 6.51 5.56 5.04 4.69 4.46 4.28 4.14 4.03 
15 8.68 6.36 5.42 4.89 4.56 4.32 4.14 4.00 3.89 
16 8.53 6.23 5.29 4.77 4.44 4.20 4.03 3.89 3.78 
17 8.40 6.11 5.18 4.67 4.34 4.10 3.93 3.79 3.68 
18 8.29 6.01 5.09 4.58 4.25 4.01 3.84 3.71 3.60 
19 8.18 5.93 5.01 4.50 4.17 3.94 3.77 3.63 3.52 
20 8.10 5.85 4.94 4.43 4.10 3.87 3.70 3.56 3.46 
21 8.02 5.78 4.87 4.37 4.04 3.81 3.64 3.51 3.40 
22 7.95 5.72 4.82 4.31 3.99 3.76 3.59 3.45 3.35 
23 7.88 5.66 4.76 4.26 3.94 3.71 3.54 3.41 3.30 
24 7.82 5.61 4.72 4.22 3.90 3.67 3.50 3.36 3.26 
25 7.77 5.57 4.68 4.18 3.85 3.63 3.46 3.32 3.22 
26 7.72 5.53 4.64 4.14 3.82 3.59 3.42 3.29 3.18 
20 7.68 5.49 4.60 4.11 3.78 3.56 3.39 3.26 3.15 
28 7.64 5.45 4.57 4.07 3.75 3.53 3.36 3.23 3.12 
29 7.60 5.42 4.54 4.04 3.73 3.50 3.33 3.20 3.09 
30 7.56 5.39 4.51 4.02 3.70 3.47 3.30 3.17 3.07 
40 7.31 5.18 4.31 3.83 3.51 3.29 3.12 2.99 2.89 
60 7.08 4.98 4.13 3.65 3.34 3.12 2.95 2.82 2.72 
120 6.85 4.79 3.95 3.48 3.17 2.96 2.79 2.66 2.56 
fee) 6.63 4.61 3.78 3.32 3.02 2.80 2.64 2.51 2.41 
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Table V 
F-Distribution, Continued 
Upper 0.01 Critical Points 


Fo.01 (71,72) 
TL 
10 15 20 25 30 40 60 120 love) 
6055.9 6157.3. 6208.7 6239.8 6260.7 6286.8 6313.0 6339.4 6365.9 
99.40 99.43 99.45 99.46 99.47 99.47 99.48 99.49 99.50 
27.23 26.87 26.69 26.58 26.50 26.41 26.32 26.22 26.13 
14.55 14.20 14.02 13.91 13.84 13.75 13.65 13.56 13.46 
10.05 9.72 9.55 9.45 9.38 9.29 9.20 9.11 9.02 
7.87 7.56 7.40 7.30 T.23: 7.14 7.06 6.97 6.88 
6.62 6.31 6.16 6.06 5.99 5.91 5.82 5.74 5.65 
5.81 5.52 5.36 5.26 5.20 Lap 4 5.03 4.95 4.86 
5.26 4.96 4.81 4.71 4.65 4.57 4.48 4.40 4.31 
10 4.85 4.56 4.41 4.31 4.25 4.17 4.08 4.00 3.91 
11 4.54 4.25 4.10 4.01 3.94 3.86 3.78 3.69 3.60 
12 4.30 4.01 3.86 3.76 3.70 3.62 3.54 3.45 3.36 
13 4.10 3.82 3.66 3.57 3.51 3.43 3.34 3.25 3.17 
14 3.94 3.66 3.51 3.41 3.35 3.27 3.18 3.09 3.00 
15 3.80 3.52 3.37 3.28 3.21 3.13 3.05 2.96 2.87 
16 3.69 3.41 3.26 3.16 3.10 3.02 2.93 2.84 2.15: 
17 3.59 3.31 3.16 3.07 3.00 2.92 2.83 2.5) 2.65 
18 3.51 3.23 3.08 2.98 2.92 2.84 2.75 2.66 2.50 
19 3.43 3.15 3.00 2.91 2.84 2.76 2.67 2.58 2.49 
20 3.37 3.09 2.94 2.84 2.78 2.69 2.61 2.52 2.42 
21 3.31 3.03 2.88 2.79 2.72 2.64 2.55 2.46 2.36 
22 3.26 2.98 2.83 2.73 2.67 2.58 2.50 2.40 2.31 
23 3:21 2.93 2.78 2.69 2.62 2.54 2.45 2.35 2.26 
24 ein lrg 2.89 2.74 2.64 2.58 2.49 2.40 2.31 2.21 
25 3.13 2.85 2.70 2.60 2.54 2.45 2.36 2.20 2.17 
26 3.09 2.81 2.66 257 2.50 2.42 2.33 2.23 2.13 
27 3.06 2.78 2.63 2.54 2.47 2.38 2.29 2.20 2.10 
28 3.03 2.75 2.60 2.51 2.44 2.35 2.26 PAA 2.06 
29 3.00 2.73 2.57 2.48 2.41 2.33 2.23 2.14 2.03 
30 2.98 2:70 2.55 2.45 2.39 2.30 221) 2.11 2.01 
40 2.80 2.502 2.37 2.27 2.20 2.11 2.02 1.92 1.80 
60 2.63 2.35 2.20 2.10 2.03 1.94 1.84 1.73 1.60 
120 2.47 2.19 2.03 1.93 1.86 1.76 1.66 1.53 1.38 
love) 2.32 2.04 1.88 1.77 1.70 1.59 1.47 1.32 1.00 
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Appendix D 


Lists of Common 
Distributions 


In this appendix, we provide a short list of common distributions. For each distribu- 
tion, we note the expression where the pmf or pdf is defined in the text, the formula 
for the pmf or pdf, its mean and variance, and its mgf. The first list contains 
common discrete distributions, and the second list contains common continuous 
distributions. 
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Common Distributions 


List of Common Discrete Distributions 


Bernouli 
O0<p<l 


Binomial 
O<p<l 
m= 1.25... 


Geometric 
O0<p<l 


Hypergeometric (N, D,n) 
n=1,2,...,min{N, D} 


Negative Binomial 
O<p<l 
eee 


Poisson 
m>0O 


010,15 2 i accg' 


= np(1— p) 
[(1 — p) + pe‘]”, 


—-0o <t<o 


zt ¢=0,1,2,... 


ae t< —log(1 — p) 
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List of Common Continuous Distributions 


beta (3.3.5) 
a>0 f(a) = Rohe 1-2), O<a<l 
B>0 


a 


1 a aB 
H= ate) 0 = TetBHGTBE 
m(t) =1+ 0%, (Tlizo aft) ft -00<t < oc 


Cauchy (1.9. ) 
f(iz)=s3 aT? —00 < 4% <0 
Neither the mean nor the variance exists. 
The mgf does not exist. 


Chi-squared, \7(r) (3.3.3 
=r, o% =2r 
m(t) = (1—2t)-"/?, t<4 
x7(r) + T(r/2,2) 
r is called the degrees of freedom. 


gt/2)-le-#/2, a> 


Exponential (3.3.2) 
A>0 f(z) =Ae™*,, 2 >0 
_— 24 
P=y T= 32 
m(t)=(1- (tPF, t<d 


FP, F(rist) (3.6.6) 

© El(rstra)/2l(rafray¥/2_—_(@)"3/2=3 
ioe Pa) = TGs) Tenaya? 7 > 0 
r2 > 0>0 


2 
The mgf does not exist. 
r1 is called the numerator degrees of freedom. 

rg is called the denominator degrees of freedom. 


Ifr2>2, p= 85. Ir>4,o 2 =2 (= 


Gamma, I(a, (3) (3.3.1) 
a>0o0 f(a) = wAget™ 1e-*/8, 2 >0 
B>0 


=a, 0? =a? 


m(t) = (1—Bt)*, t<4% 


2 
rytr2—2 
rg—2 ri(r2—A4) * 
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Continuous Distributions, Continued 


Laplace (2.2.1 
—o0 <0 < 00 f(z) = ge !*-9, -wo<r<co 
pw=0, co? =2 


Logistic (6.1.8 
—0 <4<0o f(x) = CesrecmoND , -0 <2 <00 


TT 


b= 0, o =>3 
m(t) =e®T(1-#T(1+t), -l<t<1 


Normal, N(,07) (3.4.6) 
—00 < p< co f(v) = sees exp {-4 (S#)"} oe eee 
a>0 

=p, 0? =o? 

m(t) = exp{ut + (1/2)07t?}, —co<t<o 


t, t(r) (3.6.1) 
T(r 
lad fa)= "cage CTE: —OO<@< co 
Ifr>1,u=0. Ifr>2,07°? =). 
The mgf does not exist. 
The parameter r is called the degrees of freedom. 


Uniform (1.7.4) 
-o<a<b<o f(t)= pb, axa<b 
_ ath 52 _ (b=a)? 
ce Be i 
m(t) = ==S—-, -co <t< oo 


(b-a)t? 
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Appendix F 


Answers to Selected 


Exercises 
Chapter 1 13,10 (aC) /C°),06) i. 
1.2.1 (a) {0,1,2,3,4}, {2}; (b) (0,3), 13.41 1- a Fito 
1 tl << 2h 
(ce) {(@,y) t1 <2 <2,1<y < 2}. i318 4 =(ye uF 
1.2.2 (a) {x:0<a< 5/8}. 1.3.15 ( ~ (8) /(6 0), 


1.2.3 Cy N C2 = {mary, mray}. 194843: - (2)/(). 
1.2.8 (a) {x: Se 3), 


(b) {(x,y):0 <a? +y? <4}. 1.3.21 (a) 0< 3y*_, p: <1, (b) no 


1.2.9 (a) {a: a2 =2}, (b) Las 2: 

(c) {(w,y) :@ =0,y = 0}. 
1.2.10 (a) 88, (b) 1. 1.4.4 25551 50 90" 
(aie ee 1.4.6 333- 
1.2.12 8,0,4. 1.4.8 (a) 0.022, (b) 2. 
1.2.13 (a) 4, (b) 0, (©) 2. 1.4.9 77. 
1.2.14 (a) 4, (b) 0. 1.4.10 2, 2. 
1.2.16 10. 1.4.12 (c) 0.88. 
1.3.2 +,4,.5, 4. 1.4.14 (a) 0.1764. 
ea eee 1.4.15 4(0.7)°(0.3). 
1.3.4 0.3 1.4.16 0.75. 


1.4.18 (a) &. 


1.4.20 3. 
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en, 1.7.8 (a)1; (b) 3; (c) 2. 


_ 
cS 
bo 
_ 

— 
@ 

wm 
— 
| 

— 

Io 


1.4.23 3 1.7:9: (b) 4/1172: {é) 0. 
1.4.25 3 1.7.10 V0.2. 
1.4.26 2. see arte sme 1; 
(b) 1—-=,1<a<oo. 
5:4-5-4-3 
1.4.28 i09-8-7-6 = ; 
1.7.13 re~” ,0 < & < ew; mode is 1. 
1.4.29 +2. : 
1.7.14 5. 
1.4.30 2. 
° 1.7.17 4. 
1.4.31 0.518, 0.491. 
1.4.32 No 1.7.19 —V2. 
151222428 1.7.20 + ,0<y< 27. 


1.7.22 AU OO SY < 00. 


16:9.4,12 1.7.23 cdf 1—e "4 ,0<y<w. 
1.5.5 (a) Ned =0,1,23.4,5 sleet P = 
0) (2) + C9) 1 /@) Pay renes 
1.5.7 7 1.8.3 3, 11,27. 
1.5.8 (a) 4, (b) 0, (c) 4, (d) 0. 1.8.4, 126100.5=10g 50.5, 
eee a = wer = 1,2, , 10, 1.8.5 . 3.(b) 12. 
1.6.3 (a) (8)" 2 =1,2,3,..., oe 
(c) &. 1.8.7 $7.80 
1.6.4 §,0=0;2522,5=1,2,3,4,5. °° ae ce) dee et Pee 
1.6.7 3,4=3,5,7 1.8.9 2 
1.6.8 (4), y =1,8,27,.... 1.8.11 (a) 3; (c) }. 
1.7.1 F(a) = 4p 0S <x < 100; 1.9.1 (a) 1.5,0.75; (b) 0.5, 0.05; 
f(a) = WE ,0<a < 100. (c) 2, does not exist. 
1.7.3 3; 2:3. 1.9.2 £,t < log 2; 2;2. 
1.7.5 e-2 —e73. 1.9.12 10;0; 2; —30. 


1.7.6 (a) 3,1; (b) 2, 2. 1.9.14 (a) —2%2; (b) 0; (c) 


i) 
sais 
i) 
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3.3.5. 50, 


1.9.16 4; 3:3; 


e 
© 
= 
© 

pe 
Se 

— 
lI 


(r+2)! 
=: 


1.9.26 (1 — Bt)-}, 8, 2. 
1.10.3 0.84. 
Chapter 2 


15 
2.1.1 25;0; 4; 


iis 


2.1.2 


Ale 


2.1.6 ze~*,0 << z< ww. 


2.1.7 —logz,0<z<l. 


2.1.8 (2) (7p) (is-2—y)/ (3), 
x and y nonnegative integers 
such that «+y < 13. 


2.1.10 Bei(1—27),0< a <1; 
bad, < ap <1. 


2.1.13 2:4:2.4-4- yes: H. 


etitta 


2.1.14 Grote ti < log 2. 


2.1.15 (1—t2)7+ 
ty + t2 < 1;no. 


1 2 3 4 6 9 


2.2.3 e~¥1-¥2,0 < yj < 00. 
2.2.4 8y1y3,0< yi <1. 


2.2.6 (a) ye %,0 < y1 < 00; 
(b) (1 _ yh <I. 


2 
3a,+2, 627+6x14+1 
2.3.1 621+3? 2(6%1+3)? ° 


2.3.2 (a) 2 


(a 
(b) 1024.0 <a <2 <1; 
(c) 33; (d) e- 


(1 —-ti- tz)~?, te <i, 


2 
2.3.3 (a) 32; 52, 


(b) pdf is 7(4/3)"y’, 0<y< z 
(c) E(X) = E(Y) = 3; 
Var(X1) = 33, > Var(Y) = 7 


T024° 
2.3.8 c+10<2%<o. 


2.3.9 (a ) (7°) () (eae es) U1, 02 
nonnegative integers, 71 + ©2 < 5; 


(c) (73) (eee) (Fae) z 


tq <5-—%1. 
2.3.11 (a) $,0<a2 <a <1; 
(b) 1 — log2. 
2.3.12 (h).e* 
2.4.1 (a) 1; (b) —1; (c) 0 
2.4.2 (a) So. 
2.4.8 1,2,1,2,1 
2.4.9 4. 
2.5.4 3. 
2.5.5 £. 
2.5.6 2; 2. 
2.5.8 0-1) 0<y<1. 
2.5.9 4 
2.5.12 4 
2.5.13 4;4. 


\ 2+3y+32 
2.6.1 (g) oe 


2.6.2 (a) 4:0; 
(b) (ty) tg) (tg) 
2.6.3 pdf is 1201 -—y)4,0<y<1. 


; yes. 


2.6.4 pmf is HWE 


2.6.6 01 (p12 — 13/23) /02(1 — p53); 
01(P13 — p12P23)/03(1 — (33) 


2.6.9 (a) 3 
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2.7.1 joint pdf yyze"8,0 << yi <1, 
O0<y2<1,0< y43<o. 


1. 
2.7.2 ste, 


1 1 
2.7.3 Ta’ Ba’ 


24yoyzy?, 0 <y <i. 


O<y<l. 
O0<y<l; l<y<9. 
2.7.7 
2.7.8 


2.8.2 


2.8.3 
2.8.5 
2.8.7 —5; 30.6. 
2.8.8 —4 


2.8.10 0.265. 
2.8.12 22.5; 65.25. 


U201 
22 j2eeij2e2 
Jo7 AFH ID THDOT 


2.8.15 0.801. 
Chapter 3 


3.1.1 *%. 


2.8.13 


3.1.4 


3.1.6 5. 
3.1.9 3. 


3.1.11 2. 

3.1.14 (4) (2)° ° 2 =3,4,5,.... 
3.1.15 3. 
3.1.18 


3.1.19 


3.1.21 (a) 4; (b) 4; (c) F. 
25 
3.1.22 23. 


9.1.27 (G) 


(a) 0.0853; (b) 0.2637; (c) 0.0861, 
0.263 


0. 
9. 


3.2.1 0.09. 

$24 4 e*/xl,o = 01,2... 
3.2.5 0.84. 

3.2.8 About 6.7. 

3.2.10 8. 

3.2.11 2. 

3.2.13 (a) e~? exp{(1 + ee}. 
3.3.1 0.05. 

3.3.2 0.831; 12.8. 

3.3.3 0.90. 

3.3.4 x7 (4). 

3.3.6 pdf is 3e~34,0 < y < ov. 
3.3.7 2;0:95. 


11 
3.3.15 2. 
g.3.16 4° (2): 


oB 
3.3.18 295) Taqpr ate: 


3.3.19 (a) 20; (b) 1260; (c) 495. 


10 
3.3.20 32. 


3.3.24 (a) (1— 6t)~8,t < 3; 
(b) [(a = 8,6 =6). 

3.4.2 0.067; 0.685. 

3.4.3 1.645. 

3.4.4 71.4; 189.4. 

3.4.8 0.598. 

3.4.10 0.774. 


34.11 22. 
3.4.12 0.90. 
3.4.13 0.477. 
3.4.14 0.461. 
3.4.15 N(0, 1). 
3.4.16 0.433. 
3.4.18 0;3. 
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3.4.23 N(0, 2). 
3.4.28 0.24. 
3.4.29 0.159. 
3.4.30 0.159. 
3.4.32 y7(2). 


3.5.1 (a) 0.574; (b) 0.735. 


(d) 0.643. 
4 

3.5.5 4. 

3.5.6 (38.2, 43.4),. 

3.5.17 0.05. 


3.6.1 0.05. 
3.6.2 1.761. 


3.6.9 ~4;3.33. 


Chapter 4 


4.1.1 (b) 101.15; (c) 55.5; @log2 
(d) 70.11. 


4.1.2 (b) 201, 293.9, 17.14, 11.72; 
(c) 0.269; (d) 0.207 


4.1.3 9.5. 

4.1.10 (a) 0.04; (c) 0.0328 
4.2.1 (79.21, 83.19), 90%. 
4.2.6 (0.143, 0.365). 

4.2.7 24 or 25. 

4.2.8 (3.7,5.7). 

4.2.9 160. 

4.2.10 (a) 1.310; (b) 1.490. 


4.2.11 c= k = 1.60. 


a; 


4.2.14 (3,92). 
4.2.16 6765. 


4.2.17 (3.19, 3.61). 
4.2.18 (b) (3.625, 29.101). 


(a 
3.5.2 (a) 0.264; (b) 0.440; (c) 0.433; 
d 


4.2.21 (—3.32, 1.72). 
4.2.26 135 or 136. 
4.4.5 1—(1—e73)*. 
4.4.6 (a) 3. 
4.4.10 Weibull. 
4.4.11 3. 


4.4.12 pdf: (221)(423)(623), 
0<%<1. 


4.4.13 S. 

4.4.17 (a) 48y3y4,0 <y3 < ya <1; 
(b) ~ 10 < ys < ya; (c) Fy. 

4.4.18 4 

4.4.19 6uv(ut+v),0O<u<v<1. 

4.4.24 14. 

4.4.25 (a) 72; (b) ZO: (c) (0.8)*. 


4.4.26 0.824. 
4.4.27 8. 


4.4.28 (a) 1.130; (b) 0.920. 
4.4.30 (40, 124), 88%. 


4.5.3 1— (3)° +0 (3)° log (3) ,6 = 1,2. 
4.5.4 0.17; 0.78. 

4.5.8 n= 19 or 20. 

4.5.9 7 (5) = 0.062; 7 (+) = 0.920. 
4.5.10 n & 73;c% 42. 

4.5.12 (a) 0.051; (c) 0.256; 0.547; 0.780. 
4.5.13 (a) 0.154; (b) 0.154. 

4.6.5 (a) Reject; (b) p— value = 0.005. 


4.6.6 (a) Do not reject; 
(b) p— value © 0.056. 


4.7.1 8.37 > 7.81; reject. 
4.7.3 b< 8o0rb> 32. 
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4.7.4 2.44 < 11.3;do not reject Ho. 
4.7.5 6.40 < 9.49;do not reject Ho. 
4.7.8 k=3,. 
4.8.5 F—'(u) =loglu/(1—u)],. 
= log[— log(1 — w)]. 
4.8.18 (a) F-+(u) = ul/?, 
(b) e.g., dominated by a 
uniform pdf. 
4.9.3 (a) Glog2. 


4.9.7 Use sz = 20.41; sy = 18.59. 


4.8.8 F~(u) 


4.9.9 (a) ¥— = = 9.67; 
20 eae permutations; 


(c) PR /n”. 
4.9.10 pio;n-? ”_, (ai — B)?. 
4.10.1 8. 
4.10.4 (a) Beta(n — j + 1,4); 


(b) Beta(n — 7 +i-—1,j -i+ 2). 


4.10.5 swt uiv3(1— v1 — v2), 
0 < v2, U1 + Ug < 1. 


Chapter 5 

5.1.7 No; ¥, — 2. 

5.2.1 Degenerate at p. 
5.2.2 Gamma(a = 1,6 = 1). 
5.2.3 Gamma(a = 1,6 = 1). 
5.2.4 Gamma(a = 2,6 = 1). 
5.2.7 Degenerate at /. 


5.2.9 0.682. 
5.2.10 (b) 0.815. 


5.2.13 Degenerate at 2 + 2 (x — p11). 


5.3.2 0.954. 
5.3.3 0.604. 
5.3.4 0.840. 
5.3.5 0.728. 
5.3.7 0.08. 
5.3.9 0.267. 


Chapter 6 


6.1.1 X/3. 


6.1.2 (a) —n/log([];_, Xi). 
(b)¥% = min{ Xy, saey Ait 


6.1.4 (a) Y, = max{X,..., Xn}. 
(b) (2n + 1)/(2n). 
(c) \/1/2Yn. 


6.1.5 1 — exp{—2/X}. 
6.1.6 P= Te, 

Das (2)B"(1 — B®. 
6.1.8 = 2.109; 7c */2. 
6.1.9 max {5,X}. 


6.2.7 (a) @ 


o(-Stin(¢-3)} 
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6.4.4 0, = min{X;}, 7.3.3 peM/9 0 < ys <y < 0; 
n/ log es X;/6"] yi /2; 07/2. 
7.3.5 nt nt Xi; 
6.4.5 (Yi + Yn)/2, (Yn — Yi)/2; no. in oo et 
6.4.6 (a) X + 1.282,/4— 5; 7.3.6 6X. 
(b) o | == |, 7.4.2 (a) X; (b) X 
(n—1)/nS 
7.4.3 Y/n. 
6.4.7 If - < - then p, = & and 
1 
Po = 2; else, pi = po = He. TO EL = ap 
6.5.1 t= 3 > 2.262: reject Ho. 7.4.7 (a) Yes; (b) yes. 
2 7.4.8 (a 0. 
6.5.4 (b) ciel5e. lea 


_ 7.4.9 (a) max{—Yj,0.5Y,,}; (b) yes; 
6.5.5 ce. (c) yes. 
6 [max{—X1,Xn, }]"1[max{—Y¥1,Yn, }]"? 7.5.1 Y= ae Xi; Y,/4n; yes. 
5.6 [max{—X1,—Y1,Xn,,Ynq}]P1+"2 ’ 
x?(2). 7.5.4 Z/a. 
7.5.9 7@. 
7.5.11 (b) Yi/n; (c) 0; (d) Yi /n. 


6.6.8 The R function mixnormal found 
in Appendix B produced these re- 
sults 
(first row are initial estimates, sec- 24 
ond row are the estimates after 500 7.6.1 X — 4 
iterations): 


7.6.2 Y2/(n? + 2n). 


7.6.5 (a) (4 =)" (1435); 

Chapter 7 (b)(2)"" (1 ” a) 
(c) N (6, 4). 

7.1.4 4,4. eee 
7.1.5 d1(y). 188 Pag sl (2 =) 
7.1.6 b = 0, does not exist. 7.6.9 (b) X; (c) X; (d) 1/X. 
7.1.7 does not exist. 7.7.3 Yes. 
7.2.8 [];_,[Xi(1 — Xi)]. 7.7.5 Piin=1)/2 nig, 
7.2.9 (a) Be re 3 [Di wt (ord) 7.7.6 (b) Yt¥a, (m+) n=¥i) 

(b) 7-7 [Doii ws + (2 — r) yr]. eae ae 


1 n sia! can Mes 

7.3.2 60y3 (ys — ys)/O; TTD (8) aot Lae Aan — As) 
0<y3 < ys <9; x (Xjn — X35); 
6y5 /5; 02/7; 07/35. (b) 37 
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7.7.10 oe i, oy +) 
7.8.3 Yi,;>5;-1(%i —Vi)/n, 
7.9.13 (a) ['(3n,1/0),;no,; 
(c) (8n— 1)/Y; 
(e) Beta(3, 3n — 3). 
Chapter 8 
B.A so, 
8.1.5 [2 Se 


x? > 18.3; yes; yes. 


$1635). 2 +2) aoe 
8.1.7 About 96; 76.7. 

8.1.8 [],_, (21 —2)] Se 
8.1.9 About 39; 15. 

8.1.10 0.08; 0.875. 

8.2.1 (1—6)9(1 + 96). 


15 
8.2.2 1— 3,1 <8. 


8.2.3 1— 0 (4%). 


8.2.4 About 54; 5.6. 
8.2.7 Reject Ho if > 77.564. 


8.2.8 About 27; reject Ho if F< 24. 


8.2.10 I'(n, 0); 

Reject Ho if pes eS 
8.2.12 (b)%; (c) zs. 
(d) reject if y = 0; 


if y = 1, reject with probability z. 


8.3.1 |t| = 2.27 > 2.145; reject Hp. 
8.3.9 Reject Ho if |y3 — 00] > c. 
8.3.11 (a) []i_,(1- 2) >. 
8.4.1 5.84n — 32.42; 5.84n + 41.62. 
8.4.2 0.04n — 1.66; 0.04n + 1.20. 
8.4.4 0.025, 29.7, —29.7. 


8.5.5 (9y— 202) /30 < c=> (x,y) € 2nd. 


8.5.7 2w7 + 8w3 > c=> (wi, we) € IL. 


Chapter 9 


9.2.4 6.39. 
9.2.6 7.875 > 4.26; reject Ho. 


9.2.7 10.224 > 4.26; reject Ho. 
9.3.2 r+6;2r 4 46. 
9.3.3 Mean: r2(@ + 11)/[ri(r2 — 2)]. 


9:3.6 3°" a; — b, 0); x?7(b — 1, 64); 
F(b—1, 5a; — 6, 4). 


9.5.5 7.00; 9.98. 
9.5.7 4.79; 22.82: 30.73. 


9.5.9 (a) 7.624 > 4.46, reject Ha; 
(b) 15.538 > 3.84, reject Hp. 


9.5.10 8:0; 0;0;0;—3; 1; 2; — 
2; —2: 2:9; —2: 2; —2:0; 6: ‘0; 0. 


9.6.1 (a) 6.478 + 4.4830. 


9.6.7 B= pe re.e i/ me), 
doe — Bei)? /ncj}. 


9.6.12 a= 2 
9.7.2 Reject Ho. 
9.8.2 2; pw’ Ap; ir = lo = 0. 


9.8.3 (b) A? = A;tr(A) = 2; 
L’Ap/8 = 6. 


9.8.4 (a) > 0?/n? 

9.8.5 (a) [1 + (n — 1)p|(o?/n). 
9.9.1 Dependent. 

9.9.3 0,0,0,0. 

9,94 > a4 =6. 
Chapter 10 

10.2.3 (a) 0.1148; (b) 0.7836. 
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10.2.8 (a) P(Z > 2 — (a/Vn)9), 11.2.9 ¥/2,y4 <1; V2ya,1 < ya. 
where £(Z) = 0 and Var(Z) = 1; 02 
re the Central Limit Theo- 11.3.1 (a) ETCrENUIETCHECNe 
2 
(d) | 11.3.3 (a) 76.84; (b) (76.25, 77.43). 
_ 9-2. 2 
10.4.2 1— B[zy — /Xa(6/o)]. Te eS ee) ane 
11.3.8 (a) beta(n® + 1,n+1— nz). 
n(n—1) 
10.5.3 22). 
11.4.1 (a) Let U; and U2 be iid 
10.5.14 (a) Wg = 9; Wy = 6; (b) 1.2; uniform(0,1): 
(c) 9.5. 
10.8.3 97.9 = 205.9 + 0.015 lp Dee ee 
8. YLS = ‘ . z; — _ y 
iw = 211.04 0.0102. 2, Lea Amey loath a), 
10.8.4 (a) 9g = 265.7—0.765(a—1900); 11.4.3 (b) Fy} (u) = —log(1 — Vu), 
Gw = 246.9 — 0.436(x — 1900); O<uK<l. 
b)¢yco= 1.0—38. -1 : 
Fir $297.0 35.52(e 1900), LAT (0) f(aiy) is a Won. u) pm 
f(y|z) is a beta(a +a,n — x + f) 
10.8.8 rc = 16/17 = 0.941 pdf. 
(zeroes were excluded). 11.5.1 (b) B= 1; (a) A= 1, 
10.8.9 ry = 0.835; z = 3.734. 
nas 11.5.2 (a) ~ = 


10.9.4 Cases: t< yandt> y. 

10.9.5 (c) y? —o?. 

10.9.7 (a ie ys im=¥) 
igo 

10.9.9 0; [4f7(6)]-? 


10.9.14 {p95 = 3.14 + .0282; 
Yw = 0.2144 .020z. 
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pth-quantile, 231 
q — gplot, 233 
t-distribution, 190 
asymptotic distribution, 297 
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mixture generalization, 199 
relationship with F-distribution, 196 
relationship with Cauchy distribu- 
tion, 196 
variance, 191 
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Accept-reject algorithm 
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gamma, 269 
normal, 269 

Adaptive procedures, 571 
Additive model, 491 
Adjacent points, 232 
Algorithm 

accept—reject, 268 

bisection, 223 

EM, 368 

Gibbs sampler, 628 

Newton’s method, 337 
Alternative hypothesis, 240, 429 
Analysis of variance, 479 

additive model, 491 

contrasts, 489 

interaction, 493 

one-way, 479 

two-way, 491 
Ancillary statistic, 418 
ANOVA, see Analysis of variance 

two-way model 


interaction, 494 
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Arithmetic mean, 71 
Arnold, S. F., 180 
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mle regularity condition ( 
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R5), 334 
RO)-(R2), 


mle regularity conditions (R3)-(R4), 


328 
Asymptotic distribution 
general scores 
regression, 580 
general scores estimator, 564 
Hodges—Lehmann, 549 
Mann-Whitney— Wilcoxon estimator 
for shift, 557 
sample median, 539, 594 
Asymptotic Power Lemma, 533 
general scores, 563 
regression, 580 
Mann-Whitney—Wilcoxon, 555 
sign test, 533 
signed-rank Wilcoxon, 547 
Asymptotic relative efficiency (ARE), 335 
influence functions, 594 
Mann-Whitney—Wilcoxon and t-test, 


55 
median and mean, 336 
sign and t-test, 536 
signed-rank Wilcoxon and t-test, 547 
Wilcoxon and LS simple regression, 


581 
Asymptotic representation 
influence function, 593 
mle, 337 
Asymptotically efficient, 335 
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Bar chart, 208 

Barplot, 208 

Basu’s theorem, 422 

Bayes point estimator, 612 

Bayes’ theorem, 23 

Bayesian sequential procedure, 617 
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Bayesian statistics, 609 
Bayesian tests, 616 
Bernoulli distribution, 139 
mean, 139 
variance, 139 
Bernoulli experiment, 139 
Bernoulli trials, 139 
Best critical region, 430 
Neyman—Pearson Theorem, 432 
Beta distribution, 163 
generation, 272 
mean, 163 
relationship with binomial, 166 
variance, 163 
Binomial coefficient, 15 
Binomial distribution, 140 
additive property, 143 
arcsin approximation, 312 
continuity correction, 311 
mean, 141 
mef, 140 
mixture generalization, 199 
normal approximation, 310 
Poisson approximation, 303 
relationship with beta, 166 
variance, 141 
Bisection algorithm, 223 
Bivariate normal distribution, 182 


Bonferroni multiple comparison procedure, 


Bonferroni’s inequality, 13 
Boole’s inequality, 13, 17 
Bootstrap, 273 
hypotheses test 
for A = fy — pbx, 277 
hypotheses testing 
for 4, 280 
percentile confidence interval 
for 6, 274 


Burr distribution, 201 
hazard function, 202 
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Cauchy distribution, 52, 63 
mef does not exist, 63 
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cdf, see Cumulative distribution function 
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n-variate, 117 
joint, 74 
Censoring, 49 
Central Limit Theorem, 307 
n-variate, 317 
normal approximation to binomial, 
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statement of, 216 
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Chebyshev’s inequality, 69 
Chi-square distribution, 159 
kth moment, 160 
additive property, 161 
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normal approximation, 305 
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mal distribution, 185 
relationship with normal, 173 
variance, 159 
Chi-square tests, 254 
Chung, K. L., 60, 290 
Combinations, 14 
Complement of a set, 5 
Complete likelihood function, 368 
Complete sufficient statistic, 395 
exponential class, 397 
Completeness, 393 
Lehmann and Scheffé theorem, 394 
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tion, 300 
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potential outliers, 232 
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sample mean, 595 
sample median, 595 
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Conditional distribution 
n-variate, 11 
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discrete, 94 
Conditional probability, 21 
Confidence coefficient, 214 
Confidence interval, 214 
M1 — /2 
t-interval, 218 
large sample, 217 
a7, 221 
or /as, 222 
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large sample, 219 
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ootstrap set, 3 
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discrete random variable, 223 linear combinations, 134 
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t, 215 Crimin, K., 553 
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median, 539 Cumulant generating function, 66 
distribution-free, 235 Cumulative distribution function (cdf), 
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n-variate, 
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ilar a ee cdf, 526 
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distribution-free, 235 CUSUMS, 465 
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Contaminated normal distribution, 175 Shoshoni Rectangles, 529 
Contaminated point-mass distribution, 591 telephone, 503, 578 
Contingency tables, 258 two-sample generated, 566 
Continuity correction, 311 two-sample, variances, 458 
Continuity theorem of probability, 17 water wheel, 553, 558 
Contrasts, 489 Davison, A. C., 273, 276 
Convergence Decision function, 376 
bounded in probability, 300 Decision rule, 241, 376 
distribution, 294 Degenerate distribution, 65 
n-variate, 316 Delta (A) method, 302, 312 
same as limiting distribution, 294 n-variate, 318 
Central Limit Theorem, 307 arcsin approximation to binomial, 312 
Delta (A) method, 302 square-root transformation to Pois- 
implied by convergence in proba- son, 314 
bility, 398 e theorem, 302 
implies bounded in probability, 300 DeMorgan’s Laws, 6 
mef, 303 Density estimation, 210 
mef Dirichlet distribution, 164, 618 
n-variate, 317 Discordant pairs, 582 
probability, 290 Distribution, 42, 233 
consistency, 292 F-distribution, 192 
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random vector, 315 t-distribution, 190 
Slutsky’s Theorem, 299 Bernoulli, 139 
Convex function, 70 beta, 163 
strictly, 70 binomial, 140 
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Burr, 201 
Cauchy, 52, 63 
chi-square, 159 
noncentral, 485 
contaminated normal, 175 
contaminated point-mass, 591 
convergence, 294 
degenerate, 65 
Dirchlet, 164 
Dirichlet, 618 
distribution of kth order statistic, 
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double exponential, 90 
exponential, 157 
extreme-valued, 271 
gamma, 156 
geometric distribution, 143 
Gompertz, 167 
hypergeometric, 42, 145 


joint distribution of (j, &)th order statis- 
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Laplace, 90, 234 

loggamma, 198 

logistic, 323 

marginal, 77 

marginal pdf, 78 

mixture distribution, 197 

multinomial, 144 

multivariate normal, 180 

negative binomial, 631 

negative binomial distribution, 143 

noncentral t, 451 

normal, 169 

of a random variable, 32 

order statistics, joint, 227 

Pareto, 200 

point-mass, 591 

Poisson, 150 

predictive, 619 

shifted exponential, 294 

skewed contaminated normal, 453 

standard normal, 169 

trinomial, 144 

truncated normal, 177 

uniform, 45 

Waring, 202 

Weibull, 165, 167 
Distribution free, 234 
Distribution free test, 529 
Double exponential distribution, 90 
DuBois, C., 530 
Dutch book, 606 
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general scores, 563 
regression, 580 


Mann-Whitney—Wilcoxon, 555 
sign test, 534 
signed-rank, 547 
Efficiency, 332 
asymptotic, 335 
confidence intervals, 215 
Efficiency of estimator, 332 
Efficient estimator, 332 
multiparameter, 353 
Efron, B., 273, 279 
EM Algorithm, 368 
Empirical Bayes, 632, 636 
Empirical cdf, 526 
simple linear model, 596 
Empty set, ¢, 4 
Equally likely, 13 
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Estimating equations (EE) 
based on normal scores, 566 
based on sign test, 538 
based on signed-rank Wilcoxon test, 


549 
general scores, 563 
regression, 578 
linear model 


Wilcoxon, 596 

location 
1; 

based on LS, 589 
Mann-Whitney—Wilcoxon, 557 
mle, univariate, 323 
simple linear model 

LS, 499 

Estimator, 204 

induced, 526 
maximum likelihood estimator (mle), 
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point estimator, 204 
Euclidean norm, 314, 502 
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Exhaustive, 11 
Expectation, 52 

n-variate, 118 

conditional, 95 


conditional distribution 
n-variate, 1 


conditional identity, 98 
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discrete, 53 

function of a random variable, 54 
function of several variables, 79 
independence, 113 

linear combination, 134 

random matrix, 123 

random vector, 82 
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Expected value, 53 
Experiment, 1 
Exponential class, 397 
Exponential distribution, 157 
memoryless property, 167 
Monte Carlo generation, 264 
Exponential family 
uniformly most powerful test, 444 
Exponential family of distributions 
multiparameter, 409 
random vector, 411 
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distribution, 271 


Factor space, 595 
Factorial moment, 65 
Finite sample breakdown point, 594 
Fisher information, 328 
Bernoulli distribution, 329 
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location family, 329 
multiparameter, 352 
location and scale family, 354 
multinomial distribution, 355 
normal distribution, 353 
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LS, 499 
Five-number summary, 231 
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cdf, 34 
n-variate, 117 
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characteristic function, 64 
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cumulant generating function, 66 
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gamma, 156 
influence, 591 
likelihood, 321 
loss, 376 
marginal 
n-variate, 119 
marginal pdf, 78 
marginal pmf, 77 
mef, 59 
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n-variate, 117 
power, 430 
probability function, 11 
quadratic form, 473 
risk, 376 
score, 329 
sensitivity curve, 589 
set function, 6 
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location, 526, 590 
scale, 528 
simple linear 

LS, 597 

Wilcoxon, 597 
symmetric error distribution, 527 
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relationship with Poisson, 164 
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General rank scores, 559 
General rank scores test statistic, 559 
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memoryless property, 149 
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Gibbs sampler, 628 
Gini’s mean difference, 238 
Gompertz distribution, 167 
Goodness-of-fit test, 256 
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Hardy, G. H., 301 
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Hazard function 
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Pareto distribution, 202 
Hazard rate (function), 167 


n-variate, 121 
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minimax decision, 377 
pdf, 44 

n-variate, 117 
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Hodges-Lehmann estimator, 549 
Hogg, R. V., 519, 574 
Hollander, M., 529, 544, 554, 583, 585 
Hsu, J. C., 489 
Huber, P. J., 330, 593, 594 
Hypergeometric distribution, 42, 145 
Hyperparameter, 632 
Hypotheses testing, 240 
alternative hypothesis, 240 
Bayesian, 616 
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power function, 242 
bootstrap 
for 4, 280 
bootstrap test 
for A = py — pbx, 277 
chi-square tests, 254 
for independence, 259 
goodness-of-fit test, 256 
homogeneity, 258 
composite hypothesis, 243 
critical region, 241 
decision rule, 241 
distribution free, 529 
equivalence with confidence intervals, 
250 


for 41 — Le 
t-test, 250 
general rank scores, 560 
general scores 
regression, 578 
likelihood ratio test, see Likelihood 


ratio test ; 
Mann-Whitney—Wilcoxon test, 552 


mean 
t-test, 245 
large sample, 244 
large sample, power function, 244 
two-sided, large sample, 248 
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Neyman-—Pearson Theorem, 432 
null hypothesis, 240 
observed significance level (p-value), 


252 
one-sided hypotheses, 248 
permutation tests, 279 
power, 242 
power function, 242 
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signed-rank Wilcoxon, 542 
significance level, 244 
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Improper prior distributions, 620 
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n-variate, 120 
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random variables 
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events, 25 

mutually, 26 
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Induced estimator, 526 
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Boole’s inequality, 13 
Chebyshev’s, 69 
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Jensen’s, 70 
Markov’s, 68 
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Influence function, 591 
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sample median, 593 
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null properties, 583 
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beta(0,1) distribution, 345 
exponential distribution, 342 
for independence, 508 
Laplace distribution, 346 
multiparameter, 360 
asymptotic distribution, 361 
multinomial distribution, 362 
normal distribution, 360 


two-sample normal distribution, 365 
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relationship to Wald test, 344 
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simple, 576 
Local alternatives, 533, 555 
Location and scale distributions, 233 
Location and scale invariant statistics, 

419 
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Location functional, 526 
Location model, 218, 527, 528 
shift (A), 551 
Location parameter, 173 
Location-invariant statistic, 418 
Loggamma distribution, 198 
Logistic distribution, 323 
Loss function, 376 
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squared-error loss, 378 
Lower control limit, 464 
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Mann-Whitney—Wilcoxon statistic, 552 
Mann-Whitney—Wilcoxon test, 552 
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Marginal distribution, 77 
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Markov Chain Monte Carlo (MCMC), 
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asymptotic representation, 337 
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logistic distribution, 323 
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Laplace distribution, 352 
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geometric mean, 71 
harmonic mean, 72 
sample mean, 135 
Mean profile plots, 491 
Median, 50, 65, 528 
breakdown point, 595 
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distribution-free, 235 
sample median, 230 
mef, see Moment generating function 
Midrange 
sample midrange, 230 
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Minimal sufficient statistics, 415 
Minimax criterion, 377 
Minimax principle, 377 
Minimax test, 467 
Minimum chi-square estimates, 257 
Minimum mean-squared-error estimator, 


Minimum variance unbiased estimator, 


see MVUE 
Minitab, first introduced, 549, 550, 558 
Mixture distribution, 197, 371 
mean, 197 
variance, 197 
mle, see Maximum likelihood estimator 
(mle) 
Mode, 50 
Model 
linear, 497, 595 
location, 218, 527 
median, 528 
simple linear, 576 
Moment, 62 
mth, 62 
about ju, 66 
factorial moment, 65 
kurtosis, 66 
skewness, 66 
Moment generating function (mgf), 59 
n-variate, 121 
binomial distribution, 140 
Cauchy distribution (mgf does not 
exist), 63 
convergence, 303 
independence, 114 
multinomial distribution, 145 
multivariate normal, 180 
normal, 170 
Poisson distribution, 152 
quadratic form, 511 
several variables, 81 
standard normal, 169 
trinomial distribution, 144 
Monotone likelihood ratio, 443 
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erful test, 443 
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Monte Carlo, 261, 626 
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beta, 272 
exponential, 264 
gamma, 269 
normal, 266 
normal via Cauchy, 269 
Poisson, 264 
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sequential generation, 627 
Monte Hall problem, 31 
Mood’s median test, 568, 570 
Mosteller, F., 232 
Muller, M, 266 
Multinomial distribution, 144 
mef, 145 
Multiple comparison procedures, 487 
Bonferroni, 490 
Scheffé’s, 488 
Multiplication rule, 14 
mn-rule, 14 
for probabilities, 22 
Multivariate normal distribution, 180 
conditional distribution, 183 
marginal distributions, 181 
mef, 180 
relationship with chi-square distri- 
bution, 185 
Mutually exclusive, 11 
Mutually independent events, 26 
MVUE, 375 
bt, 415 
binomial distribution, 402 
exponential class of distributions, 400 
exponential distribution, 390 
Lehmann and Scheffé theorem, 394 
multinomial, 411 
multivariate normal, 412 
Poisson distribution, 400 
shifted exponential distribution, 396 
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Negative binomial distribution, 143, 631 
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mef, 143 

Newton’s method, 337 

Neyman’s factorization theorem, 384 
Neyman—Pearson Theorem, 432 
Noncentral F-distribution, 485 
Noncentral t-distribution, 451 
Noncentral chi-square distribution, 485 
Nondecreasing sequence of sets, 8 

limit of, 9 
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Nonincreasing sequence of sets, 9 
limit of, 9 
Noninformative prior distributions, 620 
Nonparametric, 207 
Nonparametric estimate of pmf, 207 
Norm, 314 
Euclidean, 314 
pseudo-norm, 602 
Normal distribution, 169 
approximation to chi-square distri- 
bution, 305 
cdf, 171 
distribution of sample mean, 174 
mean, 170 
mef, 170 
points of inflection, 170 
relationship with chi-square, 173 
variance, 170 
Normal equations, 596 
Normal scores, 565 
Null hypothesis, 240, 429 
Null set, ¢, 4 


Observed likelihood function, 368 
Observed significance level (p-value), 252 
Odds, 605 
One-sided hypotheses, 248 
One-step mle estimator, 338 
One-way ANOVA, 479 
Optimal score function, 565 
Order statistics, 227 
ith-order statistic, 227 
distribution of kth order statistic, 


229 
joint distribution of (j, k)th, 229 
joint pdf, 227 
Ordinal, 208 


Parameter, 140, 173, 203 
location, 173 
scale, 173 
shape, 173 
Pareto distribution, 200 
hazard function, 202 
Partition, 11 
Percentile, 51, see quantile 
Permutation, 14 
Permutation tests, 279 
Plot 
q — g-plot, 233 
boxplot, 232 
mean profile plots, 491 
scatterplot, 497 
Point estimator, 204, see Estimator 
bi — 2, 217 
Pi — p2, 21 


asymptotically efficient, 335 
Bayes, 612 
consistent, 292 
efficiency, 332 
efficient, 332 
five-number summary, 231 
median, 230, 528 
midrange, 230 
MVUE, see MVUE 
pooled estimator of variance, 218 
quantile, 231 
quartiles, 231 
range, 230 
robust, 592 
sample mean, 135 
unbiased, 204 
Point-mass distribution, 591 
Poisson distribution, 150 
additive property, 153 
approximation to binomial distribu- 
tion, 303 
compound or mixture, 198 
limiting distribution, 306 
mean, 152 
mef, 152 
Monte Carlo generation, 264 
relationship with gamma, 164 
square-root transformation, 314 
variance, 152 
Pooled estimator of variance, 218 
Positive definite, 180 
Positive semi-definite, 124, 179 
Posterior, 24 
distribution, 610 
relation to sufficiency, 612 
probabilities, 24 
Potential outliers, 232 
Power function, 242, 430 
Power of test, 242 
Precision, 622 
Predicted value, 499 
LS, 499 
Prediction interval, 221 
Predictive distribution, 619 
Principal components, 185 
nth, 186 
first, 186 
Prior, 24, 608 
distribution, 609 
distributions 
conjugate family, 619 
improper, 620 
noninformative, 620 
proper, 620 
Jeffreys’ class, 624 
probabilities, 24, 608 
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Probability 
bounded, 300 
convergence, 290 
odds, 605 
subjective, 605 


Probability density function (pdf), 44 


n-variate, 117 
conditional, 95 
joint, 75 
marginal, 78 
n-variate, 119 
Probability function, 11 
Probability interval, 615 


Probability mass function (pmf), 41 


n-variate, 117 
conditional, 94 
joint, 74 
marginal, 77 
Process, 530 
general scores, 561 
regression, 578 
Mann-Whitney—Wilcoxon, 554 
sign, 530 
signed-rank, 545 
Proper prior distributions, 620 
Pseudo-norm, 602 


Quadrant count statistic, 588 
Quadratic form, 473 

matrix formulation, 510 
Quantile, 51 


confidence interval 
distribution-free, 235 


sample quantile, 231 
Quartiles 
sample quartiles, 231 
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Randles, R. H., 525, 574 

Random sample, 204 
likelihood function, 205 
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n-variate, 317 
Chebyshev’s inequality, 69 
Cochran’s Theorem, 520 
consistency of mle, 325 
continuity theorem of probability, 17 
Delta (A) method, 302 
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